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ADVERTISEMENT. 



The preparation of the present edition has been undertaken from 
a conviction that the work is more full and correct, at the same 
time better adapted to the use of learners than any that has pre- 
ceded it. 

The editions of Euclid by Simson and Pla3rfair are works of 
inestimable value, both on account of the accuracy of the text, and 
the sound criticism displayed in the notes. They are not, how- 
ever, well 'calculated for instruction ; and although Playfair en- 
deavoured to remedy this defect, (if so it may be called,) still he 
does not appear to have succeeded, having ventured but in a few 
instarv^es to depart from the method laid down by Euclid. Ex- 
cepting the j|bp*& wofk?, I kno^Y df :iSofte in the English language, 
however wfifi,* icIap^eiS; thej may 1)& SfSr instruction, that are not 
deficient in some r^pj^ts^ 5 it jvowld be invidious to particularize, — 
suffice it to saj/Stlit^Jnl-qq^ yfi^ect — the doctrine of proportion, 
they are all deficient; €bs tUs J9«aa' important part of the subject, 
a few words reSpefclii^ft^ pwyjitptdbe unnecessary. 

Geometry, as is well known, treats of magnitudes that are often 
foimd to be incommensurable, that is, without a common measure ; 
authors, generally, seem to lose sight of this, and in applying de- 
monstrations to propositions, often for the purpose of simplifying 
them, break through the distinction which ought to be preserved. 
In the present work, the subject of proportion is managed in a very 
able and satisfactory manner ; while it is as plain, perhaps, as can 
be expected, when it is considered that the demonstrations apply 
to magnitudes of all kinds ; at the same time, the consideration 
of Euclid's definition of proportion, which is perplexing, and hcis 
caused much dispute among georiieters, is entirely avoided. 

Throughout the work, much industry, and research have been 
displayed by the author, particularly in the Seventh Book, on the 
properties of polygons ; and indeed what has been said on the 
converse of the propositions in all the books, leaves little room for 
any further additions. 
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IV ADyBRTlSBMENT. 

The arrangement, in some few instancee, might have been al- 
tered for the better, as in Books 4th and 8th, and Books 6th and 
7th ; it may be thought also» tiutt some of the problems in the 6^ 
and 7th Books, might with propriety have been transferred to the 
8th, which is devoted exclusively to the construction of problems. 
These are not, however, matters of much moment, llie editor, 
as will be seen, has interspersed throughout the Books a choicfe 
selection of elegant and usefiil propositions. These are dis« 
tinguished from those of the author, by the letters of the 
alphabet, and thus any interference with the author's chain of rea^ 
scming is prevented. It is to Bland's Geometrical problems, Le^ } 

gendre, Leslie, &>c.j that the editor is chiefly indebted for those ; -. 1 
but it will be perceived that the demonstrations have been altered ^ I 

in many instances, and are given more in accordance with the \ ^ 
^irit of the author. 

Some additional matter has been given on the rectification aind 
quadrature of the circle ;^-probleni8, which as Playfair justly ob-^' ' ; 
serves, are often omitted iniAqte/o^ fl|^in9t;C7/^Pi^ ff^ ^^* 
sons ; since the mensuration* *of die circle %r£aid|yb*(^ng8 to the |. 

elements of the science. The autl^ hi^lgt^iitjik one method,— ^ 

that of Mr. James Gregory, for defehiiiiiing*tii% ^adrature of the . ' -' \ 
circle. It is well known, hoiWwQj; AaClJ>t!^^fature is easily, 
found, when the circumference h Aetimnneit abd therefore it was 
thought proper to give methods for the rectification of the circle, 
as this is, doubtless, an easier problem than the other. Two me. 
thods of approximation for accomplishing this, will be found at the ^ - -^ 
end of Book YII ; — one by the continual bisection of an arc, the ^ ' ^ 
other by the trisection of the same ; in the latter of which Mn 
Young's method of solving .Cubic equations, as given in his Al* 
gebra, is evidently employed with much success. 

The notes interspersed throughout the work are numerous ; it 
were tedious here to particularize ; these may not prove uninte- 
resting or useless to the student. 

Niw Tors, March 1, J833. 
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PREFACE 



Elements of geometry are by no means numerous in this 
country, a circumstance to be attributed to the almost universal 
preference given to Euclid ; not, indeed, because the elements of 
Euchd is a faultless performeince, but because its blemishes are so 
inconsiderable when compared with its extraordinary merits, that 
to reach higher perfection in this department of science has been 
generally supposed to be scarcely within the bounds of possibility, 
an opinion which the fruitless efforts of succeeding geometers to 
establish abetter system have in a g^eat measure coiSrmed. The 
superiority of Euplid's performance consists chiefly in the rigorous 
and satis&ctory manner in which he establishes aH his assertions, 
preferring in every case the most elaborate reasoning rather than 
weaken the evidence of his conclusions by the intrcxluction of the 
smallest assumption. 

On the continent, however, this high opinion of Euclid does 
not appear to prevail, and the rigour and elegance of his demon- 
strations, seem to be less appreciated. In all the modem French 
treatises on geometry, it is easy to discover a wide departure from 
that rigorous and accurate mode of reasoning so conspicuous in 
the writings of the ancient geometer. From this unputation even 
the celebrated EUmens de Giomitrie c^Legtndre^ '* the first geo- 
meter in Europe," is not exempt, notwithstanding the masterly 
maimer in which he has treated certain difficult parts of the sub- 
ject. The greatest difficulty, however, in the whole compass of 
geometry is doubtless the doctrine of geometrical proportion. The 
manner in which Euclid establishes this doctrine is remarkable for 
the same rigour of proof that manifests itself throughout the other 
parts of his work, although it is universally acknowledged that 
from the difiiculty of the subject his reasoning is so subtle and in- 
tricate, that to beginners it opposes a very serious obstacle. The 
grand aim, therefore, of geometers has been to deliver this part 
of Euclid's performance from its peculiar difficulties, without de- 
stroying the rigour and universality of his conclusions. All at- 
tempts to accomplish this important object have been unsuccess- 
ful ; and those who have abandoned Euclid's method, and have 
treated the subject in a more concise and easy way, have greatly 
fallen short of that accuracy of reasoning so essential to geome- 
trical investigations, and have arrived at conclusions that are not 
indisputably established, but only approximately true : — such is the 

A2 
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VI PREFACE. 

doctrine of proportion as treated by geometers of the present day. 
It appears, therefore, that notwiilistanding the recent translation 
of Legendre's celebrated work into our own language— the unqua- 
lified praise which has been bestowed upon it, and its extensive cir- 
culation throughout Europe, there are still blemishes to be remov- 
ed and defects to be supplied ; for, extraordinary as it may appear, 
Legendre has not, unfortunately, exercised his powerful talents upon 
the doctrine of proportion, but has entirely excluded the considera- 
tion of it from his elements, referring the student for requisite informa- 
tion ** to the common treatises on arithmetic and algebra."* Now 
books on arithmetic and algebra can imfold the properties of pro- 
portion only as regards numbers, and numbers cannot extend to all 
classes of geometrical maignitudes, for some when compared are 
found to be incommensurable. The doctrine of proportion, there- 
fore, in reference to these latter, cannot be rigorously inferred from 
any thing that may be established with regard to numbers or com- 
mensurable magnitudes. 

Having adverted to these defects it remains for me now to give 
some brief account of the present attempt, and to state wherein 
I have endeavoured to render it more particularly worthy of exa- 
mination. 

And first it may be remarked, in reference to the general plan 
of the work, that I have taken a more enlarged and comprehen- 
sive view of the elements of geometry than I believe has hitherto 
been done, as I have paid particular attention to the converse d 
every proposition throughout these elements, having demonstrated 
the converse wherever such demonstration was possible, and in 
other cases shown that it necessarily failed. There Cfim be no 
doubt that this comprehensive mode of proceeding, embracing as it 
does every thinor connected with the subject, must afford the stu- 
dent entire satisfaction, and must also increase the accuracy, as 
well as the extent, of his geometrical knowledge ; since he not 
only learns that under certain conditions a certain property must 
have place, but also whether or not it is possible for the same 
property to exist under any change of those conditions. The 
first, and I believe the only work in which converse propositions 
are fully considered, is that of JVf. Gamier entitled Rtciproques 
de la G6omitrle^ and which, it appears, was intended to accompany 
the geometry of Legendre. In the present performance I have in 
several instances availed myself of this work of Gamier, although, 
in many other cases, I have found it expedient to adopt a different 
course. The only book on geometry with which I am acquainted, 
where the converse accompany the direct propositions to any extent, 
is the Elimens de Gtomttrie par M. Develey^ a very comprehensive 

* Dr. Brewster^ translation of Legendre, page 48. 
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PREFACE. VU 

performance ; but in many instenceS the converse propositions are 
not noticed, and in but very few cases is their failure shown to 
take place. This plan, therefore, is not systematic and uniform. 

With regard to other, and more particular improvements, in- 
. troduced into this work, may be noticed; proposition XIII. of the 
first book, taken, with Uttle alteration, from the Principes Mathi- 
matiques of M. da Cunhaj and which, as Professor Plaj^air re- 
marked, in the Edinburgh Review, Vol. XX., is a decided improve- 
ment in elementary geometry, as it dispenses with an awkward 
subsidiary proposition of Euclid. 

Upon the doctrine of proportion, which constitutes the fifth 
book of these elements, I have bestowed much labour and atten- 
tion, and have, I hope, in some degree succeeded in diminishing 
the difficulties hitherto attendant upon that important subject. 

The notes appended to this first part may, I think, be consulted 
by the student with advantage. I have therein endeavoured to 
point out some remarkable errors and inconsistencies into which 
modem geometers have fallen, particularly in reference to the 
theory of parallel lines, and the doctrine of proportion ; and I be- 
lieve many of these errors have hitherto remained unnoticed. A 
singular instance of this is shown in the notes to the sixth bock, 
where a proposition in Simpson^s Geometry ^ which has been for up- 
wards of seventy years received as genuine, and adopted by more 
modem geometers, is proved to be false ! Other instances of in- 
cautious reasoning are adduced firom Legendre^ Dr. Simson, and 
others, which it is doubtless of importance to detect and point out 
to the student, as indisputable proofs of the great caution necessa- 
ry in geometrical reasoning. 

Throughout the whole I have earnestly endeavoured to render 
this performance suitable to the wants of the student, and deserv- 
ing of the approbation of the geometer. I can tmly say that its 
composition has been attended with a great sacrifice, both of la- 
bour and expense : and its progress has been frequently interrupted 
by opposing circumstances. But if, notwithstanding, I shall have 
succeeded in rendering it worthy of notice, I shall consider my- 
self fully recompensed for the pains it has cost me, and shall feel 
encouraged to proceed with more confidence and ardour in the re- 
maining part of the subject. 

J. R. YOUNG. 
June 1, 1827. 



The second part wiU contain the Geometry of Planes and Solids, 
with notes and an appendix on the Symmetrical Polyedrons of Le- 
gendre. 
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ELEMENTS OF GEOMETRY. 



BOOK I. 



QEOMEtRT is the science which treats of the properties, re- 
lations, and measurement of magnitude in general. Magnitude 
can have but three dimensions, length, breadth, and thick- 
ness, all of which are necessary to constitute a body, or solid. 
It is important, however, to consider magnitude imder the 
three distinct denominations of /tn€«, surfaces, and solids, and 
thus the science of Geometry beccMnes divided into three prin- 
cipal branches: the first part treating of lines described upon 
the same plane, and of the surfaces which they enclose ; the 
second of fines situated in different planes, and of the. relations 
oi these planes to each other; and the third part contem- 
plating b<xly under its several dimensions of length, breadth, 
and thickness. lines are obviously the boundaries of sur- 
&ces, and surfaces are the boundaries of solids: it is equally 
obvious that a line, being mere length, without either breadth 
or thickness, can exist only as the boundary of a surface, and that 
a sur&ce being absolutely without thickness, can exist only as an 
attribute of body. Although, therefore, it cannot be suppos^ 
that a line, or a smface, can have, separate or independent exist- 
ence, the feet will not in the smallest degree interrupt or embarrass 
our reasonings, in considering these several attributes of body or 
space, each apart from the others, nothing more being requisite 
than the abstracting these others from our inquiry : so that in con- 
sidering lines, length only is recognized, aad in contemplating 
surfaces, length and breadth are combined, and thickness excluded. 
Having made these preliminary remarks, which were deemei es- 
sential to the student, we may proceed to the definitions. 

1 
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ELEMENTS OF OEOMETRr. 



DEFINITIONS. 



1. Slraighi lines are those of which but one 
can be drawn from one point to another. 

Two straight lines, therefore, cannot include space. 

2. When two straight lines meet, the opening between them is 
called an angle ; the point of meeting is called the vertex^ and the 
lines themselves, which are said to contain the cmgle, are called 
the 8ide$ of the angle. 

An angle is referred to simply, by means of the letter, at its 
vertex. Thus the angle contained by the A^ 
straight lines AB, BC, is designated as the "^ 

angle B. When, however, two or more o _ "^--^ b 

angles have the same vertex, then, in order to denote any one 
in particular, it becomes necessary to specify its sides by employ- 
ing the three letters at their extremities ; that at the vertex being 
always placed in the middle. 

Thus the angle CBA or ABC, denotes 
that particular angle having the vertex B and 
ccmtained by the sides AB, CB, and by the 
angle, DBC or CBD, is in like manner 
meant the angle whose vertex is B, and 
whose sides are BD, BC. 

It is obvious that the quantity of an angle depends not upon the 
length, but entirely upon the position of its containing sides ; for 
the opening between the sides AB, CB, must remain the same, 
however these lines be increased or diminished. 

d. One straight line is said to be perpm- 
dicular to another, when it makes with it equal 
adjacent angles. A perpendicular at the ex- 
tremity of a line, is that which makes an angle 
with it equal to the adjacent angle, which 
would be formed by prolonging the Hne be- 
yond that extremity. 




4. A right angle is the aiigle formed by a straight 
line and a perpendicular to it. 



6. An acute angle is less than a right angle. 
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DEFINITIONS. 



6. An obtuse angle is greater than a right 
angle. 



7. A plane surface^ or simply a plane^ is that in which, if any 
two points whatever be taken, the straight line which joins them 
will lie wholly in it. 

8. A straight line is said to be parallel to another when they 
are in the same plane, and can never meet, however far they 
may be produced. 

If, for example, the straight line AB, 

how far soever it be produced, can never ^ " 

meet the prolongation of CD, which is 

in the same plane, it is said to be paral- C D 

lei to it. 

9. By the distance of a point from a straight line, is meant 
the perpendicular from that point to the line; and one line is 
^d to be equi-distant from another, when every point therein 
is equally distant from it. 

10. A pUme figure is an enclosed plane sur&ce. 

11. If it be bounded by straight lines only, it is called a 
rectiUneai figure. 

12. A polygon is a name used to comprehend every recti- 
lineal figure, without regard to the number of its sides. The 
boundary of the figure is called its pmtne/er. 

13. Among polygons, however, are more particulaily dis- 
tinguished the figure of three sides, called a triangle^ and that 
of four sides called a quadrUateral. 

14. An isosceles triangle is one, which has two 
equal sides. 



15. An equilateral triangle is one which has all its /\ 
sides equal. / \ 

16. When no two sides are equal the triangle 
is oaUed scalene. 
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ELEMENTS OF GEOMETRT. 



17. A right angUd triangle is one which has 
aright angle. 

18. In a right angled triangle the side op- c 
posite the right angle is called the hypothenuae, p^^.,^^ 

If; for example, the angle A is right, the ^ | ^^^^^^ ^ 
side BC is the hypothenuse. 

Any side of a triangle may be considered as its baae^ but it 
is usual, in the case of the isosceles triangle, to confine this term 
to that side which is not equal to either of the others. 

19. A rhomboid or paraUdogram is a quad- V \ 
rilateral whose opposite sides are parallel. > \ 

20. If only two of the opposite sides are / ^\ 
parallel, the figure is a trapezitm. / X 

21. A rhombus is a rhomboid, two of whose \ \ 
adjacent sides are equal. \ \ 



22. A rtcttmglt is a rhomboid having a 
right angle. 



23. And a sqHMTB is a rhombus having a right 
ang^e. 



24. The straight line which johis the vertices of two opposite 
an^es of a quadrilateral, is called a diagonal. 

Thus the I'me AC joining the vertices of n n 

the opposite angles DAB, DCB of the quad- 
rilateral ABCD, is a diagonal. 

J^ 'B 

25. Plane figures are equal when, by supposing them to be 
applied to each other, they would coincide throughout; and 
they are said to be equkalenit when they enclose equal portions 
of space, and are at the same time incapable of such coincidence. 



Digitized by CjOOQ IC 



AXIOMS — P08TULATBS. 5 

An Axiom is a self-evident truth. 

A Positdate requires us to admit the possibility of an operation. 

A Thwrem is a truth, the evidence of which depends upon a 
train of reasoning. 

The reasoning bj which a truth is established, is called a 
iUmonairation. It is a direct demonstration when the truth is 
inferred directly from the premises as the conclusion of a re- 
gular series of inductions. The demonstration is indirect when 
the conclusion shows that the introduction of any supposition, 
contrary to the truth advanced, necessarily leads to an absurdity. 

A Problem proposes an operation to be performed. 

A Lemma is a subsidiary truth the evidence of which must 
be established preparatory to the demonstraticm of a succeeding 
theorem. 

A PropoHtion is a general term for either a theorem, a problem, 
or a lemma. 

A Corollary is an obvious consequence, resulting from a demon- 
stration. 

An Hypothesis is a suppositicm, and may be either true or ftdse. 

A SchoUum is a remark subjoined to a demonstration. 



AXIOMS. 

1. Magnitudes which are equal to the same, are equal to each 
other. 

2. Magnitudes which are double, triple, &c., of the same, or of 
equal magnitudes, are equal to each other. 

3. Magnitudes which are each one half, one third, &c., of the 
same at of equal magnitudes, are equal to each other. 

4. If equals be either added to, or taken from, equals, the 
results will be equal. 

5. But if equals be either added to, or taken from unequals, the 
results will be unequal. 

6. The whole is greater than a part. 

7. The whole is equal to the sum of the parts into which it is 
divided. 

POSTULATES. 

1. Grant that a straight line may be drawn from (me po'uit to 
another. 

2. And that it may be either increased till it be equal to a 
greater straight line, or diminished till it be equal to a less. 
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6 ELEMENTS OF OEOMETRr. 

3. Grant also, that an angle, may be increased till it be equal 
to a greater angle, (xt diminished till it be equed to a less. 

4. And lastly, that from a point either within on without a 
straight line, a perpendicular thcisto may be drawn. 



ft is neceaaaru to remark^ ih4U in the first eight books of these 
elements^ ike lines concerned in each propostUon are supposed 
to be ail sUuated in the same plane. 



/ 
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BOOK I. 



PROPOSITION I. THEOREM. 



Frmn the same point, in a given straight line, more than one perpen- 
dicular thereto cannot be drawn. 

Let BD be perpendicular to the straight line AB, or AC. BC 
being the production of AB, and if the truth of the theOTem be 
denied, let some other line, as BE drawn from the same point B, 
be also perpendicular to AC. 

Then because the angles ABD, CBD are d' e 

equal, (Def. 3.) the angle ABD must be greater 
than the angle EBC (Ax. 6.) But BE is per- 
pendicular to AC, by h3rpothe8is, therefore the ^ 
angle EBC must be equal to the angle ABE ** a ^ 
(Def. 3.) It follows therefore, that the angle ABD is greater than 
the angle ABE, a manifest absurdity ; therefore BE cannot be 
perpendicular to AC. 

PROPOSITION II. THEOREM. 

AU right angles are equal to each other. 

Let ABC be a right angle, and DEF any other right angle, 
then, if it be denied that ^hese two angles are equal to each other, 
one of them, as ABC, must be supposed greater than the other, 
so that DEF must be equal to some portion of ABC. 

Let AB/ represent that portion, then, ^ ^ 

because AB/ is a right angle, B/ is per- /". 

pendicular to AB (Def 4.) ; but ABC is 
also a right angle, therefore BC is like- 
wise perpendiciJar to AB, that is from the 



same point B in the straight line AB, two perpendiculars thereto 
are drawn, which is impossible. (Prop. I.) Therefore ABC can- 
not be greater than DEF, and in a similar manner it may be 
proved that DEF cannot be greater than ABC ; the two angles 
are, therefore equal. 
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ELEMENTS OF GEOMETRY. 



PROPOSITION III. THEOREM. 



1%e adjacent angles which one straight line makes isith another 
which it meets^ are together e^tioi to two right angles. 

Let the straidit line DB meet AC in B, making adjacent 
angles ABD, CBD ; these angles shall together be equal to two 
right angles. 

For, let BE be perpendicular to ABC, then 
the angle ABD is equal to the right angle 
ABE, together with the angle EBD, and this 
angle EBD, together with DBC, make up the 
other right angle EBC ; consequently the sum ^^ 
of the angles, ABD, CBD, is equal to two right angles. 

Corollary I. Hence^ if either side of a rieht angle be produced 
through the vertex, the adjacent angle formd wUl be right. 

Cor. 2. Therefore the sides of a right angle are mutnally 




3. Hu sum o^ ail the angles formed by straight lines 
drawn on the same stde of another straight , line from any point 
initfis equal to two right angles ; for, be these 
angles ever so numerous, they are evidently 
only subdivisions of the two right angles, 
which a perpendicular from the pdnt forms, 
with the adjacent portions of the line. 



le B 



PROPOSITION IV. THEOREM. {Cowocrse of Prop. HI.) 

Jf to the point where two straight Unes meet^ a third be drawn 
. making with f/iem adjacent angles^ which are together equal to 

two right angles ; the two lines so meeting form but one con- 

tinned straight line. 

Let the two straight lines AB, CB, meet in the pdnt B, to 
which let a third DB be drawn so that the adjacent angles 
DBA, DBC, may together be equal to two right angles, then will 
ABC be one straight line. 

For, if it be denied, let BF, and not BC, d 

be the continuation of AB ; then the angles / 

AB D, FB D, are together equal to two right / p 

angles, (Prop. III.) But the angles ABD, ^ i''^'^^ "^ 

CBD, are together also equal to two right 
angles by hypothesis ; hence the angle FBD is equal to the angle 
CBD, a part to the whole, which is impossible ; therefore BC is 
the production of AB. 
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BOOK I. 



PROPOSITION V. THEOREM. 



Tloo airaighilines kaoing two painta common to both^ form but one 
^ continued straight Une. 

Let A, B, be the two points through p 

which two straight lines pass, then they 
must necessarily coincide between A and . • 

B (Def. 1.); but if they do not coincide ^ — ^' 

throughout, let ACD be the direction of "^"Tb c~^ — ^ 

one, and ACE that of the other ; and at 

the point C, where they separate, let there be OF perpendicular 

to ACD. 

. Then, because CF is perpendicular to the straight line ACD, 
FCD, is a right angle (Def 3.) ; and since by hypothesis ACE 
is a straight line, and FC A a right angle, the angle FCE is also 
a right c^i^e (Prop. III. Cor. 1.), but all right angles are equal to 
each other (Prop. II.) ; therefore the whole angle FCD is equal to 
the part FCE, which is absurd. 

Cor, Hence it follows that if ttoo points in a straight line be 
equally distanifrom another straight line^ the former shaUbe equally 
distant from the latter throughout ; for if an equidistant straight 
line be dbrawn through these points, this line and the former will 
have two points common ; they must, therefore, cdncide. 



PROPOSITION VI. THEOREM. 



If two straight Unes intersect each other^ the opposite angles formed 
at their iniersection will be e^rtia/. 

If the two straight lines AB, CD, intersect 3 

at E, the opposite angles, CEB, AED, will be 0-^..,^b^^ 
equal. ^y^^'^'-^D 

For the sum of the angles CEA, CEB, is equal to two right 
angles (Prop III.). Also the sum of the angles CEA, AED, is 
equal to two right angles ; that is, the sum of the angles, CEA, 
CEB, is equal to the sum of the angles CEA, AED ; and taking 
away from each of these equal sums the common angle CEA, the 
remaining angles CEB, AED, must be equal 

In a similar manner it might have been shown that the op- 
posite angles CEA, DEB, are equal. 

2 
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Cor. 1. Hence (Prop III.) the sum of the angles formed by (he 
intersection qf two straight Hnes is equal to four right angles. 

Cor. 2. And therefore, the amount of 
all the angles formed by the meeting of any 
number of straight lines in the same point 
is equal to four right angles^ since they are 
only so many subdivisions of the angles 
fwmed by the intersection of AB, CD. 



PROPOSITION VII. THEOREM. {Converse of Prop. VI.) 

If the opposite angles formed by four straight Unes ineeting in a 
point are equals these lines shall form but two straight lines. 

Let the four straight lines AE, BE, CE, DE, meet in the point 
£ (see the diagram to last proposition), so that the opposite angles 
CEB, AED, may be equal ; and also the other opposite angles 
CEA, DEB ; then AEB and CED shall be straight lines. 

For, since the sum of the angles CEA, CEB, is by hypothesis 
equal to the sum of the angles DEB, PEA ; and the sum of all 
four is, by the corollary to last proposition, equal to four right 
angles ; it follows that each of the above sums must be equal to 
two right angles, so that the straight line CE makes with the two 
AE, BE, adjacent angles, w^hich are together equal to two right 
angles ; therefore AEB is a straight line (Prop. IV.). In a simi- 
lar manner it may evidently be proved that CED is a straight 
line ; hence the four lines form but two distinct straight lines. 



PROPOSITION VIII. THEOREM. 

If two sides^ and the included angle in one triangle be equal to two 
sides^ ^nd the included angle in another triangle, those triangles 
shaU be equal. 

Let the triangles ABC, DEF, a d 

have the sides AB, AC and the 7\^ 

included angle A in the one equal / \^ 

to the two sides DE, DF, and the B -— ^C B^ 

included angle D in the other ; 

then shall the angle B be equal to the angle E j the angle C 

equal to the angle F, and the side BC equal to the side EF. 

For, since AB.is equal to DE, and the angle A equal to the 
angle D, a trianrie equal to DEF may be conceived to be formed, 
of which A^, shall be one side, and A an angle ; now it is 
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obvious that the side of this triangle which corresponds to DP, 
mus^fall u^n AC, otherwise the angled A and D would be un- 
equal ; nor can this side extend beyond or fall short of the point 
Cjfor DF is equal to AC. The two extremities, therefore, of the 
base would coincide with the points BC ; the two bases, therefore, 
would coincide throughout (Prop. V.), so that the triangle so 
formed would entirely coincide with the triangle ABC, and it is 
at the same time equal to the triangle DEF ; hence the triangles 
ABC, DEF, are equal. 

Cor. If a perpendicular from one of the angles of a triangle to 
the opposite tide bisect tliat side ; it shall aUo bisect the angte^ 
and the sides containing that angle shaU be equal, that is, the tri- 
angle tviU be either isosceles or equilateral. 



PROPOSITION IX. THEORfiBI. 

The angles opposite the equal sides of an isosceles triangle are 

equal. 

Let the sides AB, AC, of the triangle ABC be equal, then 
will the angle C be equal to the angle B. 

For, let AD be the line bisecting the angle 
A ; th^i, in the two triangles ABD, ACD, two 
sides, AB, AD, and the included angle in the 
one are equal to the two sides AC, AD, and the 
included angle in the other ; hence the angle B ^ 
is equal to Sie angle C (Prop. VIII.). 

Cor. 1. It also follows (Prop. VIII.) that BD is equal to CD, 
and that the angle ADB is equal to the angle ADC ; therefore 
the Une bisecting the vertical angle of an isosceles triangle bisects 
the base at right angles ; and conversely, the line bisecting the 
base of an isosceles triangle at right angles^ bisects idso the vertical 
angle. 

Cor. 2. Every equilateral tridngle is also equiangular. 



PROPOSITION X. THEOREM. {Convtrse of Prop. IX.) 

If two angles of a triangle are equal, the opposite sides are equaL 

In the triangle ABC, let the angles ABC, 
ACB, be equal ; then, if it be supposed that one 
of the opposite sides as AB is longer than the 
other AC, let BD be equal to AC ; then the tri- 
angle DBC is' obviously less than the triangle b^ -^0 

ABC. But, since CB, BD, and the included angle, are equal 
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to BC, CA, and the included angle, by hypothesis, it Mows that 
the same triangles are equal (Prop. YIIL), which is impossible ; 
therefore AB cannot be longer than AC, and in a similar man- 
ner it may be shown that AC caimot be longer than AB ; there- 
fore these two sides are equal. 

Cor. Therefore every equiangular triangle is equilateral. 



PROPOSITION XI. THEOREM. 

Two triangles are equals if two angles and the interjacent side in 
the one, are equal to two angles, and the interjacent side in 
the other. 

Let the triangles ABC, 
DEF, have the two angles 
ABC, ACB, and the inter- 
jacent side BC, in the one, 
equal respectively to the two 
angles, E, F, and interjacent 
side EF in the other, ihe two triangles will be equal. 

It will be necessary only to show that the side AB must be 
equal to the side D£ (Prop. VIII.). If this equality be denied, 
let one of these sides as AB be supposed longer than the other, 
and let B6 be equal to ED. Join GC, then, since GB, BC, and 
the included angle B are respectively equal to DE, EF, and the 
included angle E, the angle BCG must be equal to the angle F 
(Prop. VIII.) ; but by hypothesis, the angle F is eqpal to the 
angle ACB ; hence, then the angle GCB is equal to the angle 
ACBr a part to the whole, which is absurd ; therefore, AB can- 
not be longer than D£, and in like manner it maybe shown that 
DE carmot be longer than AB ; AB is therefore equal to DE, 
and consequently the triangle ABC is equal to the triangle DEF. 

Cor. From this proposition immediately follows the converse 
of the corollary to proposition VIIL* viz : if a perpendicular from 
one of the angles of a triangle to the opposite side bisect this angle, 
it shall also bisect the side on which it faUs, so that the sides in- 
cluding the proposed angle must be equal. (Prop. VIII. Cor.) 

PROPOSITION XII. THEOREM. 

If a straight line intersect two others, and make the alternate angles 
equal, the two lines shall be parallel. 

Let the straight line AD intersect the two straight lines EF, 
GH, makir^ the alternate angles EBC, HCB equal, then is EF 
parallel to GH. 
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For if these lines are not parallel, 
let them meet in some point I9 and 
through M, the middle of BC, draw 
IK, making MK equal \o IM, and 
join CK. Then the triangles 1MB, 
KMC, have the two sides IM, 
MB, and the included angle in the 
one equal respectively to the two 
sides KM, MC, and the included 
angle in the other ; hence the angle 
IQM is equal to the angle KCM ; 
(Prop. Vin.); but by h3rpothesi8, 
the angle IBM is e^qualto the anele 
HCM; therefore the angle KCM 
is equal to the angle HCM, so that 
CK, CH must coincide, that is, the line 6H when produced, 
meets IK in two points I, K, and yet does not coincide with it, 
which is impossible (Prop. V.) : therefore the lines EF, GH, 
cannot meet, they are consequently parallel. 

Cor. 1. Hence, also, if the angles EBC,6CD be equal, the 
Mnes EF, GH will be parallel, 3iat is, if a straight line, inter- 
secting two others make an exterior angle equal to the interior, op- 
posite one on the same side of the cutting line, the two lines shall be 
parallel, , 

Cor. 2. It follows, too, that if the angles ABE, DCH be, 
equal, the lines EF, GH will be parallel, that is, if the alternate 
exterior angles he equal, the two lines will be parallel. 

Cor, 3. Hence, likewise, if the two exterior angles on the same 
side (as ABE, DCG) be together equal to two right angles, the two 
lines will be parallel. 

Cor, 4. Also, if the two interior angles on the same side (ajs 
EBC, GCB) be together equal to two right angles, the two lines will 
be parallel. 

Cor. 6. Therefore two straight lines perpendicular to a third 
are parallel. 

Scholium. 

This last coroUary shows the possibility of the existence of 
parallel lines (Post. 4.), and therefore also of the rhomboid. 

PROPOSITION XIII. LEMMA. 

If two points in a straight line be unequally distant from another 
straight line, the former, by being produced on the side of the 
least distance, shall continue to approach nearer and nearer to the 
hitter^ or its production, till at length it shall meet it. 
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Let the two points, F, G in C--.-IL n 

the straight lin^ CD be uh- "-—*—-..£ — p ^ ^ 

equally distant from the straight • "***"" 

line AB, then the line CD by A ' ^ 

being produced, shall approach 

nearer and nearer to AB or its prolongation till it tneets it 

For CDE cannot, at any point of its progress, discontinue to 
approach, and then proceed at equal disttoce from AB, as is mani- 
fest from the corollary to Rop. V. ; still less could it, after ap- 
proaching, reverse its direction, and recede from the line ABF ; 
for it is the obvious characteristic of a straight line to preserve in- 
variably one direction, however far it be extended, so that if the 
straight line CD be directed to a point infinitely distant, it will, by 
being infinitely prolonged, at lengtii arrive at, and terminate in 
that point, and must necessarily in its progress onward pass 
through every straight line crossing its path : and it is plain, that 
its continual approach toward anystra^ht rnie is an indication 
that such Hne does cross its path, and must therefore be eventually 
intersected by it 

Cor. 1. It therefore Mows that if one straight line be parallel 
t6 another it must he every where equidistant from it. 

Cor, 2. Hence from the same point more than one parallel to a 
straight hne cannot he drawn. 

Cor, 3. And therefore two straight lines that are parallel to 
the same straight line are parallel to each other^ for if they could 
meet, the last coroUary would be contradicted. 

PROPOSITION XIV. THEOREM. (Converse qf Prop, XIL) 

If a straight lirie intersect two parallel lines it will make the al" 
ternate angles equal. 

Let AD intersect the parallels EF, GH, in B and C ; the al- 
ternate angles £BC, HCB, are equal. 

For if the angle EBC is not equal 
to the angle HCB, let the angle eBC 
be equal thereto ; then since the al- 
ternate angles eBC, HCB are equal. 
Be is parallel to GH (Prop. XIL) ; 
but by hypothesis, BE is also paral- 
lel to GH, so that from the same 
point B, two parallels to GH are 
drawn, which is impossible (Prop. 
Xni. Cor. 2.) Hence, the alternate angles EBC, HCB, are 
equal. 
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Cor, 1. Therefore a straight line intersecting two parallels 
makes the exterior angle equal to the interior opposite one, on the 
same side of the cutting line. 

Cor. 2 The alternate exterior angles (ABE, DCH) are also 
equah 

Cor, 3. The two exterior angles also (ABE, DCG) on the 
same side are together equal to two right armies. 

Cor, 4. Also, a line intersecting two parallels makes the two 
interior angles on the same side together equal to two right angles. 

Cor, 5. A line perpendicular to one of two parallels is perpen- 
dicular to the other. 

Cor. 6. Therefore, tfto each of two parallels^ perpendiculars, be 
drawn, these perpendiculars shall be parallel; for by last corollary 
they are all peq)endicular to the saiQe line. 

Scholium, 

These corollaries prove the converse of the corollaries tofMt)pd- 
sition XII. 

FE0P08ITI0N XV. THSOE£]tf. 

Two angles are equal if the sides of the one are parallel, each tg 
each, to the sides of the oiker, and at the sqme time lie each upon 
that side of the line joining their vertices which the parallel side 
lies on, or else each upon the opposite side of that line. 
Let ^e sides of the angled 

BAG, DEF, be parallel each 

to each, and let AB lie upon 

the same side of AE, as the 

parallel side ED, and let AC 

also lie upon the dame side of 

this line as EF, the two angles are equals 



For since B A, DE ar^ parallel, the anglea 
BAE, DEG are equal (Prop. XIV. Cw, 
1.) For similar reasooa th^ angles CAE, r 
FEG are also equal; th^bre the angle 
BAG is equal to {he angle DEF. If the 
parallel sides of the two angles lie upon con- 
traiy sides of AE, as Ab, ED, Ac, EF, it is 
obvious the angles wiU stitt be eqiud, for ihe 
angle bAc is equal to the angle BAG. 
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PROPOSITION XVI. THEOREM. 

If any side of a triangle be produced^ the exterior angle vnU be 
equal to both the interior opposite angles. 

A E 

Let one of the sides as BC of the 

trian^e ABC be produced, the ex- 
terior angle ACD is equal to both 

the interior opposite angles A and B. 

B CD 

For let C£ be parallel to BA, then is the angle A equal to the 
alternate angle ACE (Prop. XIY.), and &e ai^e B is equal to 
the exterior angle ECD (Prop. XIY. Cor. 1.) ; Sierefore the sum 
of the angles A and B is equal to iSbe sum of AC£, ECD, that 
is, to the whole exterior angl^ ACD. 

Cor. 1. Since the angle ACD together wi& ACB make two 
right angles, it follows that in every triangle the sum of the three 
'angles is equal to two right angles. 

Cor. 2. Hence if two angles in one triangle be equal to two in 
another, the third angle in the one wUl be equal to the third angle in 
the other. 

Cor. 3. Therefore, and from proposition XI. if two angles and 
any side in one triangle be equal to two angles ana a corresponding 
side in another , the triangles wiU be equal. 

Cor. 4. A triangle cannot have more than one angle so great as 
a right angle. 

Cor. 5. And therefwe every triangle must have at least two 
acute angles. 

Cor. 6. In a right angled triangle the right angle is equal to the 
sum of the other two angles. 

Cor. 7. If one of the equal sides of an isosceles triangle be pro- 
duced beyond the vertex, the exterior angle wUl be double of either 
af^le at the base, and if the base be produced, the exterior angle 
will exceed the interior adjacent angle. 

Cor. S. From a point without a straight Une, only one perpen- 
dioular to that line can be drawn, for if CD and C 

CE were both perpendicular to AB, the exterior ^ 

angle CEB would be equal to the single interim* \ 

opposite angle CDE. \ 

^— TTS ^ 

PROPOSITION XVII. THEOREM. 

In any polygon the sum of aU the angles is equal to twice as many 
right angles as the figure has sides, all b^four right angles. 
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For if from the vertices of the several angles, lines be drawn 
to any point within the figure, tlie polygon ¥^11 obvi- /<f^\ 
ously be divided into as many triangles as it has /^'^ v 
sides* Now, by last proposition, the smn <^ the 
angles in each triangle amounts to two right angles ; 
therefore the angles of all the triangles are together 
equal to twice as many right angles as the figure has sides ; that 
is to say, the sum of the angles of the polygon, together with 
those about the point within it, are equal to twice as many right 
angles as the polygon has sides ; but those angles which are about 
the point, amount to four right angles (Prop. VI. Cor. 2.) ; de- 
ducting these therefore, and there remains the angles of the poly- 
gon equal to twice as many right angles as the figure has sides, 
sill but four right angles. 

Cor. 1. 7%« angles of a quadrikUeral are together equal ft) 
four right angles, and this is the only' figure, the sum of whose 
angles amount to as many right angles as there are sides to the 
figure. 

Cor. 2. If all the angles of a quadrilaieral be equals each wiU 
be a right angle. 

Cor. 3. If the sum of two angles of a quadrikUeral be equal 
to ttoo right angles^ the sum of the remaimng two wUl Ukewise be 
equal to two right angles ; or if the sim of two angles he equal to 
the sum of the remaining two^ each sum wUl amount to two right 
angles. 

Cor. 4. In equiangular figures of more tlian four sides, each 
angle is greater than a right angle. 



PROPOSITION XVIII. THEOREM. 



In any polygon the exterior angles, formed by producing each side, 
amount to four right angles. \ 

Let each side of the polygon in the margin be produced, the 
exterior angles shall amount to four right angles. 

For each exterior angle, together with the 
adjacent interior angle, make two right angles ; 
so that the sum of all the angles, hoih interior 
and exterior, amount to twice as many right 
angles as there are sides to the figure, and the 
interior angles alone amount to this sum, all 
but four riglit angles (Prop. XVH.) ; there- 
fore the exterior angles must amount to four 
right angles. 
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Scholiufn, 

It is possible for a polygon to have what are 
called re-entrant angles, such as the angle p in 
the annexed figure, which, if considered as an , 
inward angle, must exceed two right angles. 
The consideration, however, of angles, as 
greater tktn two right angles, does not enter 
into elementary geometry, and is, indeed, at 
variance with the definition of an angle ; for an angle attains its 
utmost limit when the opening between its sides cannot be further 
increased which will be the case when the two sides arrive at that 
position where they become but one straight line ; so that two right 
angles form the ultimate extent of angular magnitude. By draw- 
ing a line from the vertex of a re-entrant angle to a point within 
the polygon this an^ may be divided into two others, each less 
than two right angles ; and it is j^ain that pr<^)osition XYII, is ap- 
plicable to polygons with re-entrant angles, as well as to those hav- 
ing {xaXy^alient an^es. The above proposition also implies equal- 
ly to the former find of polygons ; but it must be observed that 
the sides of the re-entrant angles must not be produced through 
their vertices ; but^ in the opposite directions, for otherwise exte- 
rior angles ik411 not be formed, but interic»r ones as shown in the 
above diagram.^ 

PROPOSITION XIX. THEOREM. 

In any triable the greater angle is opposite to the longer side. 

Let the side AC of the triangle ABC be 
longer than the side AB, and let AD be 
equal to AB ; join BD. • Then, because tlie 
sides AB, AD, of the triangle ABD areB^ 
equal the angles ADB, ABD, are also equal (Prop. IX.) ; but the 
angle ADB^ being an exterior angle of the triangle BCD, is great- 
er than the angle C (Prop. XVI.) ; therefore the angle ABC, 
which exceeds the angle ABD, must necessarily exceed the 
smaller angle C ; hence the greater angle is opposite to the longer 
side. 

Cor. It follows, therefore, that tke less angle is opposite to the 
shorter side* 

* Professor Playfair, in the notes to his edition of Euclid's Elements, shows 
the truth of the above Piopositioii from plain and obvior,*! principles, by 
means of which he is enabled t» deduce the whole theory of parallel lines : 
the reader's attention is particularly directed to our author's notes on this sub- 
ject, and to Playfair's Geometry. Ed. 



Digitized by CjOOQ IC 



BOOK I. 



19 



PROPOSITION XX, THEOREM. {ConVBTSS of PfOp, IX,) 

In any triangle the longer side is opposite to the greater angle. 

In the triangle ^BC Ifet the angle C be greater than the angle B, 
then will the side AB be longer than the side AC. 

For, if AB were equal to AC, the angle C -^ 

would be equal to the angle B. If AB were 
shorter than AC, then would the angle C be 
less than the angle B (Prop. XIX. Cor.).B 
As, therefore, AB can be neither equal to, nor shorter than AC,lt 
must necessarily be longer. The longer side, therefwe is oppo- 
site to the greater angle. 

Cor. 1. Therefore the shorter side is opposite to the less angle. 

Cor. 2. In the right angled triangle the hypothenuse is the long- 
est side (Prop. XVI. Cor. 4.). 




PROPOSITION XXI. THEOREM. 




Any two sides of a triangle are together longer than the third side. 

The two sides AB, AC^ for instance, of the 
triangle ABC are together longer than the third 
side BC. Fot, let BA be produced till AD be 
equal to AC, and let DP be joined. 

Then the angle ACD being equal to the angle D (Prop. IX.), 
the angle BCD must be greater than the angle D ; consequently 
the side BD is longer than the side BC (Prop. XX.) But BD is 
equal to BA and AC together ; therefore the two sides AB, AC, 
are together longer than BC* 

Cor. Therefore AC is longer than the difference between AB, 
BC i and AB longer than the difference between AC, BC ; that 
is, any side of a triangle exceeds the difference bettoeen the other 
two. 



* It follows from this that the sum of the diag- 
onals of a trapezium, is lessihan the sum of four 
lines drawn from any ppint within the figure, to 
the four angles ; except that point be the intersec- 
tion of the diagonals. 

Thus ui the annexed fiffurej the lines AE, EC, 
are greater than AC, ana BE, ED, are greater 
than BD ; whence AC and BD are less than AE^ 
EC, BE, ED.— Ed. 
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PROPOSITION XXII. THEOREM. 

Tlie perpendicular drawn from a point to a straight line is shorter 
than any other line dtawn thereto from the same point ; and 
those lines tohich meet the proposed tine at eqwd distances from 
the perpendicular are themselves equals and the more remote from 
the perpendicular the point of meeting is, the longer is the line 
drawn. 

Let PF be perpendicular to the straight 
line AB, and let PD, P£, intercept equal 
distances DF, EF ; let abo any crther ob- 
lique line PC be drawn. a- — - 

^ D F E 

First, since the angle PFE is right, PE is longer than PF 
(Prq). XX. Cor. 2.) ; therefore the perpendicular is shwter than 
any oblique line. 

Again, since DF, FP, and the included angle, are equal to EF, 
FP, and the included angle, PD is equal to PE (Pr<^. VIH.) ; 
hence lines drawn from P intercepting equal distances from the 
perpendicular are equal. 

Lastly, because the triangle PDE is isosceles, as we have just 
shown, the exterior angle PDC is greater than the inward adjacent 
angle PDE (Prop. XVL Cor. 7.), and this last is greater than 
the angle PCD (Pn^. XVL); therefore PDC beuig greater 
than PCD, PC is longer than PD (Prop. XX.) ; that is, the mare 
remote from the perpendicular any obUque Ime falls, the longer it 
Is. 

Cor. 1. It follows from this last case that tioo equal straight 
lines cannot be drawn from a point to a line, and fall upon the 
same side of the jyerpendicular from that point to the line; and 
that, therefore, it is impossible to draw three equal straight lines 
from the same point to a given straight line. 



Scholium. 

The converse of this proposition inmiediately follows, that is, 
Fh-st, The shortest line that can be drawn from a point to a 
straight line is a perpendicular thereto ; for by the first part of the 
precedmg demonstration, if this were not the perpendicular, it could 
not be the shortest line. 

Secondly, Tf equal lines be drawn from a point to a line, the 
distances intercepted bettoeen them and the perpendicular from that 
point loill be equal; for, by the third case of the above, if the dis- 
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tauces intercepted were unequal, the lines drawn would be also 
unequal. 

And lastly, If unequal lines be drawn^ the longer shall fall more 
remotely from the perpendicular ; fw, if it were less remote it 
would be shorter, if equally remote, equal, as we have already 
proved. 

Cor. 2. Hence, if from a point to a Hne two lines be drawn, 
then, that which is not shorter than the other shall exceed any line 
drawn between them. 

Cor. 3. And the shorter of two lines so drawn shall be shorter 
than any line drawn between them. 

Cor. 4. A line drawn from the middle of another to a point 
equally distant from its extremities, is a perpendicular thereto ; for 
a perpendicular, from the point tp the line, is equally distant from 
its extremities (SchoL). 

Cor. 5. Therefore, if through two points^ of which each is 
equally distant from the extremities of a straight Une, a second line 
be drawn, it shaU be perpendicular to the first ; for, by last corolla* 
ry, a line from the middle of the former to either point is a per- 
pendicular. 

Cor. 6. It, moreover, follows that two right angled triangles 
are equal, when the hypothenuse and one side in the one triangle are 
respectively equal to the hypothenuse and a side in the other. 



PROPOSITION XXni. TQ£0REM. 

If two sides of one triangle be respectively equal to two sides of 
another, but include a greater angle ; the third side of the form- 
er shaU exceed the third side of the latter. 

Let ABC, DEF, be two triangles 
having any two sides, as AB, AC, 
in the one, respectively equal to two \ « x 

sides DE, DF, m the other, whiles 4 ^..,^^ ^ ^ ^' ^ ' 
the angle included by the former is 
greater than that included by the 
latter; then wUl the third side EC, of the former, be longer than 
the third side EF, of the latter. 

Of the two sides AB, AC, let AC be that which is not shorter 
than the other, let the line AGH make an angle with AB equal to 
the angle D, let AH be equal to DF or AC, and let BH, HC, be 

Since AC is not shorter than AB, it is longer than AG (Prop. 
XXn. Cor. 2. ) ; therefwe, as AH is equal to AC, the extremity 
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H must M below the line BC. The angles ACH, AHC, are 
equal (Prop. IX.) ; hence the angle BCH is less than the an^le 
AHC, and, theref(»«, necessarily less than BHC ; hence the side 
BC is longer than the side BH (Prop. XX.) ; but BH is equal to 
EFf because the sides AB, AH, and the included an^e are re* 
spectively equal to DE, DF, and the included an^e {^cap. Vlll) ; 
consequently BC is longer than EF. 

PROPOSITION XXIV. THEOREM. (CofW^W of Prop. XXIII.) 

If two sides of one triangle be resputitely equal to two sides of 
another^ wfUle the third side of th^ former is kn^sr thamthatof 
the latter, the aokgU inchided hy iks former two sides shaU ex- 
ceed that included by the latter two. 

In the triangles ABC, DEF, let 
the two sides AB, AC, be equal 
respectively to the two sides DE, 
DF ; while the side BC, exceeds 
the side EF, the angle A will ex- 
ceed the angle D. 

For the angle A cannot be equal to the ang le P, {or then die 
side BC would be equal to the side EF (Ptm). THI.) ; nor can 
it be less, for then BC would be less than EF (Pr<^. XXIII.). 
As, therefore, the angle A can neither be equal to, nor less than, 
the angle D, it must necessarily be greater. 



PROPOSITION XXV. THEOREM. 

Two triangles are equal which have the three sides of the one re- 
spectively equal to the three sides of the other. 

For the angle included between any two sides in the one tri- 
angle must be equal to the angle included by the two correspond- 
ing sides in the other ; since, if it were unequal, the opposite 
sides would be unequal (Prop. XXIII.^, which is contrary to the 
hypothesis ; theref(»-e the three angles m the one triangle are re- 
spectively equal to the three angles in the other. 

Cor. From this, and Prop. VIII., it follows that one quadrilate- 
ral is equal to another, if the sides of the one are respectively equal 
to the sides of the other : and the angle included by any two sides of 
the one also equal to the angle contained by the ttco corresponding 
sides of the other. 
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PROPOSITION XXVI. THEOREM. 



Two tnangUs are equal, ^two aides, and an opposite angle in one 
are reepectively equal to two sides, and a corresponding opposite 
angle in the other; provided the other opposite angles in each 
triangle are either both acute, or both obtuse. 

In* the triangles ABC, DEF, let the sides AB, AC, be re- 
spectively equal to the sides DE, DF, and let the angle C, op- 
posite to the side AB, be equal to the angle F, O|^)osite to the side 
D£ ; then will BC be equal to EF, provided the angles B and E 
are either both acute, or both obtuse. 

First, let B and E be A 

acut6, then, if the equa- 
lity of BC and. EF be 
denied, one <^ them as 
EF must be longer than 
the other. Let, then, FG be taken equal to BC, and dra,w DG, 
which will be equalto AB (Prop. VIII.), end, therelore, equal to 
IDE ; consequently the angle E is equal to the angle DGE (Rk^. 
IX.); DGE is, therefore, an acute angle, but this angk, to- 
gether, with DGF, make up two right angles, (Prop. III). ; DGF 
is therefore, an obtuse angle. But since the triangles ABC, DGF 
are equal, the angle DGF must be equal to the angle B, and, 
therefore, acute, which is impossible ; so that FG cannot be equal 
to BC, and the demonstration would have been the same had BC 
bsen supposed longer than EF; these two sides are, therefore, 
equal. 

Nej^t, let the angles B and 
E be obtuse ; then, if EF be 
supposed longer than BC, 
produce the latter beyond the 
vertex B, till CG be equal to 
EF :— join AG. Then, as before shown, AG is equal to DE, or 
to AB, and the angle AGC, which is equal to the angle ABG 
(Prop. IX.), is acute, since ABC is obtuse ; but the same angle 
must be obtuse, because the triangles AGC, DEF, are equal 
(Prop. VIII.) which is impossible ; whence EF cannot be longer 
than BC, and had BC been supposed tonger than EF, a sunilar 
absurdity would obviously have followed ; hence in this case also 
the sides BC, EF, are equal, and, therefore, (Prop. XXV.) the tri- 
angle ABC is equal to the triangle DEF. 
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PROPOSITION} A. THEOREM. 

If an exterior angle of a triangle be bisected, and also one of the 
interior and opposite angles, the angle contained by the bisecting 
lines, is equal to half tJu other interior and opposite angle. 

Let the exterior angle 
ACD of the triangle ABC 
be bisected by the straight 
line CE j and the interior 
and opposite angle ABC by 
the straight line BE; the 
angle BEC is half the angle 
BAC 

The lines BE and CE will meet, since the angle ECD is great- 
er than EBD (Prop. XXII.). Now the angle ECD is equal to 
the two EBC, BEC (Prop. XVI.) ; and therefore twice the 
angle ECD, that is, the an^e ACD is equal to twice the angles 
EBC and BEC, or to the angle ABC, and twice the angle BEC. 
But the angle ACD is equal to the angles ABC and CAB ; 
wherefore the angles ABC and CAB are equal to ABC and twice 
BEC ; take away the conunon angle ABC, and there reniain3 the 
angle CAB, equal to twice the angle CEB, or CEB equal half the 
angle CAB. 

PROPOSITION B. THEOREM. 

The difference of the angles at the base of any triangle is double 
the angle contained by a line drawn from the vertex perpendicular 
to the base, and another bisecting the angle at the vertex. 

Let ABC de- 
note any trian- 
gle; AD perpen- 
dicular to the 
base (produced if 
necessary), AE, 
a line bisecting 
the angle BAC: 
the difference of ^ ^ ^ 

the angles at B and C, is double the angle EAD. 

The angle ABC is equal to the difference of the angles ADC 
and BA D (Prop. XVI.) ; that is of a right angle and B A D. Also 
the angle ACB is equal to the difference of a right angle and 




rig. 2. 
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DAC. Wherefore the difference of the angles ACB and ABC 
is equal to the difference of the an^es BAD and DAC, that b to 
the difference of the angles EAC, EAD, and DAC, that is to 
twice the angle DAE. 

If the perpendicular fall on the base produced, as in the second 
figure, then as before, the angle ABC is equal to the difference of 
a right angle, and BAD (Ftop. XYI. Cor.6 .) ; and the angle 
ACB is equal to the sum of the angles CDA and DAC, that is 
to a right angle and DAC ; wherefore the difference of the angles 
ACB and ABC is equal to the sum of the angles BAD, CAD ; 
that is to twice EAC and twice CAD, that is to twice £AD. 

PROPOSITION C. , THEOREM. 

If the three angles of a triangle he biae^ied^ and one of the bisecting 
lines be produced to the opposite side ; the angle contained by tlUs 
Une produced, and one of the others is equal to the angle con- 
tamed by the third, and a perpendicnlar drawn from the common 
point of intersection of the three lines to the aforesaid side. 

Let the three angles of the 
triangle ABC be bisected by the 
lines AD, BD, CD, produce one 
of the lines, as AD to E, and from ^^ ^^^ 

D draw DF perpendicular to BC ; 
the angle DDE is equal to CDF. 

Because the three angles of the triangle ABC are equal to two 
right angles (Prop. XVI. Cor. 1.); therefore the angles DBA, 
DAB, DiCF, are toge ther equal to one right angle, that is to the 
angles DCF and FDC, (Prop. XVI. Cor. 6.) ; wherefore the two 
angles DBA and DAB are together equal to the angle DCF f 
but the two angles DBA and DAB are together equaj to the 
angle BDE, (Prpp. XVI.), therefore the angle BDE is equal 
to CDF. 

PROPOSITION XXVll. THEOREM. 

l%e opposite sides and angles of a rhomboid are equal. 
Let ABCD be a rhomboid, the opposite sides and angles are 
equal. 

Draw the diagonal AC, then, since 
AB, DC are peurallel, the alternate 
angles BAC, DCA, are equal (Prop. 
XIV.), and because AD, BC, are also 
parallel, the atemate angles DAC, 

4 
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BC A, are likewise equal : hence the two angles BAG, DAC, are 
together equal to the two angles DCA, BOA ; that is, the op- 
posite angles BAD, DOB, are equal. Again, since the angles 
BAG, EGA, and ^e interjacent side of the triangle ABC are re- 
spectively equal to the angles D(])A, DAC, and the interjacent 
side of the triangle CDA, the triangles are equal (Prop. XI. ;) 
therefore the side AB is equal to the side CD, the side BG to DA, 
and th^ angle B to the angle D ; hence, in a rhomboid, the op- 
posite sides and angles are equal. 

Cor. 1. From this proposition, and Cor. 3, to Prop. XVII., it 
follows, that if one angle of a rhomboid be right, oil the angUi 
idU be right. 

Cor. 2. Therefore in the rectangle and square (see Definitions) 
all the angles are right, and in the latter aU tlu sides are equal. 

Cor. 3. The diagonal divides a rhomboid into two equivalent 
triangles. \ 

Cor, 4. FaraUels included between two other parallels are equal. 

PROPosiTioif xxnn. theorem. {Converse of Prop. XXVII.) 

If the opposite sides of a quadrilateral be equal, or if the opposite 

angles be equal, the figure wHl be a rhomboid. 

In the quadrilateral ABCD let the opposite sides be equal, the 
figure will be a rhomboid. 

Let the diagonal AC be drawn, i^ 

then .the triangles ABC, ADC, are '^ 

equal, since the three sides of the one 
are respectively equal to those of the 
other, (Prop. XXV.); therefore the 
angles BAG, DGA, opposite the equal sides BC, DA, are equal ; 
therefore DC is parallel to AB ; the angles ACB, GAD, opposite 
the equal sides BC, DA, are also equal ; BG is, therefc^e, parallel 
to AD (Prop. Xli.) ; hence ABCD is a rhomboid 

Next, let the opposite angles be equal. 

Then the sum of the angles BAD, ADC, must be equal to the 
sum of the angles DGB, GBA ; therefore each simi is equal to 
two right angles (Prop. XVII. Cor. 3.) ; therefore AB, DC, are 
parallel (Prop. XII. Cor. 3.). For similar reasons AD, BC are 
parallel ; therefore the figure is a rhomboid. 

mOPOSITION XXIX. THEORNI. 

If two of the opposite sides of a quadrilateral are both equal and 
parallel, the figure is a rhomboid. 

In the quadrilateral ABCD (preceding diagram), let AB be 
equal and parallel to DC, then wiU ABCD be a rhomboid. 
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For the diagonal AC makes the alternate angles BAO, DC A, 
•equal (Prop. XIV.) ; so that- in the triangles ABC, CDA, two 
sides, and the included angle in each are respectively equal ; these 
triangles are, therefore, equal (Prop. YIII.) ; the angle ACB is, 
therefore, equal to the angle CAD ; hence AD is parallel to EC 
(Prop. XII.), and the other two sides are parallel hy hypothesis ; 
werefore ABCD is a rhomboid. 

Cor. If, in iaddition^ the parallel sides be each equal to a third 
iide^ the rhomboid will be either a rhombus or a square^ according 
as it has, or has not, a right angle. 

Scholifim. 

It has been proved (Prop. Vm.) that two triangles are equal 
when two sides, and the included angle in the* one ai:e respectively 
equal to two sides, and the included angle in the other ; we may 
now infer further, that two triangles are equivalent or equal in sur- 
face when two sides of the one are respective^ equal to two sides of 
the other, and the sum of ih^jfi^b/ded angles equal to two right 
angles. 

For, let the triangles ADC^ BCD, 
having two sides, AD, DC, in the one 
equal to the twb BC, CD, in the other, 
be placed as in the margin, a side of 
the one coinciding with Ae equal side A ^^ ^^ B 

in the other ; let also the included angles ADC, BCD, foe to- 
gether equal to two right angles, and let AB, BD, be drawn. 

Then, since the angles ADC, BCD, are tcgether equd to two 
right angles, the Unes AD, BC, are pamllel (Prop. XII. Cor. 3.), 
but they are also equal by hypothesis ; hence, by the above pro- 
position, the figure ABCD is a rh(»nboid ; now, the triangle ADC 
is half ^e thombdd (Prop. XXYII. Cor. 3.), so also is the trian- 
gle BCD ; these triangles are, therefore, equivalent 

PROPOSITION XXX. THEOREM. 

The diagonals of a rhomboid bisect each other. 

The diagonals AC, BD, of the rhomboid ABCD are mutually 
bisected in the pomt P. 

For isince AB, CD, are parallel, the 
angles PAB, PBA, are respectively 
equal to the angles PCD, PDC (Prqp. 

XIV.), and AB being also equal to CD, ^ 

the triangles PAB, PCD, are equal ^ ^ 

(Prop. XI.) ; therefore the sides AP, CP, opposite the equal aa- 
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gles ABP, CDP, are equal, as also the sides BP, DP, oppot^te 
the other equal angles. The diagonals of a rhomboid, therefore, 
bisect each other. 



PBOPosiTiON XXXI. THBORBM. {Comene of Prop. XXX,) 

Jfihe diagonaii of a quadrUateral bisect each other ^ the figure ia 
a rhomboid. 

If the diagonabAC, BD (preceding diagi^am), bisect each 
other, ABCD is « rhomboid. 

For the two sides AP, PB, and included angle being equal to 
the two sides CP, PD, and mcluded angle, the side Afi b equal 
to the side CD (Prop. YIII.). For similar reasons ADb equal 
to CB ; hence (Prop. XX YIII.) the quadrilateral is a rhomboid. 



BOOK IL 



DEFINITIONS. 



1. The altitude of a triangle is the distance of one of its sidesy 
taken as a base, from the vertex of the opposite angle. 



The perpendicular AD from the vertex A to the 
base BG, is the altitude of the triangle ABC. 




2. Tlie altitude of a rhomboid is the dis- 
tance of one of its sides, considered as a 
base, fitnn the opposite side. 



3. The altitude of a trapezium is the 
distance between its parallel sides. 



1 



4. A rectangle is said to be eontained by its adjacent sides. 
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The rectangle ABCD is contained by 
the sides DA, AB. For brevity it is oflen 
referred to as the rectangle of DA, AB. 



J I o 



5. If, within a rhomboid, two straight lines parallel to the adja- 
cent sides be drawn so as to intersect the diagonal in the same 
point ; then, of the four riiomboids into which the figure is divided, 
those two throu^ which the diagopal passes are said to be about 
the diagonal^ and the other two are called their complements, 

'!thus,of thefour rhomboids into which the 
lines HF, IE, divide, the rhomboid ABCD, 
H6ID, and EBF6 are about the diagonal, 
and A£GH, GFCI, are the complements. 

A" B~" B 

In referring to a rhomboid it will be sufficient to employ the 
letters placed at two <^posite comers. 

^ote. — The square of a line as AB may be expressed for the 
sake of brevity by AB% and the rectangle contained by the two 
lines AB, AC, by AB • AC. 

PROPOSITION I. THEOREM. 

Hie comphmenta of the rhomboids about the diagonal of a rAom- 
boid are equivalent. 

Thus, in the above diagram, the rhomboids AG, GC, are 
equivalent. 

The triangle ABD is equal to the triangle CDB ; the triangle 
HGD to the triande IDG, and die triangle EBG to the triangle 
FGB (Prop. XXYII. Cor. 3.) ; take the triangles HGD EBG, 
from the trungle ABD, and diere will remain the rhomboid AG ; 
take, in like manner, from the other half of the rhomboid AC the 
triangles IDG, FGB, equal to the former two, and there will re- 
main the rhombdd GO : these rhomboids, therefore, are equiva- 
lent. 

PROPOSITION II. THEOREM. 

Rhomboids are equal which Iwoe two sides, and the included angle 
in each equal. 

Let the sides AB, AD, and the angle A in the rhomboid AC be 
respectively equal to the sides EF, EH, and -the angle E in the 
rhomboid EG ; these rhomboids we equal. 
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For the opposite sides 
of rhomboids being equal 
it follows that the four 

sides ofthe rhomboid AG ^ 

are respectivelj equal to a' ^ ^ ¥ 

those of the rhombcad EG ; therefore, since the angles A and C 
are also equal, the two rhomboids are equal (Prop. XXY. Cor. 
B. I.) 

Cor. 1. If a rhon^wid and a triangle have two ndes^ and the 
included angU in the one respectively equal to two sides and the in- 
cluded angle in the other j the rhomboid wiU be double the triangle 
(Prop. XXVII. Cor. 3. B. L). 

Cor. 2. Rectangles contained by equal lines are equal. 



PROPOSITION III. THEOREM. 

Rhomboids which have the same base and equal altitudes are 
equivalent. 

Let the rhomboids AC, AE, standing upon the same base AB, 
have equal altitudes ; or which amounts to the same thing, let the 
opposite sides DC, F£, lie in the same line D£ parallel to the 
base (Prcm. XIII. Cor. 1. B. I.) ; these rhomboids are equal. 

For DC is equal to FE, each being bop 
equal to AB (Prop. XXVII. B. I.) ; ' 
consequently DF is equal to CE : and 
since DA, AF, are respectively equal 
to CB, BE, the triangle ADF is equal 
to the triangle BCE. Take the former 

triangle from the quadrilateral ABED, 

and there will remain the rhomboid AE ; ^ B 

take the latter triangle from the same space, and there will remain 

the rhomboid AC ; these rhomboids are, therefore, equivalent. 

Cor. 1 . Rhomboids whose bases and altitudes are respectively 
equal are equivalent, for the equal bases being placed the one upon 
the other must coincide. 

Cor. 2. Triangles whose bases and altitudes are respectively 
equal are equivalent, as they are the halves of equivalent rhom- 
boids (Prop. XXVII. Cor. 3. B. I.). 

Cor. 3. Every rhomboid is equivalent to a rectangle of equal 
base and altitude. 

Cor. 4. A line bisecting tlie opposite sides of a rhomboid divides 
the rhomboid into two equal parts ; and a line from the middle of any 
side of a triangle to the vertex of the opposite angle divides the tri- 
angle into tvoo equal parts (Cor. 1 and 2.). 




Digitized by CjOOQ IC 



BOOK n. 81 

Cor, 5. Therefore a triangle is equivaUnt to- a rhomboid of 
equcH base and of half its aUkude, or to one of equal altitude and 
of half its base. 

Scholium, 

1. It is very evident that the converse of the above propositicm 
is not true, that is to say, it cannot be inferred that two equivalent 
rhomboids shall have their bases and altitudes equal ; for it has 
been shown (Prop. 1.) that the rhomboids AG, GC, are equivalent 
(see the diagram,) where the base' GF must be longer than the 
base GE, provided BA is longer than AD, for then the angle 
ADB being greater than ABD (ftrop. XIX. B. I.)» the angle 
EGB, which is equal to ADB, is greater than EBD ; conse- 
quently EB is longer than EG, but EB is equal to GF, therefore 
GF is longer than GE. 

2. It is however, true, that equivalent rhomboids upon the same 
base have equal altitudes^ for if die altitude of one be supposed less 
than that of the other, and the side opposite its base be prolonged, 
a portion of the other rhomboid must be cut off thereby, and the 
remaining portion still be equal to the former rhomboid, by the 
proposition, which is absurd; the altitudes therefore are equal. 
Having shown this, we may further prove that equivalent rhom^ 
boids of equal altitudes have also equal bases, for they are eqijd- 
valent to rectangles of the same bases and altitudes : now any side 
of a rectangle may be considered as the base ; taking then those 
sides as bases which are equal to the altitude of the rhomboids, 
the other sides or altitudes are, as shown above, equal, and these 
altitudes are the bases of the rhombdds : the bases are therefore 
equal. 

Cor, 6. Hence, equivalent triangles whose bases are equal, have 
equal altitudes ; and equivalent triangles whose altitudes are equal^ 
have equal bases (Cor. 5.). 

PROPOSITION IV. THBORBM. 

If there be two straight lines of which one is divided into parts, 
the sum of the rectangles contained by the undivided lincy and the 
several parts of the other, wiU be equai to the rectangle contained 
by the two whole lines. 

Let the lines be AB, AC, of which the former is divided into 
the parts AD, DE, EB, then Uie rectangles contained by AC, and 
each of these parts are together equal to the whole rectangle AH, 
contained by AB, AC. 
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Let DF, EG, be parallel to AC, then 
the angles FDE, GEB, being each 
equal to the angle A, the rhcnnboids AF, 
D6, EH, are rectan^es, and DP, EG, 
being each equal to AC (Prop. XXYII. 
Cor. 4. B. I.), these rectangles are con- 
tained by AC, and the several parts of AB, and as they make up 
the whole rectangle AH, they are together equal to it. 

C^. The square of a Une is equivalent to twice the rectangle of 
the whole hne and the half thereof 



PROPOSITION V. THEOREM. 

If a straight line be divided into two parts, the square described 
upon the whole line shall be equivalent to the squares on the two 
parts, together with double the rectangle contained by those parts. 

The square ABCD upon the line AB, is equivalent to the 
squares upon any two parts, AE, £B, into which the Une is divi- 
ded, togedier with double the rectangle contained by them. 

Let EG be parallel to BC, BH equal to 6 d 

BE, and HFI parallel to BA. Then the ^ 
opposite sides of the figure EH being pa- 
rallel, and the angle B bdng right, EH 
is a square. Again, because AC is a 
square, the line^ IH, EG, parallel to its 
sides are equal (Prop. XXYH. Cor. 2 and 
4. B. L) ; if then from each, the equals 
FH, FE, be respectively taken, the remainders IF, FG, will be 
equal, and F being a right angle, FD is a square ; hence the con- 
taining ndes of the rectangle AF are equal to those of the rect- 
angle FC, consequently the square AC includes the squares on 
DO, (or AE) EB, together with double the rectangle contained by 
AE, EB.* 

Cor, The square of a line is equivalent to four times the square 
of half the Une. 

PROPOSITION VI. THEOREM. 

The square described on the difference of two lines is equivalent to 
the squares on the two lines diminished by twice their rectangle. 



z\- 



zV 



B 
For 



* If the slniffht line AB be divided into — 
three parts in 3ie points D and C, then AD Co 

AB»=AD» + DCi+CB» + 8ADDC + «ADCB+«DCCB. For 
AB«=AC».f CB»+8ACCB,andAC»=AD» + DC»+«AD'Da 
Wherefore AB« = AD» -hDC» + 8 AD- DC +«AC • CB + CB«. 

But 2 AC • CB = 8 AD • CB + 9 DC • CB (Prop. IV.) whencebyeabsti- 
tution, the proposition is evidenU^Eo. 
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The square upon AB, the difference of the two lines, AC, BC, 
is equivalent to the squares on these lines^ diminished by twice 
their- rectangle. 

Let AD be the square on AB, BF the square on BC, and 
AI the square on AC, and let ED be produced to H. 

The adjacent angles GBC, CBD being 
right angles, BD is 3ie continuation of GB, 
(Prop. IV. B. I.) ; CH for a similar reason 
is the continuation of FC, and the figure 
GH is a rectangle. Again, since DH is 
equal to FG, or GB, EH is equal to DG ; 
also EK is equal to BC or GF, each being 
the excess of a side of the square AI above 
a side of the square AD ; hence the rect- 
angle EI is equal to the rectangle GH (Prop. k. I 
n. Cor. 2.), consequently the square on AB 
is equivalent to the squares on AC, BC, diminished by twice ther 
rectangle of AC, BC. 



PROPOSITION VII. THEOREM. 

The difference of the squares of any two lines is equivalent to the 
rectangle contained hy the sum and difference of those lines. 

The difference of the squares of tlie two line* AC, AB, is 
equivalent to the rectangle contained by AC, BC, their sum and 
difference. 

Let AD be the square on AC, and AG the square on AB, 
and produce FG to H, then BH is the rect- 
angle of AB, BC ; also, since FE is equal to 
BC, each being the excess of a side of the 
square AD, above a side of the square AG, 
the rectangle FD is contained by lines equal 
to AC, BC ; and the two rectangles BH, FD 
are therefore together equal to the rectangle 
contained by the sum AB, AC of the two 
I'mes, and their difference BC (Prop. IV. B. II.) and these rect- 
angles make tip the excess of AD above AG. 




PROPOSITION VIII. THEOREM. 

The sum of the squares on two lines is equivalent to half the square 
on their sum, together with half the square on their differenbe. 

The squares on the two lines AB, AC, are together equivalent 
to half the square on their sum, and half the square on BC their 
difference. 

6 
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Let AG be the square on AB, and AD the square on AC, and 
through P, the middle of BC, let LH, parallel to EA, be drawn, 
meeting FG produced in H ; make PI equal to PH, and draw IK 
parallel to PC. 

Since the angles at A are right, EAF is a 
straight line, so that £H is a rectangle, and it 
is contained by lines equal to the sum of AC, 
AB, and half that sum AP ; it is therefore 
^qual to half the square of the sum AC, AB 
(Prop. IV. Cor.). Again, IP, PC, being 
equal, by construction, to PH, PB, the rect- ^ 
angles PK, PG, are equal ; hence the two 
squares AD, AG, are together equivalent to 
the two rectangles EH, LK; now, CK 
being equal to BG or B A, KD is equal to BC, for EC is a square, 
the rectangle LK is thus contained bylines equivalent to BC, and 
the half thereof PC, and is consequently equal to half the square on 
BC ; it therefore follows that the squares AD, AG, are together 
equivalent to half the square on the sum of AC, AB, and half the 
square on BC, the difference of AC, AB. 

Cor. Hence, twice the sum of the squares of two lines is eqtUvci^ 
lent to the squares of their sum and difference. 

PROPOSITION IX. THEOREM. 

A trapezium is equivalent to a rectangle contained by its aUitude^ 
and half the sum of its parallel sides. 

The trapezium ABCD is equivalent to the rectangle contained 
by its altitude, and the sum of its parallel sides AB, DC. 

Produce DC and AB tiU CF be 
equal to AB, and BE to DC, and 
join EF, completing the rhomboid 
AF (Prop. XXIX. B.L). 

The four sides of the quadrilateral AC are respectively equal to 
those of the quadrilateral FB, and at the same time the angle A is 
equal to the angle F (Prop. XXVII. B. I.) ; therefore these quadri- 
laterals are equal (Prop. XXV. Cor. B. I.). Hence the trapezium 
AC is equivalent to half the rhomboid AF, or to a rectangle of the 
same altitude, and half the base AE (Prop. III. Cor. 3. B. II.), 
that is, the trapezium is equivalent to a rectangle of the same alti- 
tude, bnd whose base is half the sum of the parallel sides. 

Cor. If two points equally distant from the opposite comers 
of a rhomboid oe taken on the opposite sides^ the Itne which joins 
them divides the rhomboid into two equal parts. 
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PKOPOSITION X. THEOREM* 

The squares desmbed on the two sides of a right angled triangle, 
are together equivalent to the square described on the hypothec 
nuse. 

Let the triangle ABC be right angled at A, then the sum of the 
squares AG, AD, described on the sides, Will be equal to the 
square on the hypothenuse BC. 

Produce GF, DE, till they meet 
at H ; let BI, CK, be each perpen- 
dicular to BC, and join IK. Be- 
cause CBI, ABG, are both right 
angles, if ABI be taken from each, 
there will remain the angle CBA ^ ^ 
equal to the angle IBG ; and AG 
being a square, AB is equal to BG ; 
therefore the triangle BGI is equal 
to the triangle BAG (Prop. XL B. 
I.). Exactly in aisimilar manner may it be shown that the trian- 
gle CDK is also equal to the triangle BAG ; hence BI, BG, GK, 
are all equal ; therefore BK is a square, IBC being a right angle. 
Again, since the sides HI, IE, are respectively parsdlel to the sides 
AB, BG, and lie on the same side of IB, die angle HIE is equal 
to the angle ABG (Prop. XY. B. I.) ; for similar reascms the an- 
gle HEI is equal to the angle AGB, the side IE is also equal to 
BC ; hence the triangle HIE is equal to the triangle ABC (Prop. 
XI. B. I.). It has, therefore, now been proved that the three trian- 
gles BGI, IHE, EDC, are equal to each other, and to the trian- 
gle ABG ; it follows, therefore, that the square on BC is equivalent 
to the whole space BGHDG, diminished by three times the trian- 
gle ABC. Now, the rectangle AH ccmtained by the sides AE, 
AF, equal to AC, AB, is double the triangle ABG (Prop. 11. Gor. 1. 
B. II.) ; hence the squares AG, AD, are togiether likewise equal 
to the whole space BGHDG, diminished by three times the tri- 
angle ABG ; consequently these two squares are equivalent to the 
square on BG. 

Cor. 1 . Hence, the square on either side of a right angled triangle 
is equivalent to the square on the hypothenuse^ diminished by the 
square on the other side, 

Co^\ 2. Hence, also, the square of a side is equivalent to the 
rectangle contained by the sum and difference of the hypothenuse 
and other side (Prop. VII.). 

Cor. 3. The square on the diagonal of a square is doyUe the 
/ square on a side. 
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Cor. 4. The squares of the sides of a rectangle are together 
equivalent to the squares of the diagonals. 

Cor. 5. If a triangle be divided into two right angled triangles 
by means of a perpendicular from the vertex to the base, then, 
since the square of each hypothenuse is equivalent to the square 
of the adjacent portion of the base, together with the square of the 
perpendicular, it follows, that tn any triangle the d^erence of the 
squares of the sides is equivalent to the difference of the squares of 
the parts into which the perpendicular from the vertex divides the 
base. 

PROPOSITION A. THEOREM. 

If from the hypothenuse of a right angled triangle^ portions be cut 
off equhl to the adjacent sides ; the square of the middle portion 
tkusformedj is equivalent to twice the rectangle contained by the 
extreme parts. 

In the triangle ABC right angled at C, let there 
be taken oa the hypothenuse AB, AD equal to AC ^ 

and BE equal to BC ; then will twice the rectangle 
A£, DB, be equivalent to the square of DE. 

For AC* + CB« = AB'* or AD* + BE'* = AB« 
(PropX.). 

Now AD«= AE«+ED»4.2 AE • ED (Prop. V.), 
and BE»=BD»+ED'*+2 BD • ED. 

Whence AD'* + BE'* or AB'* = AE'* + BD* + 
2 ED"+2 AE • ED+2 BD • ED. T 

But AB'*=AE'*+Eiy4.DB'*4.2 AE • ED4. 
2 AE • DB+2 ED • DB (see note to Prop V.) ; and this being put 
equal to the other expression for AB' and striking out the 
commcm terms, there will remain ED'=2 AE • DB. 

Cor. By an inverse process of reasoning it will appear, that if 
twice the rectangle AE, DB, be equal to the square of DE, the 
line AB will be die hypothenuse of a right angled triangle ACB. 

Scholium. 

By help of this propositicm we are enabled to find rational 
numbers for the three sides of a right angled triangle. For 
since AE • DB=iDE', if DE be expressed by a whole num- 
ber and ^DE'* be resolved mto factors, then AE+DE, DB+DE 
and AE+ED+DB will be the two legs and hypothenuse of a 
right angled triangle. Let DE=2», then iDE'*=2»'=AE • DB ; 
now take AE=:2n'* and DB=1 ; then the sides will be 2n'*+2«, 
2n+l, and 2n«4.2n+l ; if n=l, the sides are 3, 4 and 5 ; if 
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11=2 the sides are 6, 12 and 13, &c. If AE be taken=2ii and 
DB=f», then the sides will be 3n, 4n and 6n, 

PROPOSITION XI. THEOREM. 



In any triangle^ the square of a side opposite an acute angle is less 
than ihe squares of the base and of the other side^ by twice the 
rectangle contained by the base and the part of it included 6e- 
tween the perpendicular and the vertex of the acute angle. 

In the two triangles ABC, let EC in each be considered as 
base ; then, whether the perpendicular AD faU within or without 
the triangle, the square of AB opposite the acute angle C shall 
in either case be equivalent to the squares of AC, BC, diminished 
by twice the rectangle of BC, CD. 

The square of AB 
is equivalent to the 
squares of BD, DA 
(Prop. X.) ; now, BD 
is the difference of the 
two lines BC, DC ; the b 
square of BD is, therefcnre, equivalent to the squares of BC, DC 
diminished by twice the rectangle crf'BC, DC (Prop VI.). Hence 
the square of AB is equivalent to the squares of the three lines 
AD, BC, DC, diminished by twice the rectangle of BC, DC, that 
is (Prop. X.), to the squares of AC, BC, diminished by twice the 
rectangle of BC, DC. . 

Cor. If we suppose the side AB equal to AC, then BC'= 
2 BC • CD or BC=2 CD, that is the perpendicular bisects the 
base. If AB=BC, then AC^=2 BC • CD Ed. 




PROPOSITION XII. THEOREM. 

In any triangle having an obtuse angle, tJu square of the side op- 
posite thereto exceeds the squares of the base and other side, by 
twice the rutangle of the base and the distance of the perpendi- 
cular from the vertex of the obtuse angle. 

In the triangle ABC, let B be an obtuse angle, AD the per- 
pendicular on the prolongation of the base BC, then will the 
square of AC be equivalent to the squares of AB, BC, together 
with twice the rectangle of CB, BD. 
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For the square of AC is equivalent to the squares 
of CD, Da (Prop. X.), and the square of OD is 
equivalent to the squaresT of CB, BD together with 
twice the rectangle of CB, BD (Prop. V.) ; therefore 

the square erf* AC is equivalent to the squares of the 

three lines CB, BD, DA, and twice the rectangle of i> B o 
CB, BD, that is, to the squares of CB, BA, and twice the rect- 
angle of CB, BD. 

Cor. 1. From the two last propositions the converse of pro- 
position X. immediately follows, that is, if the square of any side 
of a triangle be eqwvalefU to the sum of the souares of the other 
two sides f the angle opposite the former shall he right; for these 
propositions show, tltett if such equivalence exist, the angle can 
nei&er be acute nor obtuse. 

Cor. 2. We may, moreover, readily infer the converse of 
these two propositions themselves, that is, first, if in the triangle 
ABC (see the diagrams to Prop. XI.) the square of A B is 
equivalent to the squares of AC, BC, diminished bp twice the red- 
angle of BCy CD, the an^ C shall be acute ; for by the above 
proposition and proposition X., if this angle were either obtuse or 
right, the said equivalence could not exist. Again, if in the tri- 
angle ABC the square of AC is equivalent to me squares of AB, 
BU, together with twice the rectangle of CB, BD, the angle B op' 
posite AC shaU be obtuse; for by last proposition, and proposition 
X., this angle can neither be acute nor right. 

Scholium. 

The last corollary may obviously be expressed in a more unre- 
stricted form, thus ; If the square of any side of a triangle is less 
than the sum of the squares cf the other two sides, the angle oppo* 
site the former side is acute, but if it is greater than that sum^ the 
opposite angle is obtuse. 

PROPOSITION XIII. THEOREM. 

The squares of the sides of a rhomboid are together equivalent to 
the squares of the diagonals. 
In the rhomboid ABCD, the squares of AB, BC CD, DA, are 
together equivalent to the squares of AC, BD. 

The truth of this for the rectangle 
has already been established (Prop. 
X. Cor. 4.). Let then the angles 
ABC, ADC, be obtuse, and conse- 
quently the other angles acute. 
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Let BF be perpendicular to DC, and CE perpendicular to the 
production of AB. 

Then, by last proposition, the square of AC is equivalent to the 
squares AB, BC, together with twice the rectangle of AB, BE ; 
and (by Prop. XI.) the square of DB is equivalent to the squEures 
of BC, DC, diminished, by twice the equal rectangle DC, FC ; for 
DC, FC, are respectively equal to AB, BE. 

Hence, adding the squares of AC, BD, together, the sura is 
equivalent to the squares of AB, BC, CD, DA. 

Cor, 1. Half the sum of the squares, that is, the squares of 
AP, BC, or of DC, CB, is equivalent to half the squares of BD, 
CA, that is, to twice the squares of BP, CP, (Prop. V. Cor.) ; 
hence, in any triangle^ tohether having an obtuse angle^ as ABC, 
or having ail its angles acute, as DBC, the sum of the sauares of 
the two sides is equivalent to twice the squares of half the oase, and 
of the line from the vertex to the middle of the base. 

Cor. 2. Hence also, in any triangle, the squares on the sum 
and difference of the sides are equhwnt to the S(fuares of the base, 
and of twice the line from the vertex to the middle of the base. 
(Prop. VIII. Cor.) 

PROPOSITION XIV. THEOREM. {ConveTse of Prop. XIII.) 

If the squares of the sides of a quadrilateral be together equivalent 
to the squares of the diagonals, the figure shall be a rhomboid. 

In the quadrilateral ABCD, let the squares of the sides be equi- 
valent to the squares of the diagonals, the figure is a rhomboid. 

If it be not a rhomboid, the diagonals AC, BD, cannot bisect 
each other (Prop. X3LSI. B. I.), let then m be the middle of AC, 
and n the middle of BD ; join Dm, mB, and mn. 

Then, by Cor. 1. last proposition, the 
squares of AD, DC, are together 
equivalent to twice the squares of Am, 
Dm ; and the squares of AB, BC, are 
together equivalent to twice the squares 
of Cm, Bm ; it therefore follows, that 
the squares of the four sides are equivalent to the squares of AC, 
and twice the squares of Dm, Bm. But, by hypothesis, the squares 
. of the sides are equivalent to the squares of AC, BD ; hence, this 
latteir square must be equal to twice the squares of Thn "Bm : but 
these are equivalent to the squsure of DB, together with four times 
the square of mn (Prop. XIII. Cor. 1.) ; hence mn can have no 
valye, that is, the middle of each diagonal must be one common 
point : therefore the figi^e is ^ rhomboid. (Prop. XXXI. B. I.). 

The converse of the corollaries to proposition XIIL do not ob- 
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Scholium. 

tain. It will be sufficient to show this, with respect to the first 
corollary, the converse of which is as follows : If the sum of the 
squares of two sides of a triangle be equivalent to twice the square 
of a line, from the vertex to the base, together with twice the 
square of one of the parts, into which it divides the base ; the base 
shall be divided in the middle. 

Ijet AD be the perpendicular from 
the vertex to the base of the triangle 
ABC, let DE be equal to BD, join 
AE, and let M be the middle of EC ; 

then if AM be drawn, the squares of 

AC, AE, will be equivalent to twice ^ ^ EMC 

the squares of AM, CM ; but the square of AE is equal to the 
square of AB, since DE is equal to BD ; therefore the squares of 
AC, AB, are equivalent to the squares of AM, CM, although M 
is not the middle of the base BC. 

PROPOSITION B. THEOREM. 

In any trapeziod^ ike squares of its diagonals^ are together equal to 
the squares of its two sides which are not paroM^ together mth 
twice the rectangle^ contained by its parallel sides. 

Let ABCD be a trapezoid, having 
the sides AD parallel to BC, the dia- 
gonals of which are AC and DB; 
then AC + DB» = AB'H- DC« + 
2AD BC. 

Let fall the peipendiculars BF, CE. 
Then DB»=BA^+AD'+2DAAF 
(Prop. Xn.), and AC = CD^ + AD« + 2 DA DE, (Prop. XU.) 
Whence AC+Dffrr CD» + BA»4.2 AD^ + 2DA- AF4- 
2 DA DE. 

But, (Prop. IV.), 2 AD» + 2 DA • AF + 2 DA DE = 
2AD (AD + AF + DE) =2AI>FE = 2AD BC. There- 
foreAC«+DB»=AB»4.DC«+2ADBC. 

PROPOSITION C. THEOREM. 

In any trapezium^ if two opposite sides be bisected^ the sum of the 
squares of the two other sides, together with the squares of the 
diagonals^ is equal to the sum of the squares of the bisected sides, 
together with four times the square of the Unjoining those points 
of bisection. 
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Let AD, BC, two opposite sides of the tra- 
pezium ABCD, be bisected in E and F; join 
£F, and draw the diagonals AC, BD. Then 
AB»+CD"+AC«4.BJD«=AD^+B(?+ 
4EF. 

Join AF, DF. Then since AF bisecte BC 
the base of the triangle ABC, AB* + AC 
=2 BF'4.2 AP (Prop. Xin.Cor. 1.) ; and in 
the same manner, BIr + 1X7 = 2 BP* -f 2 FD». 

Whence AB»4.DC«+AO»4.BD^=4BP» + 2AP» + 2FD« 
= BC« + 2 AP+2FD* = BC»+4 AE' + 4 EF» (Prop. XIIL 
Cor, l.)=BC»+Aiy4.4EP». 




BOOK in. 



DEFINITIONS. 

1. Every line which is not straight is called a curve line. 

2. A circle is a space enclosed by a curve line, every point in 
which is equally distant from a pdnt within the figure ; which 
point is called the centre. 

3. The boundary of a circle is called its circumference. 

4. A radius is a line drawn from the centre to the circumference. 

5. A diameter is a line which passes through the centre, and 
has its extremities in the circumference. 

A diameter, therefore, is double the radius. 

In the circle AEFBD, of which C is the 
centre, CD is the radius, and AB the diame- 
ter. 

6. An arc is any portion of the circumfe- 
rence. 

7. The chord of an arc is the straight line 
joining its extremities. It is said to subtend 
the arc. 

8. A segment of a circle is the portion included by aQ arc and 
its chord. 

The space EFGE mcluded by the arc EFG, and the chord EG 
is a segment ; so also is the space included by the same chord and 
the arc EADBG. 

6 
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9. A sector ci A circle is the portion included by two radii and 
the intercepted arc. 

The space CBDC is a sector of the circle. 

10. A tangent is a line which touches the circumference, that 
is, it has but one point in common with it, which point is called the 
point of corUatt 

11. One circle touches another when their circumferences have 
one point in ccmunon, and only one. 

12. A line is imcrihed in a circle when its extremities are in the 
circumference. 

13. An angle is inscribed in a circle when its sides are inscribed* 

14. A polygon is inscribed in a circle when its sides are inscrib- 
ed, and under the same circumstances the circle is said to drcumr 
scribe the polygon. 

Thus AB is an inscribed line, ABC an in- 
scribed angle, and the figure ABCD is an in- 
scribed quadrilateral. 

15. A circle is inscribed in a polygon when / 
its circumference touches each side, and the^*^ 
polygon is said to be circumscribed about the 
circle. 

16. By an angle in a segment of a circle is to 
be understood, an angle whose vertex is in the 
arc, and whose sides intercept the ch(xd ; and by an angle at the 
centre is meant one whose vertex is at the emire. In both cases 
the angles are said to be subtended by the chords or arcs which 
their sides include. 




POSTULATE. 



From any point as a centre with any radius, a circumference 
may be described. 



PROPOSITION I. THEOREM. 

A diameter divides a drele and its circun^eremce into two eqisai 
parts ; andj conversely j the line which divides the circle into two 
equal parts is a diameter. 

Let A6 be a diameter of the circle AEBD, then the portians 
AEB, ADB, are equal both in surface and boundary. 
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Suppose the portion A£B were to be ap- 
plied to the portion ADB, while the line AB 
still remains common to both, there must be 
an entire coincidence ; for if any part of the 
boundary A£B were to Ml ei^er within or a,^ 
without the boundary ADB, lines from the 
centre to the ciroumlference could not all be 
equal. '[Dierefore a diameter divider the cir- 
cle and its circumference in two equal parts. 

dmoersdy, the line dividing the circle into two equal parts is a 
diameter. 

For, let AB divide the circle into two equal parts, then, if the 
centre is not in AB, let AF be drawn through it, which is, there- 
fore, a diameter, and, consequently, divides the circle into two equal 
parts ; hence the portion A£F is equal to the portion AEFB, 
which is absurd: 

Car, The arc of a circle^ whose chord is a diameter, is a semi- 
draur^enee, and the included segment is a semi-circle. 



PROPOSITION II. THEOREM. 

Any line inscribed in a circle lies whoUy within the circle. 

Let the line AB have its extremities in the circumference of a 
circle, whose centre is C ; this hno abail he wholly within the 
ckde. 



For, to whatever point D; between the 
extremities of AB, a line CD from the cen- 
tre be drawn, it must be shorter than CA 
or CB, (Prop. XXII. Cor. 2. B. I.) ; AB 
therefore, lies wholly within the circle. 



Cor, Every point J moreover, in the production of AB is farther 
from the centre than the circumference. 

PROPOSITION III. THEOREM. 

In the same, or in equal circles, equal angles at the centre are sub- 
tended by equal arcs. 

Let C be the centre of a circle, and let the angle ACB be equal 
to the angle ECD, then the arcs AB, ED, subtending these 
angles are equal. 

Join AB, ED. 
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Then the trian^ee ACB, DCE, having 
two sides and the included angle in the one, 
equal to two sides and the included angle in 
the oth^, are equal ; so that if A'CB be ap- 
plied to DCE, there shall be an entire co- 
incidence, the point A coinciding with D, 
and B with E ; the two extremities, there- 
fore, of the arc AB thus coinciding with 
those of the arc DE ; all the intermediate parts must coincide^ in- 
asmuch as they are all equally distant from the centre. 

Car. 1. It follows, moreover, that equal angles at the centre are 
subtended by equal chords. 

Cor. 2. If the angle at the centre of a circle be bisected, both 
the arc and the chord which it subtends shaU also be bisected. 

Scholium. 

The above reasoning obviously applies to the case of equal cir- 
cles, as the one would entirely coincide with the other. 

FROPOSITION IV. THEOREM. (Converse of Prop. III.) 
In the same circle equal arcs subtend equal angles at the centre. 

For, let the arc AB be equal to the arc DE, (see figure to pre- 
ceding proposition) then is the angle ACB equal to the angle DCE. 

For, if the arc AB were to be applied to the arc DE, they 
would coincide ; so that the extremities AB of the chord AB would 
coincide with those of the chord DE ; these chords, are, therefore, 
equal ; hence the angle ACB is equal to the angle DCE (Prop. 
XXV. B. I.). 

Cor, 1. Equal chords suhtend equal angles at the centre. 

Cor. 2. Therefore equal chords subtend equal arcs ; and, con- 
versely, iqual arcs are subtended by equal chords. 

Cor, 3. The angle at the centre, subtended by half a semi'dr* 
cumference, is a right angle ; for the adjacent angles subtended by 
the two halves are equal. 

Scholium. 

Similar reasoning evidently applies to equal circles. 

PROPOSITION V. THEOREM. 

A perpendicular from the centre of a circle to any chord bisects it, 
and also the arc which it subtends. 



Digitized by CjOOQIC 




BOOK III. 45 

The perpendicular CDE, from the centre C to the choid AB, 
bisects AB. 



For, if CA, CB be drawn, these lines will 
be equal ; therefore their extremities A, B 
are equally distant from the perpendicular 
(Prop. XXn. Schol. B. I.). 

E 
It, moreover, foHows, (Prop. IX. Cor. 1. B. I.) that the angle 
ACB is bisect^ by CDE ; therefore, also, the arc AEB is bisected 
(Prop. III. Cor. 2.). 

Cor. 1. Since the perpendicular from the centre joins the cen- 
tre with the middle of the chord, or with the middle of the arc, it 
follows, conversely, that the line joining the centre, and middle of 
the chord f or the middle of the arc, must be perpendicular to the chord. 
. Cor, 2. And a perpendicular, through the middle of the chord, 
passes through the centre and through the middle of the arc, bisect- 
ing the angle which it subtends at the centre. 

PROPOSITION VI. THEORKM. 

Eqwd chords are equidistant from the centre of the circle, and, con- 
versely, equidistant chords are eqwd. 

In the circle ABED, let the chords AB, DE, be equal, then the 
perpendiculars CP, CG, from the centre, shall likewise be equal. 

For, since the chords are bisected in F, 
and G, (Prop. V.) AF is equal to DQ ; 
therefore the right angled triangles AFC, 
DGC, having the hypothenuse and a side 
in each equal, are equal (Prop. XXII. Cor. 
6. B. I.) ; therefore CF is equal to CG. 

Conversely^ if the distances CF, CG are 
equal, then in the right angled triangles 
AFE, DGE, there wiU be the hypothenuse AC, and a side CP in 
the one, equal to the hypothenuse DC and a side CG in the other ; 
therefore AF is equal to DG ; consequently AB, the double of AF 
is equal to DE, the double of DG. 

PROPOSITION VII. THEOREM. 

The longer the chord is, the nearer it is to the centre ; and, con- 
versely, the nearer any chord is to the centre, the longer it is. 
Of the two chorda AB» DE, let DE be the longer, then shall 
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D£ be neaiw to Uie CMitre than AB; that iv, the perpendicidar 
C6 shall exceed the perpendicular CF. 

For, letCB, CE be joined. 

Then the triangles BFC, E6C, being rifht angled, and having 
equal hjpothoiuses CB, C£, the squares of CF, FB, are together 
equivalenttothesquaresof CG, 6E, (Pn^ 
X. B. II.)- But the square of 6£, the half 
of DE, (Prop, y. B. ni.) exceeds the s(}uare 
of FB, the half of AB, by hypothesis; 
therefive the square of CF must as much 
exceed the square of CG; otherwise the 
above equality could iK>t exist. Hence, the 
line CF exceeds the line C6, that is, the 
longer chord js nearer to the centre. 

Converselif, if the chord D£ be nearer to the centre than' AB, 
DE shall be longer than AB. 

For the squares of BF, FC being equivalmt to the squares of 
EG, GC, and the square of GC being, by hypotheas, less than 
the square of FC, it fdlows that the square of BF must be as 
much less than the square of EG ; hence D£« the double of 
EG, is Imiger than AB, the double of BF. 

Cor. 1. Hence the diameter is the longest chord that can be 
drawn in a drde. 

Cor. 2. The shorter the chord is, the farther it is from the centre, 
and, conversely, the farther the chord is from the centre the shorter 




U ts* 



PROPOSITION VIU. THEOREM. 



Through three given points, which are not in the same straight line^ 
one circumference of a circle may he made to pass, and but one. 

Let ABC, be three points not in the same straight line : they 
shall all lie in the circumference of the saBie circle. 

For, let the cfistances AB, BC be bisected by the perpendiculaia 
DF, EF, which must meet in some point F ; for if they were pa- 
rallel, the lines DB, CB, perpendicular to them, would also be 
parallel (Prop. XIY. Cor. 6. B. L), or else form but one straight 
line ; but they meet in B, and ABC is not a straight line by 
hypothesis. 

Let then FA, FB, and FC be drawn ; 
then, because, FA, FB meet AB at equal 
distances from the perpendicular, they are 
equal. For similar reasons FB, FC, are 
equal ; hence the points A, B, C, are all 
equally distant from the point F, and conse- 
quently all lie in the circumference of the 
circle, whose centre is F, and radius FA. 
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It is obvious, that, besides this« no other drcumference caja pass 
through the same points, fat the centre, lying m the perpendicular 
DF l^ecting the chord AB, and at the same time in the perpen- 
dicular EF bisecting the chord BC (Prop. V. Ck^. 2.), must be at 
the intersection of these perpendioulaiiB ; so that as there is but one 
centre and one radius, there can be but one circumference. 

Cor. 1 . As two circumferences cannot have three points in com- 
mon, it follows that one circumference can/not cvi miMer tn mora 
poinU than two. 

Cor. 2. Thereforeyrom any poini not iht centre more than two 
equal lines cannot be dravm to the circumference. 

Cor. 3. Consequ^tly Aat poini from tohich three eqttai lines 
may he dravm is the ctatre. 

PROPOSITION IX. THEOREM. 

A perpendicular at the extremity of a diameter is a tangeni to the 
circle; and^ conversely^ a tangent to a circle is perpendicviar to 
the diameter drawn from the point of contact. 

Let ABD be perpendicular to the radius CB, it shall touch the 
circle in the point B. 

For to show that this pmnt B is the 
only one which the circle has in common 
with AD, let C£ be drawn to any other 
point £ in that line, then C£ being 
kMager than CB, (Prq[). XXIL B. I.) the 
point E must necessarily lie without the 
circumference; B, therefore, is the only 
point in AD which is also in the circum- 
ference ; AD is therefore a tangent to the circle. 

Conversely. Let now AD touch the circle in B, and let BC be 
drawn from the point of contact to the centre ; AD shall be per- 
pendicular to BC. 

For every point in AD, except B, lies without the oireumference: 
to suppose that any point lay within the circumference, the line 
AD must be supplied to pass throu^ the oir^ and thus cut the 
circumference in some other point besides B ; but this is contrary 
to the hypothesis ; therefore a line drawn from C to any other 
point, £ in AD, must be longer than CB ; this theref<Nre being the 
shortest line, is perpendicular to AD (Prop. XXIL Schol). 

Cor. 1. From the same point in a drcumfhrenee only one tangent 
can he drawn, for two lines could not be both perpendicular to the 
diameter at the ssime point. 

Cor. 2. Tangents at each extremUf of a diameter are paraUei 
(Prop. XII. Cot. 6. B. I.). 
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Cor. 3. And conversely, paraUd tangents are boihi 
lar to the same diameter (Prop. XIY. Cor. 5. B. I.), < 
points of contact at its extremitiea. 

Scholium. 

This proposition shows the possibility of the existence of a tan- 
gent to a circle (Post. IV. B. I.). 

PROPOSITION X. THEOREM. 

The arcs of a circle iatercq^ted bp two paraUds are equal. 

If the parallels are tangents to the circle, as AB, CD, then eadi 
of the arcs intercepted is a semi-circ\iinference, as their points of 
contact coincide with the extremities of the diameter £F (Prop. 
IX. Cor. 3.). 

But suppose only one, as AB, is a tan- 
gent, and that the other, GH, is a chord, 
which being perpendicular to F£, the 
arc GEH is bisected by FE, (Prop. V.) 
so that in this case also the intercepted 
arcs GE, EH are equal. 

Next, let both the parallel lines be chords, as GH, JK, and let 
the diameter FE, be perpendicular to one of them, as GH : it will 
also be perpendicular to the other, since they are parallel ; therefore 
this diameter must bisect each of the arcs which they subtend, that 
is, GE is equal to EH, and JE to EK ; therefore JE diminished by 
GE, is equal to EK diminished by EH ; that is, in this case like- 
wise, the intercepted arcs JG, KH, are equal. 

PROPOSITION XI. THEOREM. {ConvtTse of Prop. X.) 

If two straight liius intercept equal arcs of a circle^ and do not cut 
jeach other within the circle^ the Unes wUi he parallel. 

If the two lines be AB, CD (preceding diagram), which touch 
the circumference, and if, at the same time, &e intercepted arcs 
EJF, EKF are equal, EF must be a diameter (Prop. I.) ; and 
therdfore AB, CD, are parallel (Prop. IX. Cor. 2.). 

But if only one of the lines, as AB, touch, while the other, GH, 
cuts the circumference, making the arcs EG, EH equal, then the 
diameter FE, which bisects the arc GEH, is perpendicular to its 
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chord GH (Prop. Y. Cor. 1.): it is also perpaadicniar to the tan- 
gent AB (Prop. IX.) ; therefore AB, GH are parallel. 

If both lines cut the circle, as GH, JK, and intercept equal ^arcs 
GJ, HK, let the diameter F£ bisect one of the chords, as GH : it 
will also bisect the arc GEH (Ptop* V.), so that EG is equal to 
EH; and since GJ is by hjrpothesis equal to HK, the whole arc 
EJ is equal to the whole arc EK : therefore the chord JK is bisect- 
ed by the diameter FE: as therefore both chords are bisected by 
this diameter, they are perpendicular to it (Prop. V. Cor. 1.), that 
is, {hey are parallel. 

SchoUunir 

The reedriction in the enunciation of this proposition, viz. that 
the Imes do not cut each other within the circle^ is necessary ; for 
lines drawn through the points G, K and J, H will intercept the 
equal arcs GJ, HK,> and yet not be parallel, since they will inter- 
sect each other within the circle. 

PROPOSITION Xir. THEOREM. 

C 

If two circumfir9nce8 hone a point in common^ situated in the 
itraight line joining their centrea^ the circwnferencea wiU touch 
each other in that point. 

For if they have also another point 
in common, then a line joining the 
two points will lie wholly within eaehl 
circle (Prop. 11.), and therefore the 
two lines from the middle of this chord 
to the centre of each circle must both 
be perpendicular to it (Prop. V. Cor. 
1.), ancf must therefore form but one 
straight line ; but by hjrpothesis, Uie 
centres are in the line passing through 
the other point, so that two distinct 
lines have the same extremities, which 
is impossible. 

Cor. 1. ^two circumjerences cut each other ^ the points of inter' 
section inust both be without the line joining the centres; for if 
either were in this line, the circimiferences would touch. 

Cor. 2. If the distance between the centres of two circles be equal 
to the sum cf their radii, the circumferences touch extwnaUy. 

7 




Digitized by CjOOQ IC 



M 



ELEMENTS OF OEOMETRT. 



Cor. 3. But if the distance he equal to the difference of the radU, 
one touches the other internally ^ for in both cases the circumferences 
pass through the same point in the line joihing the centres. 

Scholium. 

Hence the possibility of one circle touching another (Post B. 
HI). 

PR0F08ITI0N XIII. THEOREM. 

If two circumferences hone a point in common, situated out of the 
Une joining their centres^ the circumferences vfill cut each other. 

Let C and D be the centres of two circles, and let A be a point 
situated out of the line CD, common to the two circumferences. 



Let A6 be a perpendicular to CD, 
then AB, if produced, shall again cut 
the circumferences: for if it were a 
tangent to either, it would be perpen- 
dicular either to DA, or CA, which it 
is not; let it then cut the circumfe- 
rence, whose centre is C, in the point 
£, then the chord AE is bisected in 
B (Prop. V.) ; let it cut the other cir- 
cle in F, then AF is also bisected in 
B ; consequently the points E and F 
coincide, that is, the circimiferences 
again have a point in common. 



Cor. 1. Hence the converse of proposition, XII. viz. ifttoo cir- 
cumferences touch each othtr^ their cp^tres and point of contact Ue 
in ike same straight line ; for if the point of contact lay out of the 
line joining the centres, the circles would cut. 

Cor. 2. Therefore, if two circumferences touch each other^ the 
distance of their centres is equal eitner to the sum or diffh^ence of 
their radit, accordingly as they touch extemaUy or internally , which 
is the converse of Corollaries 2 and 3, last propositicm. 

Cor. 3. It moreover follows from the above demonstration, that 
the line joining the intersections oftlie circumferences, is bisected at 
right angles oy the line joining the centres ; for it is shown that the 
perpendicular to this line, from one of the points, passes through 
the other, and is bisected by the line joining the centres. 
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Scholiwn, 

1. Corollarj 1, to proposition XIL, proves ihe converse of this 
proposition. 

2. A mere inspection oT the preceding diagrams shows, that if 
two circumferences cut^ the distance of the centimes must be less than 
ihe sum of the radii; for CD is less than the sum of CA, DA, 
(Prop. XXl. B. I.) ; and, consequently, that if ihe distance of the 
centres of two circles he greater than the sum of their radii^ ihe 
circumferences will neither touch (Prop. XIII. Cor. 2.) nor cut 

3. tt is, moreover equally plain that, if two circumferences cut, 
the distance of tlu centres must exceed the difference of the radii ; 
for CD is longer than the difference of CA, DA (Prop. XXI. 
Cor. B. I.) ; consequently, if the distance of the centres of ttoo 
circles be less than the difference of their radii, their drcwnfer' 
ences will neither touch (Cor. 2.) nor cut, 

4. It appears, therefore, that in order that tioo circumferences 
may cut^ the distance of their centres must be less than the ^tim, 
ana greater than the difference of the radii. 

PROPOSITION XIV. THEOREM. 

^ *An inscribed angle is equal to an cmgle at the centre of the circle 
whose sides include half the arc included by those of the inscribe 
ed angle. 

Let ADB he an inscrihed angle, the sides of which include the 
arc AB ; this angle is equal to one at the centre C, whose sides 
include half that arc. 

Suppose, first, that the centre lies in one 
of the sides DB of the proposed angle, let 
CA he drawn, as also C£, hisecting the an- 
gle ACB. 

Then, since ACD is an isosceles triangle, ^^ 
the exterior anMe ACB is double the interior 
opposite angle D ; therefore the half thereof 
AC£ is equal to D, and its sides intercept 
half the arc AB (Prop. III. Cor. 2.). 

Next, let the centre C lie within the sides 
of the angle ADB, and let DCE be drawn, 
as also CF to the middle of the arc AE, 
and CG to the middle of the arc BE. 

Then, by the preceding case, the angle 
ADE is equal to the an^e FCE, and the 
angle EDB to the angle ECG ; hence, the 
whole angle ADB is equal to the whole 
angle FCG ; and the arc FG, subtended by 
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the angle at the centre, is, hy constructioai, equal to half the arc 
A£B, subtended by that at the circumference. 

Lastly, let the centre lie without the sides 
of the angle ADB, and draw, as before, D£ 
through the centre C ; OF to the middle of 
the arc A£, and CG to the middle of the 
arcEB. 

Then, by the first case, the ande ADE 
is equal to the angle PCE, and EDB to 
£CQ ; hence the angle ADB, the diifer- 
ence of the angles at the circumference is 
equal to FCG, the difference of the angles at the centre. Now, 
the arc FG is, by construction equal to the difference of half the 
arcs £B, £A, or, which is the same thing to half the difference of 
those arcs, that is, to half the arc AB ; so that in every case the 
inscribed angle is equal to an angle at the centre, whose sides in* 
tercept half the arc included by &ose of the form^. 

Cor. 1. Hence an angle at the cerUre of a circle ia doMe an 
angle at the circumference^ mtbte^in^ the $ame arc. 

Cor. 2. Angles in the eame^ or m equal segments^ or^ in other 
vfords^ inscribed angles^ subiended hy the same, or e^tio/ arcs^ are 
equal; each being equal to the angle at the cerUre^ whose sides 
include half the equal arcs. 

Cor. 8* An mgle in a semi'-circle is a right angle; for it is 
equal to an angle at the centre, subtended by half a semi-circum- 
ference (Prop. IV. Cor. 3.). 

Cor. 4. If in a circle^ two chords drawn from a point m (he 
circumference be respectively equal to two chords drawn from 
another point, they shaU include equal angles; fcnr the equal 
chords subtending equal arcs (Prop* lY* Cor. 2.), each angle 
must include the same portion of the circumference. 



PROPOSITION XV. THEOREM. 

The angle formed by a tangent and a chord drawn from the point 
of contact, is equal to an angle in the alternate segment of the 
circle ; that is, to an inscribed angle subtended by the arc inter- 
cepted by the sides of the former. 

Let ABC touch the circle BDEF in B, making with the chord 
BD the angles ABD. CBD ; the former will be equal to an angle 
n the segment BGD, smd the latter to an angle in the segment 
BFED. 
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For, draw the diameter BE and the 
chord ED ; draw also EG, BG, and 
DG td amr point G in the arc BGD ; 
then, ABE being a right angle (Prop. 
IX. )f it is equal to the an^e BGE in 
the semicircle (Prop. XlY. Cor. 3.), 
and the angle EBD is equal to the an- 
gle EGD, for it is subtended by the 
same arc ED (Prop. XIV. Cor. 2.) ; 
therefore the whole angle ABD is equal to the whole angle BGD 
in the ahemate segment. 

Again, the anMe CBD, together with DBE, make a right angle^ 
also the angle DEB, together with DBE, make a light angle ; 
hence the angle CBD is equal to the angle DEB in the alternate 
segment. 

Cor. 1. An angle in a segment greater than a semicircle is 
acutey and an angle in a segment less than a semicircle is obtuse. 

Cor. 2. Therefore the segment which contains aright angle 
must be a semicircle^ the segment which contains an obtuse angle 
must be less, and that which contains an acute angle must be great" 
er than a semicircle. 



SckoUum. 



This proposition and the preceding may both evidently be com- 
bined in the following general enunciation : — 

An inscribed angUy and an angle formed by a tangent and a 
ehordy are each e^jud to an angle at the centre^ subtended by half 
the arc included by their sides. The following proposition is the 
converse of this. 



PROPOSITION XVI. THEOREM. (Cowverse of Prop. XIV. and 
XV.) 



If an angle^ whose sides include an arc of a circle, be equal to an 
angle €U the centre whose sides include half that arc^ the vertex 
of ike former shaU be in the circumference; that is, it shaU be 
either an inscribed angUf or contained by a tangent and a 
chord. 
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Let the sides of the anj^e ADB 
include the arc AB, and let it be equal 
to an angle at the centre of the 
circle, whose sides include half that 
arc ; the point D shall be in the circum- 
ference. 

For let D be supposed to lie either 
within or without, the circumference, 
and in the former case let C be the 
point where the production of .One of 
the sides cut^ the circumfer^ce, and 
in the latter case let C be a point 
where one of the sides meets the 
circumference, and let €£ be drawn 
parallel to the other side DB. 

Then, however the sides of the 
angle ACE be situated with regard to 
the circumference; that is to say, 
whether both are chords, or one a 
chord and the other a tangent, this angle 
will in either case be equal to an angle 
at the centre, subtended by half the arc 
included by its sides (Prop. XT. Scho- 
lium); but, by hypothesis, the angle 
ADB, which is, by construction, equal 
to ACE (Prop. XIV. Cor. 1.^. I.), is 
equal to an angle at the centre, sub- 
tended by half 3ie arc included by its 
sides, but these included arcs are une- 
qual; their halves are, therefore, une- 
qual, and yet they subtend equal 
angles at the centre, which is impos- 
sible (Prop. IV.). The point D, there- 
fore, can lie neither widiin, nor with- 
out, the circumference ; it is, therefore, 
in it 





El> 





Cor, 1. In the case where D is within the circle, the angle 
ADB is equal to an inscribed angle C, subteftded by an arc, equal 
to the sum of the arcs AB, CF (Prop. X.), that is, an angle 
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formed by ike ifUeneetion of two chordSf is equal to an inscribed 
angle subtended by the sum of the opposite intercepted arcs. 

Cor. 2. In the case where D is without the circle, the angle 
ADB is equal to an inscribed angle, subtended by an arc equal to 
the diOerence of the intercepted arcs, that is, an angle whose vertex 
is without the circle^ and whose sides meet the circumferencej is 
e^ial to an inscribed angle subtended by the diflference of the oppo' 
site intercepted arcs. 

PROPOSITION XVII. THBORIM. 

The opposite angles of a quadrilateral inscribed in a circle, are to- 
gether equal to two right angles. 

The opposite angles A, C, or ABC, ADC, of the inscribed 
quadrilateral ABCD, are together equal to two right angles. 

For let EBF be a tangent to the cir- h d 

de at B, and join BD, then the angle 
DBF is equal to the angle A, and DBE 
to the angle C (Prop. XV.) ; but the 
angles DBF, DBE are together equal 
to two right angles ; therefore the angles 
A, C are together equal to two right 
angles ; and since the four angles of the 
quadrilateral are together equal to four 
right angles (Prop. XVII. Cor. 1. B. I.), the remaining two must 
be equal to two right angles. 

Cor. 1, If one side of an inscribed quadrilateral be produced, 
the exterior angle will be equal to the interior opposite one. 

For, produce one of the sides, as BA to H, then the angles DAH, 
DAB being equal to two right angles {Prop. III. B. /.), are equal 
to the angles DAB, ABC, and taking away the common angle 
DAB th&re remains the angle DAH equal to ABC. — Ed. 

Cor, 2. A quadrilflteral, of which the opposite angles are not 
equal to two right, cannot be inscribed in a circle. 




PROPOSITION XVIII. THEORBM. {Cowoerst of Prop. XVII.) 

If the opposite angles of a quadrilateral be together equal to two 
right angles, a circle may be circumscribed about it. 

Let ABCD be a quadrilateral, the opposite angles B, D of 
which are together equal to two right angles, a circle may be dr- 
cumschbed about it, that is, tha circumference which passes 
through the three points A, B, C, shall also pass through D. 
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For if D were to He ¥dthin the cirde, the 
angle D would be greats than if it were in 
the circumference (Prop. XVI. Cor. 1.), and 
consequently the angles B, D would be to- 
gether greater than two ri^t angles (Prop. 
XVII.) ; and if D wwe to lie without the 
circle the angle D would be lees than if it 
were in the circumference, and therefore the 
angles B, D would, in this case, be less than 
two right angles ; D therefore can lie neither within nor without 
the circle, that is, it is in the circumference. 

Cor, 1. If two opposite mtgks of a quadrilatend be together 
equal to the other two ojmosite angles, u eurcle may be described 
(Aout the quadrilateral (Prop. XVII. Cor. 3. B. I.). 

Cor. 2 A trapezium may be inscribed in a circle^ provided the 
non-paraUel sides are equal. 

For if the non-parallel ndes AD, 
BC, of the tn^aum. ABCD, be 
equal, and perpendiculars DE, CF, 

be drawn to AB, the triangles AD£, 

BCFwiU be equal, the angle A equal ^ ^ p B 

to the angle B, and the angle AD£ to ^ angle BCF, and cod- 
sequentlj the angle ADC must be equal to the angle BCD, so 
that two of^posite an^es of the trapezium are equal to the other 
two, therefore a circle may be described about it (Cor. 1.). 

PROPOSITION A. THSOBEM. 

If a cirde circumscribe an equilateral triangle, a hne drawn from 
the vertex of the triangle to any point in the opposite circum- 
ference, is equal to the two chords drawn' from the same point to 
the extremities of the base. 

Let ABC be an equilateral triangle in- 
scribed in a circle, AD a line drawn to a 
point D in the circumference; join BD, 
DC,thenAD = BD + DC. 

Make DH equal to DC and join CH. 
The angle ADC being equal to ABC in the 
same segment is equal to the third part of 
two right angles (Prop. XVL Cor.l. B. I.) J 
but the triangle CHD being isosceles by 
construction, the angles DHC, DCH are 
equal (Prqi. IX. B. i.) ; and each of Aeee is therefore equal to 
half the remaining two-thirds of two nght angles, or to the third 
part ; consequently Ae triangle CHD is eouilateral (Prop. X Cor. 
B. I.) ; and the an^e DCH iseqml to bCA, hence the angle 
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DCB is equal to HCA ; but the an^e DAC is equal to DBC 
and the interjacent sides BG, CA are equal ; and therefore the 
triangles DCB, HCA are equal (Prop. XL B. I.) and DB= 
HA, therefore DB+DC=HA+DC=HA+HD=:AD. 

Otherwise, Produce CD to F, so that DF may be equal to DB, 
and join BF. The angle BD A is equal to BCA, and ADC is equal 
to ABC or BCA ; hence the angle BDA is equal to ADC. Again, 
the angle BDC is equal to the angles DFB and FBD (Prop. XYI. 
B. L). But the angle DFB is equal to DBF (Prop. IX. B. I.) 
and the angle BDA is equal to ADC, therefore the angle ADC or 
ABC is equal to !PBF or DFB, and the aiigle BDF is equal to 
BAC (Prop. Xyn. Cor. 1.), whence it is evident that the triangle 
BDF is equiangular and therefore equilateral (Prop. X. Cor. B. I.). 
Further, since the angle DBF is equal to ABC, the angle CBF 
is equal to ABD, and the sides CB, BF are respectively equal to 
AB, BD, therefore the triangles CBF, ABD are equal (Prop. 
Vin. B. I.) ; and AD = CF = CD + DF = CD + DB .♦ 

PROPOSITION B. THEOREM. 

If from any point in the circumference of a circle^ perpendiculars 
he drawn to the sides of an inscribed triangle, the three points of 
intersection will be in the same straight line. 

From P any point in the circum- 
ference of the circle ABC, let PD, PE, 
PF, be drawn perpendicular to the sides 
EC, AB, AC respectively of the tri- 
angle ABC ; join DE, EF; DE and 
EF are in the same straight line. 

Join AP, BP, CP. Since the angles 
PEA,PFA are right angles, a circle may 
be described about the quadrilateral figure 
PEAF. (Prop XVIIl.), and hence the 

* This Proposition is introduced here because it admits of a demonstration 
from simple principles ; it may be demonstrated however in a more condse 
manner, Dy having recourse to the Fiflh and Sixth Books of our Author. 
Thus, since the bne AD bisects the angle BDC of the triangle BDC, we 
have the proportion BE: EC :: BD: DC (Prop. VU. B. VL), and therefore 
EC :EC:: BD + DC : DC (^rop.XIL Cor. 1. B. V.) And since in the tri- 
angles AEC, ADC, the angle DAC is common, and the angle ACE is Mual 
to ADC, these triangles are therefore equiangular ; therefore AC or BC : 
EC::AD:DC, whenceBD + DC:DC :: AD:DC (Prop. U. B. V.) ; and 
hence BD+DC = AD. 

Again, it is shown in the Notes to the Sixth Book (or Flayfair's Euclid B. 
VlTprop. D.), that BD • AC + DC • AB = AD • BC, or AB • ( BD+DC) = 
AB • AD, because AB=BC=AC, hence BD-f DCssAD as before : thus the 
truth of the proposition is established irom other principles. Sit SckoUmn ^f 
JhOharp, 95 -—Ed. 

8 
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angles PEF, PAF are equal {Frop. XIV. Cor. 2.). Also since the 
angles FEB, PDB are right angles, the circle described upon PB 
about PEDB will pass through E and D (Prop. XV. Cor. 2.), 
whence the angles FED and PBD are equal to two right angles 
(Prop. XVIL). But the angle PBD is equal to PAF (Prop. XVII. 
Cor. 1.); and PAF has been shown to be equal to PEF ; there- 
fore PED and PEF are equal to two right angles, and ED, EF 
are in the same straight line (Prop. IV. & I.). 

PROPOSITION C. THEOREM. 

If any chord in a circle be bisected by another ^ and produced to meet 
the tangents dravm from the extremities of the bisecting line ; 
the parts intercepted between the tangents and the circumference 
are equal. 



Let the chord AB be bisected in £ 
by CD ; and to C and D let tangents 
be drawn meeting AB, produced in F 
and 6 ; AF is equal to BQ. 



Take O, the centre of the circle ; and join OC, OD, OE, OF, 
OG. Since OE is drawn from the centre to the middle of AB, 
the anjB^le OEA is a right angle (Prop. V., Cor. 1.) also the angle 
OCF is aright ande (Prop. IX.) and therefore a circle may be de- 
scribed about OEFC (Prop. XVIII.). Also since ODG andOEG 
are right angles, a circle may be described about OEDG, hence the 
angle DOG is equal to DEG in the same segment. But DEG is 
equal to FEC, and FEC is equal to FOC in the same segment ; 
therefore the angle DOG is equal to FOC. Hence in the tri- 
angles FOC and DOG, the an^es FOC, FCO are equal respec- 
tively to the angles DOG, ODG, and the sides OC, OD are 
equal; therefore OF is equal to OG (Prep. XVI Cor. 3. B. I.) 
and consequenUy FE=EG (Prop. XXVI. B. I.). But AE=: 
EB; therefore AF=BG. 

PROPOSITION D. THEOREM. 

If a chord be drawn parallel to the diameter of a circhj and from, 
any point in the diameter or the diameter produced^ straight lines 
he dravm to its exiremittes^ the sum of their squares toill be 
equivalent to the squares of the intercepted parts of the diam/ster* 
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Let the chord 
CD be drawn 
parallel to the 
diameter AB of ^ 
the circle ACB ; 
take any point 
P in AB or its 
extension, join PC, PD ; then PC*4-PD»=AP+PB« 

Take O the centre, and join OC, OD, and draw the perpendicu- 
lars CF, DG, which are equal because CD and AB are parallel 
(Prop. Xffl. Cor. 1. B. I.) and since OC=OD and the angles at 
F and G being right angles are equal, therefore OF=OG (Prop. 
XXVI. B I.V 

By Prop. ill. B. II. CP=P0«+0C'+2 PO • OF and (Prop. 
XI. B. n.) PD'rnDO'^+OF— 2 OG- OP. Whence CP+PD» 
=2 0C«+2 0P'=2 AO^+2 OF. Now AP=AO+OP, and 
PB=AO-OP ; whence AF4-PB«:i=2 AO«4-2 OF (Prop. VHI. 
B. II.) and therefore CF+PD'=AP«+PB^ 



PROPOSITION E. THEOREM. 



If through a pointy within or without a circle^ two perpendicular 
Unes be drawn to meet the circumference, the squares of aU the 
intercepted distances are together equivalent to the sqiiare of the 
diameter. 

Let P be a point 
either within or without 
the circle, and AB, CD / 
two straight lines drawn 
through it at right angles 
meeting the circumfer- 
ence ; the squares of PA, 
PB, PC and PD are to- 
gether equivalent to the square of the diameter of the circle. 

Let BF be parallel to CD, and join AF, AD, CB and DF. 

Since BF is parallel to CD, the arc BC is equal to FD (Prop. 
X.), and consequently the chord BC=FD (Prop. IV. Cor. 2.). 
Because the triangle BPC is right angled at P, BC"=CP-f PB* 
(Prop. X. B. II.) or FD«=CP«+PB^ for the same reason AD« 
=PA«+PD^ wherefore AD»+FD«=PA*-f PB»+PC«+PD^ 

But since PD is parallel to BF, the angle A BF is equal to APD 
(Prop. XIV. Cor. 1. B. L) and therefore the angle ABF is a 
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right angle* and ACBF is a semicircle (Prop. XY. Cor. 2.) and 
AF Uie diameter. The angle ADF in the opposite semicircle is 
hence a right angle, and therefore AD'+FD'= AF* ; but it has 
been shown that AD« + FD»=PA« + PB' + P(? + PD"; there- 
, fore AF* or the square of the diameter is equivalent to the sum of 
the squares of ^ distances PA, PB, PC and PD intercepted be 
tween the circumference and the point P. 



BOOK IV. 



POSTULATE. 



From any point as a centre with 9fky radius, a drcumference 
may be de8cifl>ed. 



PROPOSITION I. PROBLEBI* 

To dhide a given straight line AB^ iaU> two equalparU. 

From the pcnnts A and B as centres, 
with any radius greater than half AB, 
describe two arcs, which must necessa- 
rily cut each other (Prop. XIII. Schol. 4. 
B.IU.); dmwthestraightlineCDthrough 
the points of intersecticn, and it Tinll 
pass through M, the middle of AB ; for 
CD is perpendicular to AB (Prop. XIII. 
Cor. 3. B. ni.), and the points A, B, are 
equally distant from C, therefcM^ they are 
equally distant from M (Prop XXU. Schol. B. L). 

Cor. CD not only divides AB into two equal parts, but it is at 
the same time perpendicular to JiB, 

PROPOSITION II. PROBLEM. 

From a given point P, in a straight line AB, to draw a perpendi- 
cular to thai line. 
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In the given straight line, or in its 
prcdongaticm, take two points C, D, 
equally distant fixnn P; and from 
these points as centres, with a radius 
longer than CP, describe arcs which 
will intersect in £ ; draw P£ and it 
will be the perpendicular required ; 
for it b drawn from the middle of the a — 
straight line CD to a point equally 
distant &om its extremities (Prop. XXII. Cor. 4. B. I.) 

Scholikm. 

If the point P were the extremity of the line, and if the line 
could not be produced beyond it, then a different construction must 
be employed. Thus ; 

From any point C taken without the hne 
with a radius equal to the distance CP, de- 
scribe a circumference, and from D, where 
it cuts AP, or its prolongation, draw the di- 
ameter DE ; then EP mJl be the perpendi- 
cular required, as is manifest from Prop. 
XIV. Cor. 3. B. ni. 




PROPOSITION III. PROBLEM. 

From a given point P, without a straight line AB^ to draw a per- 
pendicukir to thai line. 

Take any point C in AB, and from P 
as a centre, with a radius equal to the 
distance PC, describe an arc CD, and 
from the points C, D, as centres, with 
the same, or any other radius, describe 
two arcs cutting in E, then PE will be 
the perpendicular required ; for it passes 
through two points P, £, each of which 
is equally distant from the two extremi- 
ties of CD (Prop. XXn. Cor. 6. B. I.). 



yC 



-5^ 



^ 



Scholium. 



If the point P were opposite the extremity of the line AB, or 
nearly so, and if AB could not be produced beyond this extremity, 
the following c<»istruction may be employed. 
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From the otber extremity of AB, or 
from any other point in AB, with a radius 
equal to its distance from P, describe an 
arc ; then from a second point in AB, 
with its distance from P as a radius, de- 
scribe another arc, and through their 
points of intersection drkw a line which 
\(all be the perpendicular required ; as is ob- 
vious from (Prop. XIII. Cor. 3. B. III.). 




PROPOSITION lY. PROBLEM. 

At a point P, in a straight line AB^ to make an angU eqwd Id a 
given angle D. 

From P as a centre, 
with any radius, de- 
scribe an arc C £, and 

from D as a centre ^ ^ 

with the same radius, D ^ ^ P ^ 

describe an arc F G, terminating in the sides of the an^e D : then 
with a radius equal to the chwd of this arc, describe, from the 
point C as a centre, an arc cutting the arc CE in H ; draw HP 
and HPC will be equal to the angle D ; for in equal circles equal 
arcs subtend equal angles at the centre (Prop. IV. B. III.). 




PROPOSITION V. PROBLEM. 



To divide a given angle, ACB, into two equdparts. 



From C as a centre, with any 
radius, describe an arc AEB, termi- 
nating in the sides of the angle, and 
draw CD perpendicular to its chord ; 
then the angle ACB will be bisected 
• (Prop. V. B. m.). 




Scholwm, 

By repeated bisections an angle may obviously be divided into 
four, eight, sixteen, &c. equal parts, but the division of an angle 
into three equal parts is a problem that cannot be generally effected 
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by elementary geometry.* This i»roblem is one of very ancient 
date, and for a long time engaged the attention of some of the 
greatest geometers of Greece, who were at length compelled to 
relinquish the hojie of performing this operation by a purely geo- 
metrical method) that is to say, by employing no other lines in the 
construction of the problem than the straight line and the circum- 
ference of a circle. By the introduction of other curves, the tri- 
section has been efiected in various ways. I 

PROPOSITION VI. PROBLEM. 

Two angles of a triangle being gtoeti, to find the third angle. 

Draw any straight line AE, and take 
therein a pouit P, at which make an 
angle APC equal to one <^ the given 
angles, and then another CPD, equal 
to the other given angle ; the third an- 
gle DPE will be equal to the third an- 
gle of the triangle ; for the three angles 
of the triangle are together equal to the ^ 

three angles at the point P, each amounting to two right angles, 
and two of the angles at P have been made equal to two angles 
of the trian^, therefore the third angle must be equal to the 
remaining axigle of the triangle. 

PROPOSITION Vll. PROBLEM. 

Two angles and a side of a triangle being gioen^ to construct the 
trian^. 

First, let the angles be adjacent to the given side. 

* The trisection of a right angU. and hence of |, }, i^ Sec thereof, is a very 
easy problem, the construction of which may be left for the student to per- 
form. It may not be improper to remark here, that an ingenious instrument 
for the mechanical trisection of angles, has recently been devised by Mr. R. 
Christie, for a description of which see Mechanics' Magazine, vol. I. 

t Let AEDbe an isosceles trianele hav- 
ing the side A£=ED ; from A to £D, pro- 
duced if necessary, draw AB equal to 
AE ; produce DA, then the angle CAB 
will be equal to three times the angle EAD 
or EDA For the angle CAB is equal to 
the angles at D and B, and the angle at B 
(or AEB) is double' the angle at D, (Prop. 
XVI. and Cor. 7, to the same. B. I.). 
Hence it follows that the angle CAB is equal to thrice the angle at D or EAD. 

From the above theorem it is evident that if from the point A and distance 
AB, a circular arc were described, then ifa straight line ED equal to A B could 
be drawn between the circular arc and line AD, the said line would be in- 
olmed to the line AD in an angle equal to one third of the angle C AB.^Eo. 
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Draw the straight line BC, equal to the 
giren side, and at the extremities make two 
angles BOA, CBA, equal to those given, 

then the sides BA, CA, must meet and B ^ 1 ^ 

farm with BC the triangle required ; for if they were parallel, the 
angles B, C, would be together equal to two right angles (Prop. 
XIY. Cor. 4. B. I.), and therefore could not belong to a triangle. 

But if one of the given angles be opposite to the given side, 
then lind the other angle by last proposition, and proceed as above. 

PROPOSITION VIII. PROBLEM. 

TvDO aides of a triangle^ and the angle which they tticWe being 
given^ to comtruct the triangle. 

Draw BC (preceding diagram) equal to the given side, make 
an angle CBA equal to the given an^e, and take BA equal to the 
other given side : join AC, and the triangle will evidently be con- 
structed. 

PROPOSITION IX. PROBLEM. 

TfjDO sides of a triangle^ and an angle opposite to one of them being 
given, to construct the triangle. 

At the extremity B, of any straight 
Kne BC, make an angle CBA equal 
to the given angle, and make BA 
equal to that side which is adjacent 
to the given angle ; and from A, as 
a centre, with a radius equal to the 
other side, describe an arc, which 
must either touch, or cut, the line 

BC, otherwise a triangle could not be formed. If it touch BC, 
a line from A to the point of contact D, will be perpendicular to 
BC (Prop. IX. B. ni.), and the right angled triangle ABD will 
be the tnangle required. 

The given angle in this case must, therefore, be acute. 

But, ^ instead of touching, the arc cuts BC in two pomts, E, 
F ; then, supposing still that the given angle is acute, if lines be 
drawn from these points to A, it is obvious mat two triangles ABE, 
ABF, will be formed, each of which will contain the proposed 
given parts ; but will differ in other respects, the angle opposite 
AB being obtuse m the one, and acute in the other. In order, 
therefore, to avoid this ambiguity, it is requisite previously to know 
whether the angle opposite the other given side be acute or obtuse. 
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If, however, the given angle he obtuse, no amhiguity can arise ; 
for havine formed tibe ohtuse angle as BEA, and having made 
EA equal to the adjacent side, the arc described from A as a cen- 
tre, with a radius equal to AB, the other side, would cut BC on 
opposite sides of £ (Prop. XXII. Schol. B. I.) ; so that only one 
obtuse angled triangle could be formed. 

And if Sie given angle were right, although two triangles would 
be formed, yet, as the hypothenuses would meet BC at equal distan- 
ces from the common perpendicular, these triangles would be equal. 

PROPOSITION X. PROBLEM. 

The three sides of a triangle being given^ to construct it. 

Make BC equal to (Hie of the sides, and 
from B, as a centre, with one of the other 
sides as a radius, describe an arc ; and from 
C, as a centre, with a radius equal to the 
third side, describe another arc, cutting 
the former in a point A (Prop. XXI. B. I., and Prop. XIII. Schd. 
4. B. ni.) ; then, if AB, AC, be drawn, the triangle will be con- 
structed. 

Scholium. 

From the last three problems it appears that, of the six parts 
composing a triangle, viz. the sides and the angles, it is necessary 
to know but three, and their relative positions, in order to deter- 
mine the triangle. It is, however, requisite thai at least one of 
the given parts be a side, and, moreover, in the case where two 
sides and an opposite acute angle are the given parts, it is indis- 
pensable to know, in order to avoid ambiguity, whether the angle 
opposite the other given side be acute or obtuse. 

PROPOSITION XI. PROBLEM. 

Through a given point C, to draw a straight line parallel tP a given 
straight line AB, 

To any point P in AB draw a 
straight line from C, then make 
the angle PCD equal to the angle 
APC, and CD will be parallel to 
AB (Prop. XII. B. I.). 

PROPOSITION XII. PROBLEM. 

Two adjacent sides of a rhomboid^ with the angle which they include 

being given, to construct the rhomboid* 

9 



C._ D 

^ —^=^5 B 
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Make AB equal to one of the given p 

sides, and the angle A equal to the / "7 

given angle ; then take AD equal to / / 

3ie other given side, and from D, as a /__ / 

centre, wiSi a radius equal to AB, de- a b 

scribe an arc ; and frcmi B, as a centre, 

with a radius equal to AD, describe another ; and from C, the 
point where they intersect, draw CB, CD, and the rhomboid will 
be completed ; for the opposite «ides are, by construction, equal 
(Prop. XXVIII. B. I.). 




PROPOSITION XIll. PROBLEM. 

To make a sqttare equivalent to two given squares 

Draw two indefinite lines AB, AC, perpen- 
dicular to each other. Take AB equal to the 
side of one of the given squares, and AC equal 
to the side of the o&er : join BC, which will be 
the side of the proposed square, as is evident from Prop. X. B. II. 

Scholium. 

Any number of squares may be reduced to a single one, by re- 
ducing two into one, this and a third into another ; then, again, 
this last, and a fourth into another, and so on. 

PROPOSITION XIV. PROBLEM. 

To make -a square equivalent to the difference of two given squares. 

A Draw, as in last problem, the lines AB, AC (see the diagram) 

perpendicular to each other, making AB equal to the sides of the 
less square ; then, from B as a centre, with a radius equal to tha 
side of the other square, describe an arc intersecting AC in C, 
and AC will be the side of the required square (Prop. X. Cor. 1. 

B. n.). 

PROPOSITION XV. PROBLEM. 

To make a rectangle equivalent to a given triangle, ABC. 

Draw AD parallel to the base 
BC, which bisect by the perpen- 
dicular ME, make EF equal to 
MC; then, by drawing FC, the 
rectangle EC equal to the trian- 
gle ABC will be fonaed (Prop. 
III. Cor. 5. B. 11.) I for it has the 
same altitude ME as the triangle^ and half its base. 
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PROPOSITION XVI. PROBLEM. 

To make a triangle equivalent to any given polygon^ ABCDE, 

Draw the diagonal CE, cut- 
ting off the triangle CDE ; 
draw DF parallel to CE, meet- 
ing AE produced, and join 
CF; the polygon ABGDE 
will thus he reiduced to die 
polygon ABCF ; having few- 
er sides by one; for the tri- 
angle CDE cut off, is equiva- 
lent to the triangle CFE added 
(Prop. ni. Cor. 2. B. II.). Draw, now, the diagonal CA aAd 
BG parallel to it, meeting the production of EA : join CG, and 
the polygon ABCF will be reduced to an equivalent polygon, with 
fewer sides by one ; for the l^angle, cut off by C A, has been sup- 
pHed by the equivalent triangle CGA ; and thus, by continually 
diminishing the sides, the polygon is at length reduced to an equi- 
valent triangle. 

Cor. Since a triangle may be converted into an equivalent rect- 
angle, it follows that any polygon may be reduced to an equivalent 
rectangle. 

PROPOSITION XVII. PROBLEM. 

A rectangle being given, to construct an equivalent one having a aide 
of a given length. 




Let ABCD be the given 
rectangle, and produce one 
of its sides, as AD, till DE 
be the given length, and 
draw ECF meeting the pro- 
longation of AB in F ; tiien 
produce BC till CG is equal 
toDE; DrawEGH,DCK, 

making GH, CK, each equal to BF ; then join HK, and the rect- 
angle GK will be equivalent to the rectangle AC, as appears from 
Proposition I. Book II. 

Cor. Hence a polygon may be converted into an equivalent rect* 
angle of a given base, or of a given altitude (Prop. XVI. Cor.). 



PROPOSITION XVIII. PROBLEM. 



Having given a circumference, or an arc, to find the centre of 
the circle. 
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Take any ^ee points, A, B, C, in the 
arc, bisect the distances AB, BC, by the 
perpendiculars DF, EF (Prop. I.), these 
perpendiculars will meet in a point F equally 
distant from the points A, B, C, (Prop. YIII. 
B. ni.) ; F, therefore, is the centre of the 
circle. 




Scholium. 

By a similar construction a circumference may be circumscribed 
about a given triangle. If the triangle be right angled, the mid- 
dle of the hypothenuse will be the centre of the circumscribed circle. 

PROPOSITION XIX. PROBLEM. 

To draw a tangent to a circle from a given point A^ in the cireumr 
ference. 

Draw the radius CA, and make AB 
perpendicular to it; AB will be the tan- 
gent required (Prop. IX. B. III.). 




PROPOSITION XX. PROBLEM. 

From a given point B^ in the are ABE^ of a circle^ to draw a tan- 
gent thereto^ withmrt making use of the centre. 

Take two equal distances BC, 
CD; on the arc join BD, and 
from B as a centre, with a radius 
equal to the distance BC, describe 
an arc F6 ; make the distance C6 
equal to the distance CF, and 
tlurough 6 draw the straight line 

BG, which will be the tangent required ; for if the chords BC, 
CD be drawn, the angle CBD will be equal to the an^ CDB 
(Ptop. XIV. Cor. 2. B. ni.) ; and therefore the angle GBC will 
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be equal to the angle CBF,that is, to CDB, an angle in the alter- 
nate segment ; hence B6 is a tangent at B. 

PROPOSITION XXI. PROBLEM. 

To draw a tangent to a, circle from a given point A^ without the 
circumference. 

Bisect the distance AO between the 

Sven jpoint and the centre, in the point 
[, and from this pdnt as a centre, with 
a radius equal to MA, describe an arc ; 
and through B, where it intersects the 
circle, draw ABC, which will be the 
tangent required for completing the semi' 
circle ABO, and drawing BO, the angle 
ABO will be right (Prop. XTV. Cor. 3. 
B. III.)* that is, AB is perpendicular to 
BO, and is therefore a tangent to the circle at B (Prop. IX. B. HI.). 

Scholium. 

Since the semi-circle described on the other side of AO inter- 
sects the given circumference in another point, it follows that two 
tangents may be dmwn from the same point. 




con>- 



PROPOSITION XXII. PROBLEM. 

On a given straight line AB, to describe a segment capable of 
taining a given angle, IKL, 

Draw EM perpendicular to KL, one 
Of the sides of the given angle ; then, at 
each extremity of AB, make an angle 
equal to IKM, the sides AC, BC, of 
which will meet in a point C, from which 
as a centre, with a radius equal to CA, 
CHT CB, describe the arc ADB, and the 
requir^ segment will be completed ; for 
the three angles of the triangle ABC are 
together equal to twice the angle MKL^ 
and, by construction, the two angles CAB, 
CBA, are together equal to twice IKM ; 
therefore the angle C is equal to twice 
IKL, but it is also equal to twice the in- 
scribed angle D ; consequently the segment ADB contains an 
angle equal to the given angle, IKL. 
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Scholium, 

If the given angle were obtuse, the centre must lie without the 
segment (Prop. XV. Cor. 2. B. III.) ; if it were right, the segment 
would be a semicircle ; and c(Hisequently, the centre, would be the 
middle of AB. 

PROPOSITION XXIII. PROBLEM. 

To inscribe a circle in a given triangle, ABC. 

Bisect two of the angles, as 
B, and C, by the straight lines 
BO, CO; from the point of 
meeting, draw OD perpendicular 
to BC, and from O as a centre, 
with a radius equal to OD, de- 
scribe the circle DEF, which 
will touch each side of the tri- 
angle ; for, let OE, OF, perpen- 
diculars to the other two sides, 
be drawn, then the right angled triangles ODC, OEC, have the 
hypothenuses equal, as also the angles at C ; therefore OD is 
equal to 0£ (Prop. XI. B. I.) ; for similar reasons OD is equal 
to OF ; hence the circumference described from the centre 0, 
with the radius OD, touches the sides of the triangle in D, £, 
andF. 

Scholium. 
. Lines bisecting the three angles of a triangle, all meet in the 
same point, viz. £e centre of the inscribed circle; and it has been 
shown, (Prop. XYIII.) that the lines bisecting the three sides also 
meet in one point ; consequently in the equilateral triangle, since 
the lines bisecting the angles also bisect the sides (Prop. IX. Cor. 
1. B. I.), it follows that the centres of the inscribed and circum- 
scribed circles coincide. 




PROPOSITION XXIV. PROBLEM. 

To inscribe a square in a given circle. 

Draw two diameters AB, CD, at right 
angles to each other, then join their extremi- 
ties, and the inscribed square will be formed ; 
for the angle ACB, being in a semicircle, is 
right, and the angles about O being equal, 
the chords which subtend them are equal 
(Prop. III. Cor. 1. B. ffl.). 
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Scholium. 

By a similar construction it is plain that a circle may be circum- 
scribed about a given square. 

FROPOSITION XXV. PROBLBM , 

To inscribe a circle in a given square. 

From the point O, where the diagonals 
mtersect, draw OE perpendicular to a side 
of the square, and then from O as a centre, 
with a radius equal to 0£, describe a circle 
which will touch each side of the square ; 
for the square is divided by the diagonals 
into four equal isosceles triangles ; hence 
the perpendicular, firom the vertex O to the 
baise, is the same in each triangle (Prop. III. Cor. 6. B. 11.) ; 
therefore the circumference described from the centre with the 
radius OE, passes through the extremities of each perpendicular;, 
so that the sides of the square are tangents to the circle (Prop. 

IX. B. HI.). 

Cor. Hence, from a common centre a circle may be inscribed tn, 
and circumscribed about a given square (Prop. XaIV. Schol.). 




BOOK V. 



DEFINITIONS. 



1. Of two unequal magnitudes, the greater is said to contain 
the less, as often as there are parts in the greater equal to the less. 

2 If the greater of two magnitudes contain the less a certain 
number of times without leaving a remainder, it is called a muUi" 
pie of the less ; and the less is, in tUs case, called a mbmuUiple^ 
or a measure of the greater. 

3. Magnitudes, which have a common measwre, are said to be 
commensurable; they are incommensurable when such common 
measure does not exist 

4. Equimultiples, or like multiples, are those which contain 
their respective submuHiples the- same number of times. 

5. And like submuHiples are those which are contained in their 
respective multij^es the same number of times. 
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6. When two magnitudes are compared, by examining how 
often the first is contained in a multiple of the second, the former 
IB called an aniecedenty and the latter its consequent. Such com- 
parison, it IB obvious, can be made cmly between homogeneous 
magnitudes, or those oi the same kind. 

7. Magnitudes are proportioned when an antecedent cannot be 
contained in any multiple of its consequent oflener than either of 
the other antecedents can be contained in a like multiple of its con- 
sequent 

8. If the number of magnitudes so related be but four, they are 
dttiominated simply a propor^ton ; the first and last terms are 
called the extremes^ and the intermediate terms the means, 

9. The antecedttits are called homologous, or like terms, and the 
same oi the consequents. 

10. Magnitudes are in continued proportion whra every ccmse- 
quent is considered as the antecedent of the succeeding term. 

11. If the continued proporticm consist of but three terms, the 
middle term is called the meanj and the others are called the ex- 
tremes. 

Exfdanation of the Signs employed in the succeeding Demonstra- 
tions. 

1. To denote that four magnitudes A, B, C, D, are proportional, 
they are thus arranged, A : B :: C : D, which is read, as A is to 
B^so is C to 1?, understanding, of course, that relation among 
them which constitutes th^ proportionality (Def 7«). 

2. In like manner, to denote a continued proportion, the terms 
are thus expressed, A:B::B:C::C:D, &c., which is read, 
asdistoB.soisSto C.andCtoD, fyc. 

8 The symbol -|- denotes the addition of the magnitudes be- 
tween which it is placed. Thus A-|-B signifies that B is to be 
added to A. To denote stibtraction^ the sign — is employed ; so 
that A — B means B taken from A. The double sign ± is employ- 
ed to express indifferently either the sum or difference of the mag- 
nitudes between whidi it is placed. 

4. The symbol A placed between two magnitudes denotes that 
the former is greater than the latter ; the Sjnaabol Z is used to de- 
note that the former is less than the latter, and = implies their 
rlity. Thus by A A B is to be imderstood that A is greater 
B : by A Z Bis implied that A is less than B, and by A=B is 
meant that A is equal to B. 

JVb/e. — ^It is to be observed that in speaking of the magnitudes 
A, B, C, &c. we mean, in reality, those which these letters are em- 
ployed to represent ; they may be either lines, surfaces, or sdids. 
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AXIOMS. 

1. £qiiiniiiltipl6s of the same, or of equal magnitudes, are 
equal, so also are the like submultiples. 

2. A multiple of a greater magnitude exceeds a like multiple oi 
a less ; and a submultiple ctf a greater exceeds a like submultiple 
of the less. 

3. Of two unequal magnitudes, a multiple of the less may be 
takei\^so great as to exceed the greater,. and a submultiple of the 
greater may be taken so small as to be smaller than the less. 

PROPOSITION I. THEOREM. 

If two magnitudes be like mulliplea of two others^ the mm of the 
former pjiU be the game muliiple of the sum of the latter. 

Let P, Q be equimultiples of A, B, then will P+Q be a like 
multiple of A-l-B. . 

A B 

P Q. 

For, suppose P to be divided into parts, each equal to A, and Q 
to be divided into parts, each equal to B ; then, by hypothesis, the 
number of the pcurts of P is the same as the number of the parts 
of Q. Let one 6[ the parts of P be added to one of the parts of Q, 
the sum will be equal to A-f-B ; and if any other part (^ P be 
added to any other of the parts of Q, the sum will, in like man- 
ner, be equal to A-|-B ; therefc^e, as many magnitudes as there 
are in P equal to A, or as there are in Q equal to B, so many are 
thare in P+Q equal to A+B. 

SchoUum. 

Having proved it of two magnitudes, it may be proved of three, 
and so on of any number. 

PROPOSITION II. THEOREM. 

If in a proportion, an amtecedent and tfo conse^pimt be respedicely 
the same as an antecedent and its consequent in another propor- 
<ton, the remaining antecedent and consequent in each will form a 
proportion 

Let there be the two proporticms. 

A:B::C:D, 

A:B::E:F. 
Then C 19 contamed in any multiple of D, as often as A is con- 

10 
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tained in a like multiple of B, but not (^ener (Def. 7»). In like 
manner £ is contained in any multiple of F, as often as A is con- 
tained in the same multiple of B, but not oftener : hence, C cannot 
be contained oftener in any multiple of D than £ is ccmtained in a 
like multiple of F, nor can £ be contained oftener in any multiple 
of F than C is contained m a like multiple of D ; consequently, 
(Def. 7.). 

C : D : : E : F. 

ScJiolitim, 

Two or more proportions, having an antecedent and its consequent 
the same in each, may therefore be combined in a single series of 
prop(Nlionals; thus the two proportions above given form the fol- 
lowing series, 

A : B : : C : D : : E : F. 
This method of combining the terms of such propcnrtions in a 
single series will often be employed hereafter, as it will be imneces- 
sary to repeat the identical terms. 

PROPOSITION III. THEOREM. 

In aproporiionj it will be impossible to find equimidtiples of the an- 
tecedents and equimultiples of the consequents^ such that the muiir 
tiple of one antecedent may be greater than that of its consequent^ 
while the multiple of tlie other antecedent is not greaier than that 
of Us consequent. 

For, let there be the proportion A : B : : C : D, and, if the truth 
of the theorem be denied, suppose P, R to be equimultiples of A, 
C, and Q, S equimultiples of B, D ; such that P is greater than 
Q, and R not greater tlian Si 

A B C D 

P Q R S 
Then since, by hypothesis, C is the same submultiple of R that 
A is of P, and since S is not less than R, C is necessarily contain- 
ed in S as often, at least, as A is contained in P, and, therefore, 
oftener than A is contained in Q, for Q is less than P ; that is to 
say, the antecedent C is contained oftener in S, a multiple of its 
consequent, than the other antecedent A is contained in Q, a like 
multiple of its consequent, wlttch is impossible (Def. 7.) ; there- 
fore if P be greater than Q, R must be greater than S. 

PROPOSITION IV. THEOREM. 

If there be four magnitudes^ such tluit it is impossible to find equi- 
^mdiipleaof the antecedents and equimuUiples of the eonaequenis^ 
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such thai the tmUtif^ of<mt onlectdtni may be greater tlmn that 
of its consequent^ while the multiple of the other antecedent is not 
greater than that of its consequent, the four magnitudes are prO' 
portional. 

Let A, B, C, D, be four such magnitudes, then, if they are not 
proportional, one of the antecedents, as A, must be contained in 
some multiple Q of its consequent B, oflener than G is contained 
in S, a like multiple of D (Def 7.). 

A B C D 
P a R S 
Let P be the greatest multiple of A which does not exceed Q, 
and let R be a like multiple of C. 

Then R must be greater than S, for R contains C as often as Q 
contains A, which, by hypothesis, is oftener than S contains Cj 
so that equimultiples P, R of the antecedents, and equimultiplea 
Q, S of the consequents, may be found, such that R shsdl be greater 
, than S, while P is not greater than Q, which cmitradicts Xe hy- 
pothesis.* 

* Thifl proposition is in substance the definition of proportion as ^ven by 
Eaclid in nis fifth book ; our Author has very judiciously changed it into a 
theorem, while his seventh definition is more in accordance with our ideas of 
proportion, althou|[h Dr. Simson in his notes to EucUd's Elements extols the 
dennition of Euchd, at the same .time calling the other " a vulgar and con- 
fused idea of proportionals.'' I should prefer, however, a tuigat definitioa 
which renders the subject of proportion more plain and easy of conipre- 
hension, to an obscure and prolix definition, although given by ElucUd, and 
sanctioned by Dr. Simson, whose authority, however, is not so great in this 
matter, as his undue partiality to Euclid ; in whom he could not find any 
thinff in the least degree faulty or defective: as appears from his notes. 

Mr.- Thomas Simpson, the ingenious English Geometer, in his notes at 
the end of his Geometry gives his opinion with regard to this definition of 
EucUd, as follows, ** I cannot help thinkinj^ with Clavius (or rather Theon) 
that there was a nature or idea of proportion antecedent to that mven in the 
5th and 7th definition of Euclid's fifth book : for, that mankind, long before 
the time of Euclid, had some way to show or express in what degree one mag- 
nitude was greater or less than another, cannot be doubted, and this was the 
first and natural idea of proportion ; and I look upon those definitions, as 
refinements only on the simple and natural idea, in order to take in the busi- 
ness of incommensurable^, whereby the original notion is so much obscured 
that it requires some skill even to see, that it is at all contained in these 
definitions." 

It is on this account, I think, tliat many students on coming to the fifth book 
of Euclid are so much perplexed and brought to a stand : some Geometers 
have accordingly endeavoured to simplify the subject by treating of it alge- 
braically : if they mean by this to give the student a general idea of the sub- 
ject, by preparing him, for the rigorous and general demonstrations of Euclid, 
the method is a good one ; if they mean these demonstrations to supersede the 
use of those of Euclid, the plan is very injudicious, tending as it does to im- 
pair that accuracy which is so necessary in geometrical reasonmg, as it is 
well known (•at the Algebraic demonstrations will not apply to magnitudes 
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PROPOSITION V. THEOREM. 

If any number of homogeneous magjtUttdes be proportional, as one 
antecedent is to its consequent, so is the sum of the antecedents 
to the sum of the consequents. 

First, let there be four magnitudes, or the proportion A : B : : C : D, 
then also A:B: : A + 0: B 4: B. 

For, let P, R be equimultiples of A, C, and Q, S equimultiples 
of B, D. 

A B C D 
P Q R S 

Then (Prop. III.), ifP>Q, R>S, orifR>S, P>Q; 
therefore if P > Q, (P+R) ^ (G+S,), and if (P+R) > (ft+S), 
P> Q; for if, in this last case, P were not greater than Q, 
R could not be greater than S ; and, therefore, P -|- R could not 
be greater than d -|- S. Now, P and (P -|- R) are any equi- 
multiples of A and (A -|-€) (Prop. I.), in like maimer Q and 
(Q -f- S) are any equimultiples of B and (B -|- D) ; therefore 
(Prop. IV.) 

A:B::A+C:B + D. 

Let there be six magnitudes, A :B::C:D::£:F; then, 
with respect to the firat four, there will be the propcnrtion 
A : B : : A+C : B + D, while the last four furnish the proportion 
C : D : : C+E : D+F, but A: B : : C : D ; therefore (Prop. II.) 
A : B : : C-4-E : D-|-F ; hence, from what has been already de- 
monstrated, 

A:B::A + C+E:B + D+F, 
and so on for any number of proportionals. 

Cor, 1. Since A : B : : A : B : : A : B, &c., it follows that 
A :B ; : A + A + A + &c. : B + B + B + &c., that is, two 
magnitudes and their like multiples are proportional. 

Cor. 2. Hence also ttoo magnitudes and their like submulHples 
are proportional. 

Cor. 3. Wherefore, in any proportion^ one antecedent is to its 
consequent as any multiple or submultiple of the other antecedent is 
to a like multiple or submultiple of its consequent (Prop. 11.). 

Cor. 4. And moreover, if in any proportion like multiples er 
like submultiples of either the two first, or the two last terms be taken^ 
and like muUiples or submultiples of the others, the results wHl be 
proportional, 

of all kinds, and are therefore not general : see notes at the end, and Play- 
fidi's notes to Euclid's fifth book. It would be well for the student to be- 
come first acquainted with the doctrine of proportion treated algebraicaOy, 
before proceeding with our Author ; and I know of no Authors who have 
treated of it in tms manner with more ability than Day and Wood in. their 
Treatises on Algebra.-^En. 
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PROPOSITION VI. THEOREM. 

If in any proportion like multiples of the antecedents and like muU 
tiples of the consequents he taken, the results will be proportional. 

In the proportion A : B : : C : D, let P, R be equimultiples of 
A, C, and O, S equimultiples of B, D ; then P : a : : R : S. 

For let P^, R^ be any equimultiples of P, R and Q/, S^ any 
equimultiples of Q, S ; 

p a R s 
p^ a' R^ s^ 

Then it is obvious that P^, R^ must be equimultiples of A, C, 
and Of S' equimultiples of B, D ; therefore (Prop. III.) if P' > 
Q^ then R^, > S^ and if R' > S^ then P^ > a^ and P^ R' are 
any equimultiples of P, R, while QL\ S^ are any equimultiples of 
Q, S ; consequently (Prop. IV.), 

P:a::R:S. 

Cor. 1. In any proportion the first term is to any multiple of 
the second as the third is to a like multiple of the fourth. 

For, as above, let P, R be any equimultiples of A, C ; and ft, 
S any equimultiples of B, D ; while Of S^ are any equimultiples 
of Q, S ; these last will obviously be equimultiples of B, D, and 
ccmsequently (Prop. III.) if P > ft' then R > S',and if R> S' 
then P > ft', and P, R are any equimultiples of A, C, while ft', S' 
are any equimultiples of ft, S ; therefore (Prqp. IV.) 
A : ft : : C : S. 

Cor, 2. It follows moreover that any submultiple of the first 
term is to the second as a like submultiple of the third is to the fourth ; 
finr, in the last proportion, ft, S are any equimultiples of B, D ; 
and if P, R be the same submultiples of A, C, we have, by Ccwr. 
4. Prop. V. 

P : B : : R : D. 

PROPOSITION VII. THEOREM. 

If in a proportion, an antecedent be either greater or less than its 
consequent, the other antecedent will, in like manner, be either 
greater or less than its consequent. 

Let the proportion be A : B : : G : D ; and suppose first that 
A > B ; then also C > D. 
For let ft, S be any equimultiples of B, D. 
A B C D 
ft S 

Then because A > B, ft contains B oftener than it ccmtains A ; 
and, since S contains D as often as ft contains B, it follows that 
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S contains D oftener than Q contains A ; but (Def. 7.) Q, contains 
A as often as S contains C, therefore S contains D oftener than it 
contains C, and consequently C > D. 

Next let A < B, then also C < D. 

For, whatever be the difference between A and Bj a multiple 
thereof may be taken, so great as to exceed A ; and if the same 
multiple of B be taken, it must evidently contain A oflener than 
it contains B. -Let Q, be this multiple of 6, and let S be an equi- 
multiple of D. Then since S contains C as often as QL contains 
A, S must contain C oftener than Q, contains B ; but CI contains 
B as often as S contains D, consequently S contains C oftener 
than it contains D ; hence C <: D. 

Cor. Therefore if one antecedent be equal to its consequent, the 
other antecedent wiu be equal to its consequent. 

PROPOSITION VIII. THEOREM. 

The terms of a proportion are proportional when t4iken inversely 
thai is, as the second is to the first, so is the fourth to the third. 

Let the proportion be A : B : : C : D, then also B : A : : D : C. 

For, let P, R be any equimultiples of A, C, and CI, S any equi- 
multiples of B, D. 

B A D C 
a P S R 

Then (Prop. VL) P : a : : R : S ; therefore (Prop. VII.), if 
Q >► P, Aen S > R, and if S > R, then CI >- P, consequentlv 
(Prop. IV.) ^ 

B : A : : D : C. 

Cor. 1. In any proportion, a multiple of the first term is to the 
second, as a like multiple of the third term is to the fourth (Cor. 1 . 
Prop. VI.) ; also the first term is to a submultiple of the second as 
the third is to a like subrntdtiple of the fourth. 

Cor. 2. It follows from this and Cor. 2. Prop. VI. that if in a 
proportion like submultiples of the antecedents and like submultiples 
of the consequents be taken, the results will be proportional. 

PROPOSITION IX. THEOREM. 

In a proportion consisting of homogeneous magnitudes, if one an* 
tecedent be greater than the other, the consequent of the former 
will be greater than the consequent of the latter. 

In the proportion A : B : : C : D, let A •> C, then also B > D. 

By inversion (Prop. VIII.) B : A : : D : C, and whatever be the 
difference between A and C, it is possible for a multiple thereof to 
cxqeed D, and consequently such a multiple of A must contain D 
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oftener than an equimultiple of G. Let P, R be these equimul- 
tiples of A, C. 

B A D C 
P R. 

Then (Def. 7.) P does not contain B oftener than*R contains 
D, but P does contain D oftener than R contains it ; conse- 
quently P contains D oftener than it contains B ; therefore B > D. 

Cor» 1 It follows by inversion, that if one consequent be great' 
er than the other ^ the antecedent of the former wiU be greater than 
that of the latter. 

Cor. 2. Co^equently if the antecedents be equals the consequents 
will be equal f and if the consequents be equal the antecedents toiU 
be equal. 

Cor. 3. Hence, and from Prop. II. tf m ttoo proportions there 
be three corresponding terms in each respectively equals the fourth 
terms will be equal. 

SROPOSmON X. THEOREM. 

If the terms of a proportion are aU of the mme land, they areprO' 
portional when taken akematdy^ that m, as the first is to the third, 
90 is the second to the fourth. 

Let the proportion be A : B : : : D, then also A : C : : 
B : D. 

For let P, Q be any equimultiples of A, B« and R, S any equi- 
multiples of Ct D. 

A C B D 
P R Q S 

Then (Prop. V. Cor. 4.) P : Q : : R : 8; Aerefore, (Prop. 
IX.) if P> R, then Q :> S, andif Q> S,thenP> R; consequ^t- 
ly (Prop. IV.). 

A : C : : B : D. 

Cor. 1. Hence, and frcnn Cor. 3. to Proposition Y. it follows 
ihai^ in such a proportion, the fir$t term is to the ihird'as any muUp- 
pie or submuUipU of the seconds a Uke multiple or mibmmipU of 
the fourth. 

Cor. 2. Likewise (Cor. 4. Prop. Y .) Uke ntuUiples or Uke 
subnmltiples of the first and third terms are to each other as Uke 
tmi^^p/et or submulhplm of the second and fourth terms. 

PROPOSITION XI. THEOREM. 

Jf in a proportum, an antecedent b9 anmU^ or suhmuUiple <f its 
otmsequent, the other a n iteeedent wiUbeaUke timWy b or atjhmiM" 
pie of its consequent. \ 
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In the proportioa A : B : : C : D, let A be a multiple of B 
then C will be the same multiple of D. 

Take Q equal to A, and let S be the same multq>le of D that 
Q(»rAisor JB. 

A B C D 
Q S 

Then (Prop. VI. Cor.) A : Q : : C : S, but A is equal to Q; 
therefore (Prop. YII. C«r.) C is equal to S, but S is the same 
multiple of D that A is of B ; therefore C is the same multiple of 
DthatAisofB. 

A^in, let A be a submultiple of B, then will C be a like sub- 
multiple of D ; for, by inversion (Prop. VIII.), B : A : : D : C ; 
therefore, as just shown, D is the same multiple of C that B is of 
A ; in other words, C is the same submultiple of D that A is of B. 

Chr, ThereftKO, when the terms are homoseneous if one ante- 
cedmi he a muJ^ph or mb multip le of the other^ uu comequeiU of the 
former will be a like multipk or eubmuUiple of the cansequeni of the 
laUer (Prop. X.). 

PROPOSITION XII. THEOREM. 

In a proportion^ the wm of an antecedent and iit cmiiequeni i$ to 
either term^ aa the $um of 'the other antecedent and comequent to 
theUketemL 

Let the proportion be A : B : : C : D. 

Then A cannot be contained more or less often in any multq>le 
of B, than C is contained in a like multiple of D, (Def 7.) : there- 
fore A cannot be contained more or less often in any multiple of 
A-f-B, than C is contained in any multiide of C-fD; hence A : 
A+B :: C : C-fD. Apin, by Prop. VHI., B : A :: D : C; 
therefore, as just proved, S : B-f-A : : D : D-fC. 

Cor. 1. Hence (Prop. VIH), A-f-B : A : : C-f-D : C, and 
A+B : B :: C+D : D. 

Cor. 2. And (Prop. X.) when the terms are homogeneous 
A-fB : C+B :: A : C, or A+B : C-f-D :: B ; D. 

PROPOSITION XIU. THEOREM. 

In a proportion, the difference between an antecedent and its conee- 
quent is, to either term, ae the d^erencebetiveen the other antecedent 
and consequent to the like term. 

In the proportion A : B : : C : D, let B be greater than A, 
and D greater than C (Prop. V.), and let B -A=B^ and D- 

c=iy. 
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Then A cannot be cbntaiaed ofiener ia any multiple of B^ than 
C is contained in a like multiple of D^ : for if it could, A would 
obviously be contained ofiener in the same multiple of B, than C 
is contained in a like multiple of D, which is impossible (Def. 7.); 
in like manner C cannot be contained oftener in a multiple of D'' 
thjua A is contained in a like multiple of B^ ; therefore (Prop. IV.)> 
A : B' :: C : D^thatis, 

A : B-A :: C : D-C 
and (Prop. XII.) B : B-A :: D : D-C. 

Again, let A be greater than B, then (Prop. VIII.) B : A : : 
D : C; therefore, as has just been proved, B : A — B :: D : 
C-.D,-andA : A-B :: C : C-D. 

PROPOSITION XIV. THEORXM. 

In a proportion, the swn of the greatest and least terms exceeds the 
sum of the other two. 

Let the proportion be A : B : : C : D, and let A be the greats 
est term, then D will be the least (Props. YII. and IX.) and (A 
+D)>(B+C.) 

For, by the preceding proposition, A : A— B :: C : C— D, 
and alternately, A : C :: A— B : C-D, and A being greats 
tiian C, A-B is greater than C— D, (Prop. V.) : therefore if B 
4-D be added to each, there will result (A+D) > (B+C). 

K B be the greatest term, then, by inversion, B : A : : D : C ; 
so that C is the least term, and, by reasoning as above, there will 
result (B+C) > (A+D.). 

Cor. In the proportion A : B :: B : C, (A+C) > 2 B, so that 
the mean term of three proportionals is less than half the sum of the 
extremes. 

PROPOSITION XV. THEOREM. 

If there be two series ofmagnUudes, such thai the first term is to the 
second in the first series as the first term is to the secondinthe othsr 
series, and the second term to the third in the former as the second 
to the third in the latter^ and so on ; then as the first term is to 
the last in the one series, so is the first to the lastin the other. 

First, let there be three magnitudes in each series, viz. A, B, 
O in the one, and D, £, F in the other, furnishing the two proper- 
lions A ' B " D ; £, and B : C : : £ : F : then also 
A : C :: D : F. 
11 
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For take P, R any equimultiples of A, D ; and Q, S any equi- 
multiples of Ct F. 

A C D F 'I 

P Q R S. 

Then it is to be proved that if P > Q, we must have R > S ; and 
if R > S, then also P > Q (Prop. IV.). Let us suppose P> Q. 

Since P, R are equimultiples of A, D, and Q, S equimultiples 
of C, F it foUows (Prop. VIII. Cor. 1.) tliat 

P:B::R:E, andQ:B::S:E. 

Let jy be a submultiple of B less than P-^*-Q, and take JV* an 
equisubmultiple of £1, then M. must be contained oflener in P than 
in Q. Now (Prop. VIII. Cor. 1, and by inversion), 
Jif : P :: JV: R, and .M : Q :: JV: S; 
theref<wre (D^. 7.) JV is contained as often in R as JVf is contain- 
ed in P, and consequently JVis contained in R oflener than JWis 
contained in Q; but (Def. 7.) JWT is contained in Q as often as JV 
is contained in S, therefore JV is contained in R oflener than JV is 
contained in S ; consequently R > S. In a similar manner, if we 
had supposed R > S, it would have resultejd that P > Q ; conse- 
quently (Prop. 4.). 

A:C::D:F. 

Next let there be four magnitudes in each series, viz. ; A, B, C, 
D, and E, F, G, H, furnishing the additional proportion C : D : : 
G:H. 

Then, as shown above, A : C : : E : 6, and since C : D : : G : 
H, it follows by the preceding case, that A : D : : E : H, and so 
on fcHT any number of magnitudes. • 

Cor. 1. Jf the cotisequmts in one proportion be the anUcedmis 
in another, a third proportion may be formed with the same aniece- 
de$it8 08 the Jirat proportion and the same consequenU as the second. 

Cor. 2. Also tf the antecedents in two proportions he tlie samCy 
the consequents of the one are as the consequents of the other^ each 
to each; or if the consequents be the sasne^ then the antecedents of 
the one are as those of the other, each to each. This immediately 
follows from last corollary, by inverting the terms of the propor- 
tions. 

Cor. 3 From Cor. 1. Prop. XII. it appears, that if A : B : : C : 
D, then A+B : A : : C+D : C ; and from Prop. XIII. A : A - 
B:: C:C-D; hence 

A+B : A-B :: C+D : C-D, or, when B > A, 
A4-B:B-A::C+D:D--C. 

PROPOSITION XVI. THEOREM. 

Jf the antecedents in one proportion be the same as thos^ in a^totim'^ 
thm the first antecedentjs to the sum or difference of the first con- 
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sequents^ as the second antecedent is to the svm or difference of the 
second consequents. 

Let tiie proportions be A : B : : C : D and A : E : : C : F, then, 
also,A:B±E::C:D±F. 

For (Cor. 2. last Prop.) B : E : : D : F, therefore (Props. Xll. 
and XIII.) B:BdiE::D:D±F;but from the first of the 
proposed proportions B : A : : D : C ; hence (Prop. XV. Cor. 2.) 
A:B±E::C:D±F. 

Cor. 1. It is likewise obvious that this result, combined with 
the first of the proposed proportions, gives (Cor. 2. last Pn^.) 
B : B ± E : : D : D ± F. 

Cor. 2. If the terms of both proportions are all homogeneous 
then, by alternation Prop. X. 

A:C::B±E D±F,andB:D::B±E:D±F. 

Scholium. 

It is obvious^ that the reasoning might be extended to three pro- 
portions, then to four, and so on to any number. 

PROPOSITION XVII. THBOREl^. 

If a magnitude measure each of two others, it will also measure 
their sum and difference. 

Let C measure A, or be contained in it a certain number of 
times exactly ; 6 times for instance ; let C be also contained inB, 
suppose 9 times. Then A is equal to 5 times C, and B is equal 
to 9 times C ; consequently A and B together must be equal to 14 
times C, so that C measures the sum of A and B ; likewise, since 
the difference of A and B is equal to 4 times C, C also measures 
this difference, and had any other numbers been chosen, it is plain 
that the results would have been similar. 

Cor. If C measure B, and also A— B, or A-j-B, it must mea- 
sure A J for the sum of B and A— B is A, and the difference of B 
and A + B is-also A. 

PROPOSITION XVIII. PROBLEM. 

Two magnitudes of the same kind being given, to find their greatest 
common measure. 

Let A and B be the proposed magnitudes, it is required to find 
the greatest magnitude that i£an measure them botii. 
Suppose A to be the greater of the^two magnitudes, and let B 
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be taken as often as possible from A, leaving a remainder C less 
than B ; let C be in like manner taken as often as possible from B, 
leaving a remainder D less than C ; now let D be in a similar 
way taken as often as possible from C, leaving a remainder £ less 
thaii D, and so cm till no remainder be left, which will be the case 
when the last measures the preceding one. The last remainder 
will be the greatest common measure sought. 

For the magnitude sought, as it measures B, will measure any 
multiple thereof) and consequently, since it also measures A, it 
must measure the difference between any multiple of B ahd A 
(Prop. XYIL ;) but C is the difference between a multiple of B 
and A, therefore it measures C. Again, since it must measure a 
multiple of C, it must measure likewise the difference between a 
multiple of C and B (Prop. XYII ) ; it must therefore measure D ; 
in a similar manner, hy continuing this reasoning, is it to be shown 
that the required measure must a^ measure £, and so on as long 
as there are any remainders. 

Now let us suppose thai £ is the last remainder ; then £ mea- 
sures D, and therefore any multiple of it ; and since the difiera^^ 
between C and a multiple of D is equal to £, £ must measure C 
(Prop. XVII. Cor.), it must therefore measure a multiple of C, and 
since the difference between B and a multiple of C is equal to D, 
which £ has already been shown to measure, £ must measure B; 
it must theref<»re measure a multiple of B ; and since the diff<^- 
ence between A and a multiple of B is C, which £ has been 
shown to measure, £ must measure A ;. £ therefore measures both 
A fiuid B. Now it has been shown above that every commcHi 
measure of A and B measures the last remainder, and we have 
just proved that the last remainder must measure A and B ; eon- 
sequenUy the last remainder is the greatest common measure of 
A and B. 

Car. Hence, if a last remainder can never be arrived at, that w, 
if the above process be interminable, tlie proposed magnitudes can- 
not have a common measure — in other words, they are incommen- 
surable, 

PROPOSITION XIX. THEOREM. 

If one magnitude contain another and leave a remainder^ such thai 
the greater of the two magnitudes is to the smaller as the smaller 
to this remainder, then the two magnitudes will be income 
mensurable. 

Let A, the greater of two magnitudes, contain the smaller B, 
any number of times, leaving for a remainder a magnitude C, such 
that A : B : ; B : C ; then A and B cannot have a common 
measure. 
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¥oc let C, D, £, &c. be the successive remainders in the pro- 
cess for finding the common measure (last Prop.). Then C can- 
not measure B, othemnse B would measure A (Prop. X.), and 
there could be no remainder ; but C is contained as often in B as 
B is. contained in A (Def. 7.). Let then P be the greatest mul- 
tiple of B which is contained in A, and let Q be an equimultiple of 
G, which must be the greatest contained in B ; then (Prop. YI. 
Cor.) A : P : : B : Q, and (Prop. X.) A : B : : A-P : B-Q; 
but A— P=C, and B— Q=D, by hypothesis; therefore A : B : : 
C:D, orB:C::C:D; hence D cannot measure C, for if it 
could, C would teeasure B. Let now F be the greatest multiple of G 
in B, and Q^ the like multiple of D ; then, pursuing the same 
course as before, there results the prop<Mtion C : D : : D : E, so 
that E cannot measure D ; and so on for each succeeding remain- 
der. It appears therefore that no remainder can ever measure the 
preceding one, consequ^tly the process for finding the common 
measure of A and B will be interminable, and t^refore (Pr^* 
XVni. Cor.) these two magnitudes are incommensurable. 



BOOK VL 



DEFINITIONS. 



1 Similar figures axe such as have the angles of the one re- 
spectively equal to those of the other, and the sides containing the 
equal angles propoitional. 

2. The homologous sides of two similar figures are those, which 
are inteqacent to two angles respectively equal. 

In different circles simUar arcs, sectors, and segments^ are those 
of which the arcs subtend equal angles at the centre. 

3. If two sides of another figure form the extremes, and two 
sides of another figure form the means, of a proportion, these sides 
are said to be reciprocally proportional. 



PROPOSITION I. THEOREM. 



Triangles^ whose cdtitudes are equd^ are to each other as their 

bases. 
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.' Let the triangles ABC, abc^ have equal althudes, then, ABC : 
abc'.iBC'.bc. 

For upon the pro- 
longation d*the base 
BC, take any number 
of distances CD, DE, 
£F, &c., each equal 
to BC, and draw AD, 
AE, AF, &c. In 
like manner take any _ 
number of distances ^ 
cdy de, ef, &c. upon the prolongation of 6e, each equal to bc^ and 
draw ad, oe, a/ &c. 

Then tile triangles ABC, ACD, ADE, AEF are equivalent, for 
they have the same altitude and equal bases (Prop. III. Cor. 2. 
B. II.) ; therefore whatever multiple BF is of BC, the same mul- 
tiple die triangle ABF is of the triangle ABC. For similar rea- 
sons whatever multiple /^/is of 6c, the same multiple the triangle abf 
is of the triangle abc ; and if the base BF be greater than the base 
6/, the triangple ABF must be greater than the triangle abf^ or if 
the base 6/be greater than the base BF, the triangle abf must be 
greater than the triangle ABF, for by hypothesis these trian^es 
have equal altitudes. Now the base BF and the triangle AbF 
are any equimultiples of the base BC and the triangle ABC ; also 
the base bf wad the triangle abf are any equimultiples of the base 
be and the triangle abc; therefore the four magnitudes BC, bc^ 
ABC, abc, are proportional, for it has been shown that it is impos- 
sible to find any equimultiples of the antecedents, and any equi- 
multiples of the consequents, such, that the multiple of one ante- 
cedent may be greater than that of its consequent, while the mul- 
tiple of the other antecedent is not greater than its consequent 
(Prop. IV. B. V.).* 

Cor, Hence, rhomboids whose dllitudes are equalj are to each 
other as their bases, for rhomboids are the doubles of triangles 
of the same base and altitude. 

Scholium, 

The converse of this proposition is obviously true, tiiat is, trian- 
gles which are to each other as their bases hone equal aUiiudes, for 
the base of one triangle is to the base of the other, as the 

* The demonstration of this proposition, and Prop. XXIII. with some 
others, is an easy consequence or Euclid's fifth definition, or Prop. FV. B V. 
showing the great usefulness and generality of that definition, as observed 
in Stone's edition of Euclid. — Ed. 
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former triangle to one of equal altitude upon the latter base, so 
that if the altitudes were unequal, the triangles could -not be to 
each other as their bases. 

PROPOSITION II. TiiSOEXM. 

Ti^angUsj whose bases are equal, are to each other as their dtUudes. 

For every triangle is equivalent to a right angled triangle of equal 
base and altitude, and in rjdit angled tiiangks, either of the per- 
pendicular sides being considered as base, the other wiU be the alti- 
tude ; therefore, if in two such triangles either the bases or the 
altitudes be equal, they will, by last prc^Mwition, be to each other, 
as the remaining sides ; therefore triangles, whose bases are equal, 
are to each other as their altitudes. 

Cor, Therefore, rhomboids, whose bases are eqwd, are to each 
other as their altitudes. 

Scholium. 

The converse oi^this proposition, viz. iriangleM whkh are to 
each other as (heir aUitudes hone eqwd bases, is evidently true (see 
preceding Scholium.) 

PROPOSITION III. THEOREM. 

if four straight lines are proportional, the rectai^le contained by the 
extremes is equivaleni to the reckmgle eonkined by the means, 
and conversely^ if two rectangles are eqwoalent, their containing, 
sides are proportional. 

Let the four lines AB, BC, CG, BF be proportional, then AF 
the rectangle of the extremes, is equivalent to B6, the rectangle 
of the means. 

M^e C/ equal to BF, 
and through/draw a par- 
allel to BC. 

Then (Prop. 1. Cor.) 

. AF : B/: : AB : BC ; but -■ ^- » — — 

bv hypothesis, AB : BC : : CG : BF ; therefore (Prop. II. B. V.) 
AF : B/ :: CG : BF, or C/, but CG : C/ :: BG : B/; therefore 
(Prop. II. B. V.) AF : B/:: BG : B/, and thQ consequents being 
equal the antecedents ajre equal (Prop. IX. Cor. 2. B. V.)t that is^ 
AF=:BG. 

CoTwersely, Let the rectangle AF be equivalent to the rectan- 
gle BG. 
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Then (Pr<^. I. Cw.) AB : BC : : AF or BG : B/; but EG : 
B/: : CG : C/ (Prop. I. Cat.) ; therefore (Prop. II. B. V.) AB : 
BC : : CG : C/or BF. 

Cor. It follows that if Ikrte, lines are in continued proportion^ 
the rectatigle of the extremes is equivaknt to the square of the mean^ 
and oonversely,t/*a square be equioalent to a redtangle, the side of 
the square is a mean between the sides of the rectangle. 

PROPOSITION IV. THEOREM. 




The rectangles contained by the corresponding lines which form two 
proportions are themselves proportional. 

Let there be the proportions AB : BC : : CD : DE, and BF : 
CG :: DH : EI, then also AF : BG :: CH : DI. 

In CG or its production 
take C/*=BF, and EI or 
its production take Eii= 
DH, and through /and h 
draw parallels to dC and 
DE. 

Then (Prop. I. Cor. 
B. VI.) AF:B/::AB 
:BC::CD:DE::CH: 
DA, cuid alternately, AF : 
CH :: B/: D^ Now Bf: BG :: Cf : CG :: EA : EI :: Dh : DI; 
hence, alternately B/: Dh : : BG : DI ; but it has just been shown 
that Bf: Bh.AF: CH ; therefore AF . CH :: BG : DI,or AF: 
BG::CH:DI. 

Cor. 1. Hence (he squares of four proportional lines are pro- 
portional. 

Cor. 2. If ihree Unes are tn continued proportion, the square 
on the first is to (he square on (he second, as the first Ime is to the 
third. Thus if A, B, C are three lines in continued proportion, 
then A : B : : B : C, and suice A : B :: A : B, we have by the 
prqNMdtion, the square on A to the square on B, as the rectangle 
of A, B to the rectangle of B, C, and these rectangles are as A 
to C (Prop. I. Cor.). 



i 



SchoUum, 



The converse c^ this proposition is not true, for it cannot be in- 
ferred that proportional rectangles have proportioned sides, since a 
rectangle mav be transformed into an equivalent one, having a 
side of any given length (Prop. XVII. B. IV.). 
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The converse of the corollaries are true, that is, first, iffimr 
squares he proportional^ their sides will be proportional ; for let A, 
B, C, D represent the sides of four proportional squares, then if 
these sides are not proportional let there be the proportion A : B : : 
C : Q, then, by the corollary, A^ : B» : : C« : Q« ; but by hypothe- 
sis, A» : B« : : C^ 1)2; consequently (Prop. IX. Cor. 3. B. V.), 
Q'=iy, and therefore Q=D. '' ^ ^ ^' 

Again, if the squares on two lines are to each other as the first 
line is to the third, the three lines are in continued proportion, for 
let A' : B^ : : A : C, and let there be a continued proportion A : 
B : : B: Q, then, by the corollary. A' : B" : : A: Q; but by hypo- 
thesis, A« : B« : : A : C ; hence (Prop. IX. Cor. 3. B. V.), Q=C. 



PROPOSITION V. THEOREM. 



If a straight line be drawn parallel to one of the sides of a triangle^ 
it shall cut the other sides, or those produced, propartionalky ; and 
conversely, if the sides or the sides produced, be cut proportionally^ 
the cutting line will be parallel to the thirdside of the triangle. 

In the triangle ABC let DE be drawn parallel to BC, then 
AD ; DB : : AE : EC. 

For join BE, CD. 

Then the triangles BDE, 
DEC are equivalent, for 
their bases are the same, and 
being between parallels their 
altitudes are equal; there- 
fore ADE : BDE : : ADE : 
DEC, but (Prop. I.), ADE : 
BDE :: AD : DB, and APE 

: DEC : : AE : lie ; hence s c 

(Prq). n. B. V.) AD : DB : : AE : EC. 

.Conversely. Let now DE cut the sides AB, AC or their pro- 
duction, so that AD : DB : : AE : EC, then DE will be parallel 
to BC. 

For tile same construction remaining, AD : DB : : AED : 
DEB, and AE : EC : : AED : DEC, hence AED ; DEB : : 
AED : DEC ; consequently (Prop. IX. Cor. 2. B. V.), the tri. 
angles DEB, DEC are equivalent, and having the same base DE, 
their altitudes are equal, that is, they are between the same paral- 
lels. 

Cor, AD-i-DB : AD : : AE+EC : AE, that is, AB : AD : : 
AC : AE, also AB : BD : : AC : CE. 

12 
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PROPOSITION ▼!• THEOREM. 

If through two sides of a triangle two Unts be drawn parallel to 
the third side, the portiom i$Uercepied wiU he to each other as (he 
sides themsehes. 

Let the two sides AB, AC of the triangle ABC be divided by 
the lines DF, £6 parallel to BC; then AB : AC : : DE : FG. 



For by last proposition AD : AF : : 
DE ; FG, and by the corollary AD : 
AF : : AB : AC ; consequently, AB : 
AC : : DE : FG. 




Chr. Hence if any number of parallels be drawn^ the sides wHl 
be cut proportionally, the opposite intercepted portions being to each 
other as ike sides themselves. 

Scholium. 

The converse of this proposition does not follow, that is, it is not 
true, that if the portions intercepted by two lines cutting two sides 
of a triangle are to each other as those sides, the cutting lines will 
be parallel to the third side of the triangle ; for any two hnes 
drawn from D, E to intercept on the other side a portion equal 
to FG, will be drawn as this converse directs, although onfy a 
single pair can be parallel to the side BC. 

PROPOSITION VII. THEOREM. 

The line which bisects any angle of a triangie dioidss the opposite 
side into portions, which are to each other as the advent sides. 

Let AD bisect the angle A of the triangle ABC, then BD : 
DC:: AB: AC. 

Draw CE parallel to DA, meeting BA produced in E. 

Then (Prop: V.) BD : DC : : BA : AE. 
Now because AD, EC are parall^ the 
angle E is emal U) tbe angle BAD, and 
the angle AC£ to the a^gfe CAD, which 
is equal, by hypothesis, to BAD ; it i^ 
pears then th^ the an^s £ and ACE are 
each equal to BAD ; therefore AE is equal 
to AC ; hence, puttmg AC for AJB in the 
above proportion, we have BD : DC : : 
BA : AC. 
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PROPOSITION VIII. THEOREM. {Convefse of Prop* VII.) 

If a Unejram the vertex of any angle of a tricmgU divide the side 
opposite into portions^ which are to each other as the sides adjo" 
centf the line so drawn bisects the angle. 

In the triangle ABC (preceding diagram) let the line AD di- 
vide BG, so that BD : DC : : BA : AC, then is the angle BAD 
equal to the angle CAD. 

Draw CE parallel to DA, meeting BA produced in E. 

Then (Prop. V.) BD : DC : : BA : AE ; but by hypothesis, 
BD : DC :: BA ; AC, therefore BA : AE :: BA : AC ; consequent- 
ly, AE=AC, and therefore the angle ACE is equal to the angle 
AEC ; but because of the parallels AD, EC, the angles ACE, AEC 
are respectively equal to the angles DAC, DAB ; these angles are 
therefore equal, and consequently AD bisects the angle BAC. 

PROPOSITION IX. THEOREM. 

If two triangles have the angles of the one respectively equal to 
those of the other , the sides containing the equal angles are pro- 
portioned. 

Let the triangles ABC, DCE have the angles A, B, in the one, 
respectively eqiml to the angles D, C, in the other v these triangles 
wiU be similar. 

For let them be placed so that two f 

iiomologous sides BC, CE may fama 
one straight line, and produce BA, ED 
till they meet in F. 

Then since the angle B is equal to 
the angle DCE, the line BF is parallel 
to the line CD ; also since the angle 
ACB is equal to the angle E, the line 
AC is parallel to the line FE ; therefore 
CF is a rhomboid, and consequently 
AF=CD, and FD=AC. Now because AC is parallel to FE, 
we have (Prop. V.) BC : CE : : BA : AF, and because CD is 
parallel to BF we have BC : CE : : FD : DE, and if in these 
proportions CD be put for its equal AF, and AC for its equal FD, 
they become 

BC : CE : : BA : CD 
BC : CE : : AC : DE 
whence BA : AC : ; CD : DE. 
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Therefore the sides containing the equal angles are propor- 
tional. 

Cor. 1. Hence (Def. l.)^ if the angles of one triangle are re- 
spectivelf/ equal to those of another^ the triangles are similar. 

Cor. 2. Therefore if a line 'be drawn parallel to one of the sides 
of a triangle it tcill cut off a triangle similar to the whole. 

PROPOSITION X. THEOREM. {Converse of Prop. IX,) 

The. ahgles of one triangle are respectively equal to those of another^ 
if the containing sides are proportional. 

In the triangles ABC, DEF, let there be the following propor- 
tions among the sides, viz. 

AB : BC : : DE : EF 
AC : CB : : DF : FE ; 
then will the angles B, C, A be respectivelj equal to the angles 
E, F, D. 

For, let EG, FG be drawn, 
making angles at £ and F, with 
the side EF respectively equal to 
the angles B and C ; then the 
triangles ABC, GEFhave the an- 
gles in the one respectively equal 
to those of the other, euid, conse- 
quently (Prop. IX.), the contain- 
ing sides are proportional ; so that 

AB:BC ::EG:EF; 
but AC : BC : : DE : EF, by hypothesis ; hence 

(Prop. IX. Cor. 3. B. V,) EG is equal to DE. 

Again, AC : CB : : FG : FE ; 
but AC : CB : : DF : FE, by hypothesis; therefore, 

FG IS equal to DF. Since, then, the sides of the triangle EGF 
are respectively equal to those of the triangle DEF, these trian- 
gles are equal ; but the angles of the triangle EGF are respect 
ively equal to those of the triangle ABC; therefore the angles of 
the triangle DEF are respectively equal to those of the triano-le 
ABC. ° 

Cor. Hence, triangles whose corresponding sides are propor- 
tional^ are similar. Indeed the above demonstration establishes 
the similarity of the triangles, if they have the sides containing 
two angles in each proportional. 

PROPOSITION XI. THEOREM. 

Triangles are similar, which have an angle in the one equal to an 
angle in the other, and the containing sides proportional. 
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Let the triangles ABC, DEF have the angle B in the one equal 
to the angle E in the other, while the containing sides form the 
proportion AB : EC : : DE : EF ; the triangles are tiimilar. 

For, make BG, BH respect- 
ively equal to ED, EF, and join 
GH. 

Then the triaiigles 6BH, 
DEF are equal, since two sides 
and the included angle in the 

one are respectively equal to two sides and the included angle in 
the other ; hence, and by hypothesis, AB : BC : : GB : BH ; 
that is, the sides BA, BC of the triangle ABC are cut proportion- 
ally by the line GH ; GH, therefore, is parallel to AC (Prop. V.): 
hence (Prop. IX. Cor. 2.) the triangle GBH is similar to the tri- 
angle ABC, and the triangle DEF has been shown to be equcd 
to the triangle GBH ; therefore the triangle DEF is similar to the 
triangle ABC. 

Scholium. 

The above proposition is obviously true of rhomboids, that is, 
rhomboids are similar which have an angh in the one equal to an 
angle in the other ^ and the containing sides proportional ; for such 
rhombdds must be equiangular, and the opposite sides of each 
being equal, it follows that the sides containing the equal angles 
are proportional : therefore (Def. 1.) they are similar. 

PROPOSITION XII. THEOREM. 

Triangles are similar which have an angle in each equals and the 
sides containing another angle proportional^ provided the third 
angle in each be of the same character. 

In the triangles ABC, DEF (preceding figures) let tbe an^es B, 
E be equal, while the angles A, D are both either right, obtuse, 
or acute ; and let there also be the proportion BC : C A : ; EF : 
FD, then the triangles are similar. 

If BC is equal to EF, then, by the proportion, CA is equal 
to FD ; so that in this case the triangles having two sides and 
an opposite angle in each respectively equal, while the other 
opposite angles have the same character, are equal (Prop. XXVI. 
B. I.), and, therefore, necessarily similar. But, if one of these 
sides as BC is greater than the other EF, let BH be equal to 
EF, and draw HG parallel to CA ; then the triangles ABC, GBH 
are similar (Prop. IX. Cor. 2.) ; so that 

BC ; CA ; : BH : HG ; but, by hypothesis, 
BC:CA.:;EF;FD, 
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and, by conatruction, BH=EF, therefore (Prop. IX. Cor. 3. B. V.) 
HG=FD. The two triangles GBH, DEF, having thus two 
sides, and a corresponding opposite an^e in each respectivelj 
equal, while the other opposite angles G, D have the same cha- 
racter, are equal ; but the triangle GBH is similar to the triangle 
ABC ; therefore the triangle DEF is also similar to the triangle 
ABC. 

Cor. If the equal angles in each trian^e be either obtuse or 
right, then, since the other angles must be acute, it fc^ows that ^- 
angles are similar which have either a right or an obtuse angle in 
each equal J and the sides containing another angle in each propor- 
tional. 

Scholium. 

The converse of the two last propositions is obviously included 
in (he definition of similar figures. 

PROPOSITION XIII. THEOREM. 

In similar triangles the bases are as the altitudes. ^ 

LfCt ABC, DEF be similar triangles, the base BC is to the base 
EF as the altitude AG to the altitude DH. 

For, since the angles B, E are by 
hypothesis equal the right angled tri- 
cuigles AB6, DEH are similar (Prop. 
IX.) ; therefore BG : EH : : AG 

DH. For similar reasons QC : HF 

: AG : DH ; consequently BG :EH 
. : GC : HF, or BG : GC : : EH ; HF; .«.*««*« v*-f- 
Cor. 2. B. V.) BG+GC : EH+HF : : BG; EH, but BG j 
: : AG : DH : hence 

BC:EF::AG:DH. 

Scholium. 

The converse of this proposition fails, for all triangles of the same 
base and altitude being equivalent, it is obvious that two may 
have their bases as their altitudes without being similar. 

PROPOSITION XIV. THEOREM. 

The perpendicular, from the vertex of the right angle to the hypo- 
thenuse of a right angled triangle, divides it into two triangles 
similar thereto. 

In the triangle ABC right angled at A, let the perpendicular 
AD be drawn, then will each of the triangles A^D, ACD be 
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simaar to the triangle ABC, and, consequwitly, similar to each 
other. 

For the triangles ABD, ABC have the 
angle B in common, and thej are both 
right angled, they are, Aerefore, similar 
(Prop. IX.). For like reasons, the trian- 
gles ACD, ACB are also similar ; each of 
the triangles ABD, ACD are, therefore, - 
similEur to the triangle ABC. ^ 

Por. 1. Hence BC:BA::BA:BD, that is,««(foofar^A^ 
angled triangle is a mean proportional between the hypothenuse and 
that part of it intercepted by the proposed side^ and the perpendicular 
from the vertex of the right angle. 

Cor. 2. The similar triangles ABD, .ACD furnish the propor- 
tion BD : AD : : AD : DC, that is, the perpendicular from the ver- 
tex of the right angle to the hypothenuse^ is a mean between the 
parts into which the hypothenuse is divided by it. 

Scholium. 

By combining the relations exhibited in these cordlaries, we 
arrive very easily at the celebrated property of the right angled 
triai^le which forms Propositian X. of Book. II. for, from. Cor. 1. 
and Prop. III. it appears that AB» =:BD • BC, and ACcrDC • 
BC; therefore by addition AB»+AC«=BD- BC+DC-BC= 
(BD+DC) BC (Prop. IV. B. II.); but (BD+DC)=BC ; 
Aerefore AB'+AC=BC, which is the property referred to. 

We may here add the remark which Legentke has subjoined 
to this proposition, viz. That it frequently happens, as in this in- 
stance, that by deducing consequences from one or more proposi- 
tions, we are led back to some proposition already proved. In 
fact, the chief characteristic of geometrical theorems, and one in- 
dubitable proof of their certainty is, tiiat however we combine 
them togeUier, provided only our reasoning be correct* the results 
we obtain ai'e always perfectly accurate. The case would be 
diflerent if any proposition were ftdseor only approximately true ; 
it would frequently happen that, on combimng the propositions to- 
gether, the error would increase and become perceptible. Exam- 
ples of this are to be seen in all the demonstrations, in which the 
redudio ad abeurdum is employed. In such demonstrations, 
where the object is to show that two magnitudes are equal, we 
proceed by showing that if there existed the smallest inequality be- 
tween them, a train of accurate reasoning would lead us to a mani- 
fest absurdity ; from which we are forced to conolude that the 
two magnitudes are equal. 
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PROPOSITION XV. THEOREM. {Cofwerse of Prop. XIV.) 

If a triangle is divided into two similar triangles, hy a perpendicu^ 
lor from the vertex of one of its angles to the opposite side^ tJuU 
angle shall he a right angle. 

Let the perpendicular AD divide the triangle ABC into the two 
similar triangles ABD, ACD, then the angle BAG is a right 
aji^e. 

For one of the angles of this triangle 
must necessarily be right, otherwise it 
could not be similar to the right angled 
triangles into which it is divided: now, 
neither B nor C can be right, since nei- 
ther are parallel to AD ; hence BAG 
must be a right angle. 

Scholium. 

It is further obvious that, if from the vertex of the right angle a 
Une drawn to the hypothenuse divide the triangle into two triimgles 
similar thereto, the line so drawn will be perpendicular to the hypo- 
thenuse ; for neither B nor G can be a right angle, hence ADB 
must 

It appears, likewise, that the right an^ed triangle is the only 
triangle that can be divided into two triangles similar to it • for, in 
all cases, the exterior angle ADB is greater than either of the 
angles AGD, DAG ; and, therefore, if the triangles ABD, AGD 
are similar, the angle ADB must be equal to the angle ADG, AD 
must, therefore, be perpendiciilax to BG, and, by ih& proposition, the 
angle BAG must in consequence be right. It follows, moreover, 
that no triangle can be divided into two scalene triangles that shall 
be similar to each other. 

PROPOSITION XVI, THEOREM. 

Triangles having an angle in the one equal to an angle in the 
other, are to each other as the rectangles of their containing sides. 

Let the triangles ABC, DEF have the angle P m the one 
equal to the angle £ in the other, then 

ABC : DEF : : AB • BC : DE • EF. 

For, draw AG perpendicu- 
lar to BG, and DH perpendicu- 
lar to EF. 

Then the triangles ABG, 
DEH are similar, consequent- 
ly AB : AG :: DE : DH; now 
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(Prop. I. Cor.) AB • BC : AG BC : : AB : AG, 

and DE-EF:DH-EF :: DE : DH ; 

therefore AB • BC : AG • BC : : DE EF : DH • EF ; now 

(Prop. HI. Cor. 6. B. II.) AG • BC is double the triangle ABC, 

and DH -EF is double the triangle DEF ; therefore, (Prop. X. 

Cor. 1. B. V.) AB • BC : DE EF : : ABC : DEF. 

Cor. 1. Hence if the rectangles of the sides contaming the 
equal angles be equivalent, the triangles will be equivalent^ and if 
triangles having an angle in the one equal to an angle in the other be 
equivalev^j the rectangles of the sides containing the equal angles 
xoiU be equivalent ; the same is also true of rhomboids having an 
angle in each emud, for each rhomboid is composed of two such tri' 
angles (Prop, it Cor. 1. B. II.) 

Cor. 2. Therefore, triangles having an angle in the one equal 
to an angle in the other^ and the containing sides reciprocally propor- 
tional, are eqmoalent ; and, conversely, equivalent triangles having 
an angle m each equal, have their containing sides reciprocally pro- 
portional, and the same is true of rhomboids. 

Cor. 3. Since the angles B, E are equal, the right angled tri- 
angles ABG, DEH are similar, and fumiEdi ihe proportion 

AB : DE . . BG : EH 
and BC:EF::BC:EF. 

therefore (Prop. IV.) AB • BC : DE • EF : : BG • BC : EH • EF; 
consequently the tritmgle ABC is to the triangle DEF, as the rect- 
angle BG'BCis to the rectangle EH- EF; and if BG=BC, 
that is, if C be a right angle, then ihe triangles are to each other as 
BC* is to EH ' EF. 

Scholium. 

The converse of the above proposition is not true, viz. if two 
triangles are to each other as the rectangles of two sides in each, 
these sides will include equal angles. 

Let ABC, ADE be two trian^es, having 
a common angle A- Produce DA till AF 
is equal to it, and join FE. 

Then ABC : ADE :: AB- AC : AD- AE, 
and since AF=AD, the triangles AEF, 
AED are equivalent ; therefore 

ABC : AEF :: AB- AC : AfIe; 
now the angles BAC, EAF are equal only when BAG is a right 
angle ; in every other case therefore this converse fails. 

This circumstance affords us an opportunity of exemplifying to 
13 
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equal to the angle a, the angle B to the an^ b^ and so on ; while 
the sides containing these angles are proportional ; they may be di- 
vided into the same number of similarly situated triangles, which 
will be similar each to each. 

For, from the vertices of two corresponding angles as A, a, let 
diagonals be drawn. 

Then, because the polygons 
are similar, AB : BC : : ab: 
hc^ frmn which we infer the 
similari^ of the triangles ABC, 
abc XProp. XI.), and they evi- 
dently occupy similar situa- ■ 
tions in the two polygons. The 
angles ACB, ach are, there- 
fore, equal, and since the angles BCD, bed are also equal, the an- 
gles ACD, acd are equal. Now the similar polygons funush the 
proportion 

BC : CD ::hc \ cd, and the similar triangles ABC, 
abc give BC : AC ::bc : ac ; 

hence AC ; CD : : ac : cd; 

therefore (Prop. XI.) the triangles ACD, acd are similar^ and th^ 
are similarly situated. In like manner may the triangles AD£ 
ode be proved to be similar, and so on in every pair of correspond- 
ing triangles ; hence, similar polygons may be divided into the 
same number of triangles, similar each to each, and similarly 
situated. 

Conversely. Let the polygons be composed of the same num- 
ber of similar triangles simikrly situated, ihe polygons are similar. 

For, since the corresponding triangles are similar, the following 
angles are equal each to each, viz. B=r.6, BCA=6cfl, ACD=ac<f, 
CDA=cda, ADE= ade^ and so on round the two polygons ; there- 
fore, by addition, we shall find the angles of the one polygon equal 
to the corresponding angles in the other, that is, B=6, BCD=6c(/, 
CDE=c(fc, and so on ; we have, moreover, the proportions 

AB : o^ : : BC : &c : : AC :ac: : CD : crf,&c. 
therefore the polygons have their angles respectively equal, and 
the containing sides proportional. 



PROPOSITION XX. THEOREM. 

The perimeters of similar polygons are to each other as their ho* 
mologotis sides. 

Let the polygons in Proposition XIX. be similar, they will be to 
each other as their homologous sides. 
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For, since the polygom are simikry we have the Mowing pro- 
portions among their homologous sides, viz. 

AB :ab :: EC : be : :CD : cd, &c, ] 
and, since in a series of proportionals, one antecedent is to its con- 
sequent as the sum of the antecedents to the sum of the conse- 
quents (Prop. VI. B. v.), we have 

AB: ah:: ABCD, &c. : t^cd, &c. ; 
that is, the perimeters are as their homologous sides. 

Cor. The perimeters are also as the corresponding diagonals. 

Scholium, 

The converse of this proposition is not true, viz. if the perime* 
ters of two polygons are as their respective sides, the polygons 
willhe similar. 

Let ABODE be any polygon, and 
from D draw D^, making an angle with 
DC less than the angle EDO, and let 
De be equal to DE ; then, if from e as 
a centre, with a radius equal to E A, an 
arc be described, and from B as a cen- 
tre, with a radius equal to B^ another 
be described, cutting the former in a, 
and if the lines ea, Ba be drawn, it is 
obvious that the sides of the polygon aBCDe will be respectively 
equal to those of the polygon a6CDE, although they will be dis- 
similar, since their angles are not respectively equal. Now if a 
polygon similar to either of these be constructed, their perimeters 
will be as their respective sides, and if the dissimilar polygon be 
compared with this new polygon, the perimeters will in like man- 
ner be as their respective sides ; hence the converse of the pro- 
position figiils. In triangles, however, the converse holds, for if the 
respective sides are to each other as their perimeters, these peri- 
meters are to each other as AB : ab ::BC : be: \ AC : acj that is, 
the homologous sides are proportional. Although, therefore, the 
proportionality of the sides is sufficient to establish the similarity 
of triangles, it is not sufficient for the higher polygons ; and \n 
like manner, although in triangles, equality of angles establishes 
proportionality of sides ; yet, in other polygons, tins proportional- 
ity is not a consequence of such equality in their conesponding 
angles, for a parallel to one of the sides of a polygon passing 
through the two adjacent sides and cutting off a portion of the 
polygon, will, with the remaining sides, form a polygon of the 
same angles, although the proportionality of the sides must neces- 
sarily be altered. 
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?IU>lK)iIt'lO!t kZI. YABOftftM. 

In similar polygons ths sutfaees ats to sack Mker as the squarss of 
their hcmologoks sides. 

Let the polygons in the margin be similar, and let them be di- 
vided into sinular triangles, bj diagonals drawn from the vertices 
of the equal angles A, a. 

Then, by comparing these 
similar triangles, we have the 
proportions 

AC" : ac» : : ABC : abc 

AC*:ac»:: ACDiocd 
and since AC : a^:: AD* : 
adf ; We have moreover 
AC? : ac* : : ADE : : ade, 
therefore ABC : abc : : AGD : aed i : ADE : ode, 
consequently 

ABC+ACD+ADE : abc+acd+ade : : ABC : dbc : : AB"* : «d^ 
that is, the polygons ABCDE, abcde are to each other as Uie 
squares of their homologous sides. 

Cor, 1. Similar polygons^ are to sack other as the squares of 
any corresponding diagonals. 

Cor, 2. If similar polygons have a side in one equal to an ho* 
mologous side in the other, the polygons must be equal. 

Scholium. 

The converse of this proposition fails; viz. If the surfaces of 
two polygons are to each other as the squares of their correspond- 
mg sides, the polygons are similar. 

Let the surfieices of the two polygons ABCDE, abcde be to 
each other as 

AB« : a&« : : BC : : ^c* : CD« ::c(P, &c. 

Now it has been shown in the scholium to the preceding pro- 
position, that the proportionality of the sides is insufficient to esta- 
blish the similarity of the polygons ; but from this proportionality 
which is thus expressed, 

AB : flft : : BC : 6c : : CD : cd, &c. 
the following is derived (Prop. VI. Cor. 1), 

A& :ab^:: BC : b(? : : CD« : c(f , &c. 
therefore this is insufficient to establish the similarity of the poly- 
gons ; consequently the converse &ils. 

PROPOSITION XXII. THEOREM. 

Jf similar polygons be described upon the two sideSj and upon the 
hypothenuse of a right angled triangle, that on the hypothenuse 
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wiU be eqmvaient to both thos$ on the aides ; and^ cowoerHly^ if 
similar polygons be described on the sides of a triangle^ and if 
that on the longest side be equivalent to both the others^ the angle 
opposite to that side will be right. 

Let the triangle ABC be right angled at A, then whatever recti- 
lineal figure be described on BC it i^all be eqiuvalent to both the 
omilar figures described on AB and AC. 

Fot let us denote the figure on BC by X, a 

that on AO by Y, and that on AB, by Z. 
Then by the preceding proposition, 

X:BC«::Y:AC»;:Z:AB»; 
therefore (Prop. VI. B. V.) 

X : BC« : : Y+Z : AC»+AB»: 
but (Prop. X. B. II.) BC"=AC»+AB», therefore X^T+Z; 
hence the polygon on BC is equivalent to the similar polygons on 
AB, AC. 

Conversely. Let X, Y, Z denote the three sin^ilax polygons^ 
described upon BC, AC, AB, the respective sides of the triangle 
ABCJ, then if X= Y+Z, the angle A wiU be a right angle. 

For the polygQns being similar 

X:BC»::Y:AC»::Z:AB'; 
therefore 

X:BC»::Y+Z:AC>+AB*. 
Now by hypothesis, X=Y+Z ; therefore BC»=AC*+AB«, 
aqd consequently (Prop. XII. Cor. 1. B. 11.) the BX^h A iaright. 



PROPOSITION XXIII. THEOREM. 

In equaX circles j angles at the centres are to each other as the arcs 
^^hieh thm^ subtend. 

Let the circles ABC, DEF be equal, and let B6C, EHF be 
angles at their centres, then the angle BGrC is to the angle EHF 
aa the arc BC is to the arc EF. 

Upon the circumference 
ABC take any number of 
consecutive arcs CE, EL, 
&c. esi.ch equal to BC, and 
in like manper upon the civ* 
cumference DCF take any 
number of arcs, FM, MN, 
&c. each equal to EF ; draw 
GK, GL; HM, HN. 
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Then, because the arcs BC, GK, KL are equal, the angles 
which they subtend at the centre are also equal ; therefcn^ what- 
ever multiple the arc BL is of the arc BC, the same multiple is 
the angle BGL of the angle. BGC. For similar reasons what- 
ever multiple the arc EN is of the arc £F, the same multiple is 
the angle EHN of ^e angle EHF ; and if the arc BL be longer 
than the arc EN, the angle BGL must be greater than the angle 
EHN, or if the arc EN be longer than 3ie arc BL, the angle 
EHN must be greater than the angle BGL. Now the arc BL 
and the angle BGL are any equimultiples whatever of the arc 
BC and the angle BGC, also the arc EN and the angle EHN 
are any equimultiples of the arc EF and the angle EHF ; conse- 
quently (Prop. IV. B. V.) 

angle BGC : angle EHF : : arc BC : arc EF. 

Cor, I. It follows that an angle at the centre is to four right an- 
glesy as the arc which subtends it is to the whole circumference ; for 
the angle BGC is to CGE as the arc BC to CK, and the angle 
BGC is to EGL, as the arc BC to KL, and so on round the cir- 
cumference ; therefore (Prop. XVI. Schol. B. V.) the angle BGrC 
is to the sum of the angles about G as the arc BC to the sum of 
the arcs BC, CK, KL, &c. round the circumference. 

Cor. 2. It is obvious that the sectors BGC, CGK, KGL, &c. 
are equal, since they would coincide, if applied to each other ; in 
like manner, the sectors EHF, FHM, MHN are also equal ; con- 
sequently, if in the preceding demonstration, we were to substitute 
sectors for angles, it would follow that in equal circles^ sectors are to 
each other as their arcs ; and in the same circle any sector is to the 
whole circle as its arc is to the circumference. 



PROPOSITIOir XXIV. THEOREM. 

If two chords intersect each other^ the rectangle contained by the 
parts of the one is equivalent to the rectangle contained by the 
parts of the other. 

Let the chords AB, CD intersect in E, then AE • EB= 
CE ED. 

Forjoin AC, BD. 

Then the angles B, C, subtended by the 
arc AD, are equal, and the angles BED, 
CE A being also equal, it follows that the 
triangles AEC, DEB are similar, iheref<nre 
AE : DE : : EC : EB; consequently AE 
• EB=DE • EC. 
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Cor. 1. The parts of two chords intersecting each other are re- 
ciprocaUy 'proportional. 

Cor. 2. If one of the chords be a diameter, and if the other be 
perpendicular to it, then, since it is bisected thereby (Prq). V. B. 
in.), it follows that the rectangle of the parts into winch a perpen- 
dicular chord divides a diameter^ is equivalent to the square of half 
that chord. 

PROPOSITION XXV. THEOREM. {Converse of Prop, XXIV.) 

If two straight lines intersect each other, so that the rectangle of the 
parts of the one may be equivalent to the rectangle of the parts 
of the other J a circumference may he described throvgh their 
extremities. 

Let AB, CD intersect in E, so that A£ • £Ba-DE • EC, then 
the points A, C, B, D, all lie in the same circumference. 

For, suppose that a circumference is 
described through three of the points, 
as A, D, B, (Prop. VIII. B. III.), and 
that it intersects CD in F. 

Then, by last proposition, AE * EB 
=FE • ED ; but by hypothesis, AE- 
EB=DE • EC; hence the rectangles 
FEED and DE'EC are equivalent, and 
one side ED is common to both ; there- 
fore the other sides FE, CE are equal 
(Prop. III. Schol. 2. B. II.), so that the points F and C coincide. 

Cor, Hence if the diagonals of a quadrilateral intersect each 
other, so that the rectangle of the parts of the one may be equivalent 
to the rectangle of the parts of the other, a circumference may be 
circumscribed about it. 

PROPOSITION XXVI. THEOREM. 

If from a point without a circumference two straight lines be drawn^ 
one to touch the circumference, and the other to cut it into two 
points, the square of the tangent will be equivalent to the rectan^ 
gle contained by the other line, and that part of it which is with' 
out the circle. 

From the point E let the lines EA, EBC be dratvn, the former 
touching the circumference ACB, and the latter cutting it ; ihm 
EA«=EC • EB. 




Draw AB,AC. 



14 
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Then the triangles EAC, EBA having 
the angle E in common, and EAB, included 
by a tangent and a chord, equal to the angle 
C in the alternate segment, (Prq). XY. B. 
III.), it fallows that they are similar, so that 
EC : EA : : EA : EB i therefore 
EA«=EC-EB. 



Cor, 1. Hence, if from a point one line he drawn to touchy and 
another to cut^ the circumference^ the former will he a mean propor- 
tional hetween the latter and that part of it which is without the 
circle. 

Cor. 2. Also, if from the same point two Unes he draion to cut 
the circumference, the rectangle contained by the whole and the ex- 
ternal part of the one will be equivalent to the rectangle contained by 
the wnole and the external part of the others each rectangle being 
equivalent to the square of the tangent from the same pdnt* 

Cor. 3. Consequently, of txoo lines so drawn the wholes wiU be 
redproccdly proportional to their external parts. 

Cor. 4. 7^00 tangents drawn from the same point are equal. 

Cor. 5. And since a radius drawn to the point (£ ccxitact is 
perpendicular to the tangent, it follows that the angle included by 
two tangents drawn from the satne point is bisected by a line drawn 
from the centre of the circle to that pointy for this line forms the 
hypothenuse common to two equal right angled triangles. 

PROPOSITION XXVII. THEOREM* (Conoerse of Prop. XXVI.) 

If from a point without a circumference^ two lines he drawn to ity 
of which one cuts t/, so that the rectangle of the whole line and 
the external part may be equivalent to the square of the other Une, 
this latter is a tangent to the circle. 
Let the lines EC, EA be drawn, the former cutting the cir- 



* If there bo an^ number of circles as AED, 
AFH, AGI touching each other in the common 
point B, and a common tangent BA be drawn 
from the point, and a circle described from A 
with any radius ; then the parts ED, FH, GI of 
the lines AED, AFH, AGl are ecmal. 

For by the Proposition, AB^rsDA • AE=rHA • 
AF=IA AG 

orAB»=DAAE=HAAE=IAAE / 
Whence DA=HA=IA 

or DE=HF=ia.— Ed. 
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cuinference ABC in the points B, C, so that EC • 
EA touches the circumference. 

For if EA be supposed to cut the circumfer- 
ence, let two tangents be drawn from E, then 
(last Prop. Cor. 1.) each is a mean proportional 
between EC, EB; but by hypothesis, EA is 
also a mean proportional between EC, EB ; 
hence EA is equal to each of the tangents, 
that is, from the same point, not the centre, 
three equal lines are drawn to the circumfer- 
ence, which 1^ impossible (Prop. VIII. Cor. 2. 
B. in.) ; hence EA cannot cut the circumfer- 
ence.* 

Scholium. 



1. The converse of Corollary 1. to Proposition XXVI. being 
nothmg more thati the proposition itself, expressed in difTereiit 
terms, is therefore true. 

2. With respect to the second corollary the converse is also true, 
viz. If from the same point two lines be drawn and be divided, so 
that the rectangle of the whole, and the part intercepted between 
their concourse and the point of division, may be the same in each, 
a circumference may be described through the other extremities 
of the lines and the points of division. This may be proved as 
the converse of Prop. XXIV. by showing that the circumference 
passing through three of the points must necessarily pass also 
through the fourth (see Prop. XXV.). 

3. The third corollary is the second differently expressed, its 
converse is therefore true. The converse of the remaining corol- 
laries do not obtain. 

' PROPOSITION A. THEOREM. 

In any triangle^ the square described on the base is equioalent to the 
rectangles contained by the two sides and the parts intercepted 
from the base by perpendicidars let fall upon them from the oppo* 
site extremities. 

Let the perpendiculars BP, CN be drawn from the points B 

•Because by hypothesis EC : EA :: EA : EB (preceding figure), therefore 
the triansfles EAC and EAB, having the angle at E common, and the sides 
about this anarle proportional, are emiiangular (Prop. XI.) and therefore 
the angle E AB is equal to ACB, and EA is a tangent to the circle, for the 
converse of Prop. XV. B. III. is true.— Ed. 
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and C to the opposite 
sides, or sides pro- 
duced of the triangle 
ABC; then shall 
BC« = ABBN + 
AC • CP. 





In the right angled triangles BAP, CAN, the angles BAP, 
CAN are equal in &e first figure and common in the second, they 
are therefore similar, and hence B A : AP : : CA : AN, theref<H^ 
BA- AN==CA-AP (Prop. HI.) 

Now BC«=AB«+AC«±2 CA • AP (+ when the angle BAG 
is obtuse, and - when acute) or BC»«iAB«d:AB- AN4-AC«± 
AC'AP=AB (AB±AN) + AC(ACd:AP)=ABBN+ 
AC • CP. 

PROPOSITION B. THEOREM. 

The aqttares of the diagonals of a tpopezium, are together double 
the squares of the two Hnes jommg the bisections of the opposite 
sides. ' 

Let the sides of the trapezium ABCD 
be bisected in the points E, F, G, H; 
draw the diagonals AC, BD ; then shall 
AC^+BD'=2 EG«+2 FW. 

Since the sides of the trian^e ABC are 
bisected in E and F, AE : EB : : CF : 
FB ; therefore EF is parallel to AC (Prop. 
V.) and the triangles BEF, BAC are similar (Prop. IX. Cor. 2.) 
therefore BE : EF : : BA : AC but BA=2 BE, therefore AC= 
2 EF (Prop. XI. B. V.) for the same reason AC=2 HG, and 
hence EF=HG ; so also HE=:GF ; therefore the figure EFGH 
is a rhomboid (Prop. XXVIII. B. I.). 

Since AC=2EF, we have AC^=4 EF«=2 EP+2 GH», 
therefore AC'+BD'=2 EF^4-2 FG»+2 GH'+2 EIP=2 EG» 
+2HF« (Prop. XIII. B. II.). 

PROPOSITION XXVIII. THEOREM. 

In every triangle the rectangle of two sides is equivalent to the rect' 
angle contained by the perpendicular from the vertex of their 
included angle to the third side^ and the dia^neter of the circum" 
scribing circle. 
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Let ABC be a triangle circumscribed by the circle ABEC, of 
which AE is the diameter, and let AD be perpendicular to BC; 
then AB AC = ADAE. 

Join CE. 

Then the triangles ABD, AEC are right 
angled at D and C (Prop. XIV. Cor. 3. B. 
III.), and the angles B and E, subtended 
by the arc AC, are equal ; these triangles 
are therefore similar, so that AB : AD : : 
AE : AC, consequently, 

abac=adae. 



SchoUum. 



1. If the angle A were right, then BC would be equal to AE 
(Prop. XV. Cor. 2. B. III.), so that the above proportion would be 
AB . AD :: BC : AC, consequently AB : BC : : AD : AC ; and 

from these proportions we infer (Prop. XII.) that the perpendicu- 
lar from the vertex of the right angle to the hypothenuse divides 
the triangle into two similar ones, so that Proposition XIV. is im- 
mediately deducible from the above Proposition, which may be 
otherwise enunciated, thus : — Any side of a triangle is to the per- 
pendicular from its extremity to another side, as the diameter of 
the circumscribing circle is to the third side. 

2. It is plain, that the converse of the prq)osition is true, that is 
if the rectangle of two sides of a triangle is equivalent to a rect- 
angle, of which one side is the perpendicular upon the third side 
of the triangle, the other side of the rectangle will be equal to 
the diameter of the circumscribing circle ; or if one side of the rectan- 
gle be equal to the diameter of the circnmscribing circle, the other 
side will be equal to the perpendicular. 



PROPOSITION XXIX. THEOREM. 

In every triangle the rectangle of two sides is equivalent to the rect* 
angle of the parts into which the line, bisecting their included 
angkj divides the third side^ together with the square of this line. 

If in the triangle ABC the line AD bisect the angle A, the i 
ABAC=BD DC+AD«. 

For let a circumference be described through the points A, 
B, C, and let AD be prolonged till it meets it in E, and join E, C. 
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Then the triangles BAD, EAC have, bv 
hjrpothesis, the angles BAD, £A0 equal, 
wMle the angles B, £ are in the same seg- 
ment these triangles therefore are similar; 
hence AB : A£ : : AD : AC, consequentiy, 
ABAC=AE-AD; but (Prop. IV. B. 
III.) AE AD=AD DE + AD«, and 
(Prop. XXIV.) AD DE=:BD • DC, there- 
fore 

AB AC=BD DC+AD«. 

\ 

PROPOSITION XXX. THEOREM. {Cowoerse of Prop. XXIX.) 

If a Une drawn from the vertex of any angle of a triangle di- 
vide the opposite side, so that the rectangle of the parts^^ together 
with the square of the dividing line may be equivaleni to the red- 

, angle of the other two sides of the triangle^ that line wiU bisect the 
angle from whose vertex it is drawn, except it be the vertical an- 
gle of an isosceles triangle. 

Let ABC be a triangle, and ^suppose AD to be drawn, so that 
BD • DC-f AD»= AB • AC, then AD bisects the angle BAC. 

For let the triangle be circumscribed hy a circle, and let the 
prolongation of AD meet the circumference in £, and if the angle 
BAC is not bisected by this line, let some other, as AFG, bisect it, 
and join GE. (see preceding <hagram.) 

Then, by last proposition, AB • AC= AG • AT ; but by hypo- 
thesis, AB • AC= AE • AD, for BD • DC+AD»= AE -AD, con- 
sequently AG • AF= AE • AD, so that if a circumference were to 
be described tl^ough the points E, D, F, it would also pass 
through the point G (Prop. XXVII. Schol. 2.) ; therefore the 
opposite angles F, E, of the quadrilateral FGED, are together 
equal to two right angles (Prop. XVII. B. III.), and the exterior 
angle AFD, is equal to the interior opposite angle E. Now this 
angle AFD, or AFC is equivalent to an angle at the circumfe- 
rence, subtended by the sum of the arcs AC, BG (Prop. XVI. 
Cor. 1. B. III.), and the angle E, to which it has just been shown 
to be equal, is subtended by the sum of the arcs AB, BG, and 
the arcs subtending equal angles are themselves equal; hence 
taking away the common arc BG, we have the arc AC equal to 
the arc AB, and consequently the chord AC is equal to the chord AB, 
which is impossible, except when the triangle ABC is isosceles. 

Scholium. ^ 

1. It hence appears that the converse of Proposition XXIX. 
fiiils only in the particular case of the isoscel'^^i trian£:le. 
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2. The above demonstratioa may be regarded as the analysis 
of the following problem, viz. To determine the triangle, the 
rectangle of whose sides is equivalent to the square of any line 
drawn from the vertex to the base, together with the rectangle of 
the parts into which it divides the base ; and the above result 
shows that the triangle sought must be isosceles. By reversing 
the steps of the reasoning, and proceeding synthetically, it will re- 
sult, that if the triangle be isosceles, the above property must 
always obtain. For suppose the triangle ABC to be isosceles, and 
let it be circumscribed by the circle AB6EC, and let any line 
AFGr, be drawn from the vertex of the triangle to the circum- 
ference, while AD£ bisects the angle A : join 6E. Then since 
the arcs AB, AC are equal, it follows that the sum of the arcs AB, 
EG is equal to the sum of the arcs AC, BG, but these last are in- 
tercepted by the sides of the * angle AFC : this angle is therefore 
equal to an angle at the circumference, which is subtendod by an 
arc equal to tins sum, that is to say, the ansle AFC is equal to 
the angle AEG, consequently the angles GFD, DE6 are to- 
gether equal to two right angles ; therefore (Prop. XVIII. B. 111.) 
a circumference may be circumscribed about the quadrilateral FE 
and consequently (Prop. XXVI. Cor. 2), AG'AF=AE' AD, or, 
which is the same thing, AF'-fAF • FG== AD»+AD • DE ; 
whence (Prop. XXIV.) AP+BF •FC=Aiy-f ED- 00= 
AB * AC ■ (Prop. XXIX.). Hence in an isosceles triangle the 
square of a side is equivalent to the square of any Une draumfrom 
the vertex to the hase^ together with the rectangle of the parts into 
which it divides the base ; and here again we are very readily con- 
ducted to the property of the right angled triang^, demcmstrated 
at Proposition X. Book II. 

For if ABD be a triangle right angled at D, and if DC be taken 
equal to BD, and AC be drawn, t^i AD bisects the angle A 
and the base BC, of the isosceles triangle ABC; and conse- 
quendy, AB«=AD'-fBD^ 

3. The student may exercise his ingenuity in demonstrating 
the above property <rf the isosceles triangle independently (rf any 
propositions besides those which the two first bodes furnish.* 

PROPOSITION XXXI. THEOREM. 

- The diagonal and side of a square are incommensurable. 

Let ABCD be a square, the diagonal AC is incommensurable 
with its side AB. 

* Demonafrotton. Let ABC denote an isosceles triangle, and AO a line per- 
pendicular lo the base ; then DB«-DF»=BF • PC (Prop. VII. B. II.) add 
AP» to each side, then DB«+AP»-DP« or DB»4-AD» or AB»:=BF • FC 
+AF».— Ed. 






Digitized by CjOOQ IC 



U'l 



ELEMENTS OF OEOMETRT. 




From the pmnt C as a centre with the ra- 
dius CB, describe the semicircle FBE. 

Then, the angle B being right, AB is a 
tangent to the circumference; consequently 
(Prop. XXVI. Cor. 1.) AE : AB : : AB : 
AF ; and therefore (Prop. XIX. B. V.), AE, 
AB are incommensurable, and consequently, 
AC, AB are also incommensurable; for if 
these had a common measure, the same also 
would measure their sum AE (Prop. XVII. B. V.), which has 
been proved to be incommensurable with AB : hence the dia- 
gonal of a square is incommensurable with its side. 

• 
Scholium. 

It appears from the above demonstration that it would be in vain 
to attempt to express accurately by numbers the side and diago- 
nal of a square ; a fact which might, indeed, have been inferred 
from the tlnrd corollary to Proposition X. Book II. For, represent- 
ing the side of a square by unity, double the square of the side 
will be 2 ; and, consequently, the diagonal will be expressed^by 
the square root of 2. Now ^/2ia b, surd expression, that is to 
say, its numerical value can never be accurately found, although 
it may be approximated to sufficiently near for every practical pur- 
pose. This circumstance affords a striking instance of the in- 
sufficiency of numbers to answer rigorously ail the purposes of ge- 
ometry. We camiot, for instance, take upon ourselves to say that 
any two lines that may be promiscuously proposed, shall be sus- 
ceptible of accurate numerical representation, without first inquir- 
ing whether these lines are commensurable or not: since, for 
aught we know to the contrary, one of the proposed lines may be 
equal to the side, and the other to the diagonal of the same square, 
or else they may be similarly related to each other. The reason- 
ings of geometnr, however, are quite independent of any proviso, 
of this ^d. That triangles and rhomboids of equal altitudes are 
to each other as their bases, is a truth which proposition I. of this 
book establishes as indisputably, when these bases are incommen- 
surable, as when they are commensurable ; i( indeed, it did not, 
that proposition, however, completely it might satisfy the demands 
of practice, would, in a scientific point of view, be very defective ; 
for, as the above proposition shows, it is possible for the bases of 
these triangles and rhomboids to be incommensurable. Hence the 
great impropriety of confounding in books on geometry the ex- 
pressions product and rectangle, since the terms of a product 
must be commensurable, while the sides of a rectangle may be in- 
commensurable. Whatever is shown to be true of the rectangle 
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of two lines must necessarily be true of the product of the num- 
bers representing its sides, in the particular case when those sides 
are commensurable or capable of such numerical representation. 
But it is evident that we cannot, conversely, from this particular 
case infer the general propcwition in which it is included, without 
violating one of the most obvious rules d* logic. 

PROPOSITION XXXII. PROBLEM. 

To divide a given straight line into two parts, such that the greater 
part may he a mean proportioned between the whole line and tlie 
other part. 

Let AB be the proposed line. Draw the perpendicular BC 
equal to half AB, and from C as a centre, with the radius CB, de- 
scribe the semicircle DBE, make AF equal to AD, and AB will 
be divided in F; sothat AB: AF: :AF:FB. 

For, since AB is perpendicular 
to CB, it is a tangent, and, conse- 
quenUy (Prop. XXVI, Cor. I.) 
AE : AB : : AB : AD ; therefore 
(Prop. Xm. B. V.) AE-AB: 
AB : : AB-AD : AD. But, by a- 
construction, AB=DE and AD= 
AF ; so that in this last proportion the first and third terms are re- 
spectively the same as AF, FB ; therefore putting these in their 
place, the proportion is AF : AB : : FB: AD, or AF; therefore 
by inversion, AB : AF : : AF : FB. 

Cor. Since AB=DE, the proportion AE : AB : : AB : AD 
furnishes us with the method of performing the , following similar 
problem, viz. To increase a given line, so that it may be a mean 
proportional between the whole and the part added^ nothing more 
being necessary, after having perform^ the above cooBtruction, 
than to add DA to AB.« 

* Tlie construction of this Problem may be somewhat shortened: thus 
draw as above, BC emial to half AB, perpendicular to AB ; join AC. and 
make CD=CB, then AjD is equal to the greater part of the section of AB. 

For AC»= AD«-|.BC»-f 2 aD • DC (Prop. V. B. II.) or AB»-|-BC»=AD« 
-fBC»+2ADDC. 

That is ( AB*=) AB • AP-fAB • BP=AD»-f 2 AD • DC, or A I>( AD+ 
2DC)=AB AP+AB • BP, or APa-f AB* AP=AB-AP+ABBP 

Hence AP»=AB . BP, which is a demonstration derived independently 
of the doctrine of proportion ; propositions of the second book only being 
used. 

Smce, from the above we have AB»=AD»+2 AD • DC=AD ( AD+2 DC) 
=ADAE, it is evident from the note to Prop. VII. B. VII. that AE is the 
diagonal of a pentagon whose side is AB : and hence this elegant construc- 
tion of a pentagon ; erect BC equal to half AB perpendicular to AB, join 
AC, and produce it so that CE:=CB, AE will then be the length of the dia- 
gonal, and thence the construction is effected as in the aforesaid note.— £d. 

15 ^ 
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Scholium. 

Lines, divided as the above problem directs, are said to be di- 
vided in extreme and mean proportion ; and it is obvious, £rom Pro- 
position ZIX. Book y„ that a fine so divided is inconounensurable 
with its parts. Hence it appears that incommensurable lines may 
be found at pleasure, or that if any line be proposed, one incom- 
mensurable thereto may always be discovered ; a fact which 
seems to illustrate m some measure the propriety ^ the remarks 
subjoined to the preceding proposition.* 

Another Constntction, 

The following elegant coustruction by means of the compass 
alone, is taken with some variations from the Appendix to Leslie's 
Geometry. 

Let AB which is to be divided ia ex- 
treme and mean proportion be the icadius of 
the circle AEC. Take the distance AB and 
insert it from A to D, £, C and F ; from the 
extremities of the diameter AC and with the 
double chord A£ describe two arcs intersect- 
ing in G, and from the points E or F, with 
the distance EG cut the mdius AB in H, then 
is AB divided in H in extreme and mean p'ro- 
proportion. 

For, since AB=BC,and AG=GC (;^ chord AE,) the angle 
ABG is a right angle, and con3equentlyAG*=AB*4-BG'(Prop. 
X. B. II.) : again, Qie an^ AEC is a rightangle, whwice AE^^ 
AC*^EC7, or AE»3=4AB' - AB«=?3AF^ wherefore, (since AE=s 
AG,) 3 AB»= AB'^+BG' and BG«=;2 AB'* ; and since BE«EC 
and BF=PC (Prop. XXX. B. I.), EF is perpendicular to BC, 
whence HE«-BE*=HI«-BP2 (Prop. X. Cor. 5. B. n.)-BH- 
HO (Prop. Vn. B. IL). But HE«- BE«=BG»- BE«:^2 AB'*- 
BE»= AB«, and therefore AB»=BH • HC But AB^=AH • BA 
+BH • BA, and BH • HC=BH (AB-fBH)=AB BH-f Bff; 
consequently AHBA+BHBA=:ABBH+Bff, or AH BA= 
Bff ; hence AB is divided in H in extreme and mean pro- 
portion. — En. 

♦ Put the line A^bsa; then AC»=<t*4- i o*=?|a^ or AC ^^V5 ; there- 
fore AO orAF=AC-CB=^5-j=:a(iy5-4)sxox 61803396875 the 

greater part, and therefore a X .38196601135 the less part, which parte it is 
evident cannot be accurately expressed in numbers. Howeyer, the M^uare 
root of the number 5 may be expressed by a series of converging fractions^ 
and thus we may approximate aa near the truth as we please. 
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PROPOSITION C. THEOREM. 

If two circUs cut each otiur^ the centre of the one being in the cir- 
cumference of the other ; and any One be drawn from ihat cen- 
tre, the parte of it which are cut off by the common chord and 
the ttoo drcumferenceSj will be in continued proportion. 



From any point A in the circumference of 
the circle ABC as a centre, and with any 
radius let a circle BDG be described, cut- 
ting the former in B and C. Join BC, and 
from A draw any line AFE ; then AF : AD 
:: AD : AE. 




A 



From A draw the diameter AG, which will cut BC at right an- 
gles in L (Prop. XIII. Cor. 3. B. III.) join GE, AC. The triangles 
ALF, A£G are similar, since the angle at A is commcin, and the 
angles ALF, AEG are right angles ; therefore 
AF : AL : : AG : AE. 
But AL : AC : : AC : AG (Prop. XIV. Cor. 1.). 

Whence AF : AC : : AC : AE (Prop. XV. Cor. 1. B. V.) 
or AF:AD:; AD: AE. 

PROPOSITION D. THEOREM. 

tf two eirclee touch each other internally, and any two perpendicU' 
tare to their common diameter be produced to cut the drcumfer" 
ences ; the lines joining the points of intersection and the point of 
contact are proportionals. 

Let the two circles ACB, AEI touch each other internally in 

Thus, the quotients being 2, 4, 4, 4, 4, &c. the converging fraetions will be 
f ) f } Hi VV ) ^* (j^^ additions to Baler's Algebra), and therefore the 
parts will be 

a (-4+I)=i« and ^o, nearly, 

« (-i+t)=f « *n<l l«» n«wiy» 
«(--*+H)=4t« and i^n, nearly, 
• ( -4+«*)«lVr«. and -ffya, Ac. 
If, therefore the line a were 8 inches, foet, &c. the two parts would be 5 
and 3 nearly. If it were 144, the parts would be 89 and 56 very nearly. 

The same series of approximations may be readily derived from the Corol- 
lary to the Proposition ; thus supposing {he line to be represented by 3, then 
the two parts may be 1, and 1 as they are nearly. Hence 2+1=3, 3-|-2='5, 5 
4-3=^, 8-f-5=13, 134-9=21, &c. by continually adding the (preater part.— Ed 



Digitized by VjOOQ IC 



116 



ELEMKNTt Or 6BOM£TRT. 




the point A, from which let the com- 
mon diameter AIB be drawn, and from 
any two points 6, H, let perpendiculars 
6C, HD meet the circumferences in C, 
D, E, F; join AC, AD, AE, AF; 
these lines arc propcnrtionaL -^ G HT" 

For since AB : AD :: AD : AH (Prop. XIV. Cor. 1.) 
Therefore AB : AH : : Aff : AD* (Prop. IV. Cor. 2.) 
For the same reason AG : AB : : AC* : AB*. Tlierefore AG : 
AH : : AC* : AD' (Prop. XV. Cor. 1. B. V.). In the same man- 
ner it may be shown that AG : AH :: AE* : AF*. 
Whence AC* ; AD* : : AE* : AF*. 
and AC : AD :: AE : AF. (Prop. IV. Cor. 3.) 



PROPOSITION E. THEOREM. 



If from the adrenUHei of the diameter of a cirde, tangenti be 
drawn^ andprod^edto intersect a tangent to any point m the dr* 
cwmference ; the straight lines joining the points of interseetion 
and the centre of the drcle^ form a r^ht angle. 

From A and B the extremities of the 
diameter AB, let tangente AD, BE be 
drawn meeting a tangent to any other point 
C of the circumference in the points D and 
E, let O be the centre of the circle ; join 
DO, EO, the angle DOE is a right angle. 

Join CO, then, since in the triangles CEO„BEO, CE is equal 

^^JF^ ^^^"^P* ^■^^^' ^°^' ^'^ ^^ ^^"'^ ^ ^B' and the side 
OE common to both ; therefore these triangles are equal (Prop. 

^^^•.^•.^•) ^^ ^® ^ng^® CEO is equal BEO, or the angle 
CEB is bisected by OE. In the same manner it may be shown 
that the angle ADC is bisected by DO, and since the angles CEB 
and CDA are equal to two right angles, (Prop. XVII. Cor. 3. R 
I.) therefore CDO and CEO make one right angle, and conse- 
quently DOE is a right angle (Prop. XVI. Cor. B. I.). 

Cor. CO is a mean proportional between DC and CE 
(Prop. XIV. Cor. 2.) since the angle DOE is right, and OC is per- 
pendicular to the base DE (Prop. IX. B. m.). 
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PROPOSITION F. THEOREM. 




If with any pond in the circwnference of a circle as centre and any 
radius less than the diameter of tlu drcle^ a circle be described ; 
and two chords be drawn from the points of intersection to any 
point in the circumference ; the parts of the line intercepted by 
the circumferences are equal. 



Take any point I in the circumference of 
the circle ADC, and with any radius less 
than the diameter of ADC describe the circle 
AOCB, from A and C the point of intersec- 
tion to any point H in the circumference of 
the circle AHC, draw AH, COH ; HA is 
equal to HO. 



For produce HA to B, and draw BC cutting the circle AOC 
in P, take D, the middle point of the arc AHC, and let DAE be 
drawn which will touch the circle AOC in A, for the an^e DAI 
in a semicircle is a right angle (Prop. XIY. Cor. 3. 6. III.). 
Hence the angle EAB or HAD is equal to the angle ACB (Prop. 
XY. B. III.) and therefore the arc HD is equal to the arc AP 
(Prop. ni. and XIY. B. III.), add the arc AH to each, then the 
arc AD or DC is equal to HP, and hence the angle D AC is equal 
to HCB ; but the angle DAC is equal to ABC in the alternate 
segment, therefore ABC or HBC is equal to HCB and the side 
HB is equal to HC (Prop. X. B. I.). Now HB • HA=HC • HO 
(Prop. aXYI. Cor. 2.) and because HB=HC, therefore HA is 
equal to HO. 

PROPOSITION 6. THEOREM. 

If a semicircle be described on the side of a rectangle, and through 
its extremities two straight lines be drawn from any point in the 
circumference to meet the opposite sidepivduced both ways; the 
altitude of the rectangle will be a mean proportional between tlie 
parts thus intercepted. 

Let ABED be a rectcmgle which 
has a semicircle ACB described on 
the side AB ; take any point C in 
the circumference, join C A, CB and 
produce these lines to meet DE pro- 
duced both ways in F and G ; then 
FD : DA : : DA : EG. 
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For the angle FDA is equal to the angle ACB, both beLog right 
angles, and the angle DFA is equal to the an^e BAG (Prop. 
XXIX. Cor. 1. B. I.), wherefore the triangles FAD, ABC are 
equiangular. In like manner we may show ihBi tlie trian^es BGH 
and ABC are equiangular, whence the trian^es DFA. BGE are 
equiangular ; and consequently FD : AD : : BE or AD : £6. 

Cor. If the rectangle ABED have its altitude AD equal to the 
side of a square inscribed within the circle, the square of the 
diameter AB is equivalent to the squares of the two segments, 
AI and BH. For FD : AD : : AD : EG, whence FD • EG= 
AD« or 2 FD £0=2 AD* ; but 2 AD»= AB' or DE» and con- 
sequently 2 FD • EG=DE»; wherefore 2 AH • IB=HP, because 
these lines are in the same ratio as the others, and hence (Prop. 
A. Cor. B. II.) the parts AI, BH are the sides of a right angled 
triangle of which AB is the hypothenuse,fhatis AffssAP+BIP. 

PROPOSITION H. THEOREM. 

If through the middU poitU of any chord of a ctrde, two ckordi be 
dravm ; the linee jokdng their extremiiiea wiU inimrMect the firH 
chord at equal dktancea from the middle point. 



Let AB be a chord of the circle ABD bi- 
sected in C ; let DCF, EGG be any chords 
drawn through G ; join DG, EF cutting AB 
in I and H ; then will CI be equal to GH. 



For, through H draw KHL parallel to DG meeting DF in K 
and GE produced to L. Because LH is parallel to GI,the angle 
HLE is equal to EGO, but EGD is equal to EFD in the same 
segment, tlierefbre HLE is equal to EFD, and the vertical angles 
LHE, KHF being equal, the triangles LEH, HKF are equian- 
gular ; whence LH : HE : : HF : HK and LH • HK = HE • HF. 

But HE • HF = AH HB (Prop. XXIV.) and AH • HB 
= (AG 4- GH) (AC — CH) = AG*— GH« (Prop. VIL B. II.) 
whence the rectangle LH • HK = AG* — GH". 

The triangles GID, CHK may in the same manner be shown 
to be similar, as also the triangles GHL, GIG, hence 
KH : HC : : DI : IG 

and LH : HG : : GI : IC, wherefore (Prop. IV.) 
KH LHiHG'-DI IG:IG". 

ButKHLH = AC^ — HCashas been shown, and DI • IG 
= AC« — JG'(Prop. XXIV. and VIL B. IL) whence AG«— 
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HC» : H(? :: AC?— IC?: !(?, or (Prop. XU. Cor. l.B. V.) AC« : 
HC? : : AC? : IC«, consequently, HC« = I(? (Prop. IX. Cor. 2, 
B. V.)orthesideHC = IC. 

PROPOSITION K. THEOREM. 




If the exterior angle of a triangle be bisected by a straight Une which 
aUs the biue produced ; the square of the bisecting Une is equal to 
the difference qf the rectangles of the intercepted parts of tiie base^ 
and of the sides of the triangle. 

Let BCD the exterior an^e 
of the triangle ABC be bi- 
sected by CF whichmeets AB 
produced in F ; then CF" = 
AFFB— AC CB. 



Describe a circle about the triangle ABC (Prop. VIII. B. III.) 
and produce FC to the circumference in £, and join A£. Since 
the angle FOB or FCD is equal to ACE ; and the angle CBF 
to the angle AEC (Prop. XVII. Cor. 1. B. III.) therefore the tri- 
wigles FOB, EAC are equiangular, and AC : CE : : FC : CB, 
tlierefore AC • CB — CE • FC, to each side add the square of CF, 
then AC • CB + CF« «CE • FC 4-FC = FC (CE + FC) = 
FC ' FE = AF FB (Pt(^ XXVI. Cor. 2.). 

Therefore CF« = AF • FB— AC • CB. 

PROfOSlTIQir L. THEORXBT. 

If from the nertex of a triangle ihere be drawn a line to any point in 
the base, from which point lines are drawn parallel to the sides ; 
the sum of the rectangles of each side and its part adjacent to the 
vertex wUl be equivalent to the square of the line drawn from the 
vertex together with the redanghcontaimed by the parts qfihs ba»e 
so divided. 



From the vertex A of the triangle ABC, let 
a Kne AD be drawn to any point D in the 
base, from which let DF, DE be drawn parallel 
respectively to AB, AC ; then BA • AE + CA 
•AF=:AD» + BD-DC. 
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About ABC let a circle be described ; prodace AD to the cir- 
cumference in G, join BG, GC, from E draw EH making the 
an^le A HE equal to ABG, produce AB to I. Because the angles 
AHE, ABG are equal, the points E, B, G, H, are in the circum- 
ference of a circle (Prop. XVII. Cor. 1. B. III.) therefore BA* 
AE = GA * AH ; and the angle EHD will also be equal to GBI 
or ACG (Prop. XVII. Cor. 1. B. UI.) And because AC, DE are 
parallel, the angle EDH is equal to GAC ; hence the triangles 
EDH, GAC are equiangular ; therefore AC : AG : : DH : DE 
and AC • DE = AG • DH or AC AF = AG • DH. 

But BA AE = GA AH, whence BA AE + ACAF = 
GA AH-fGADH = GA (AH+ DH) =GA-AD = AD 
( AD + DG) = AD* + AD DG = Aiy^ + BD DC. 



BOOK vn. 



DEFINITIONS. 



Polygons carry particular names according to the number of 
their sides, those of three and of four sides — triangles and quadrila- 
rate — ^have been already considered. 

1. Polygons of five sides are called pentogtmf, those of six sides 
hexagonsy those of seven sides heptagoMf those d* eight odagons^ 
and so on. 

2. Polygons, which are at once equilateral and equiangular, are 
called regmar polygons. 



PROPOSITION I. THEOREM. 

Two regular polygons of the same number of sides are similar. 

For the sides being equal in number, the angles are also equal 
in number ; and the sum of the angles of the one polygon is equal to 
the sum of the angles of the other (Prop. XVlI. B. I.) ; and, 
since the polygons are each equiangular, it follows that any angle 
in the one polygon is the same submultiple of their sum ; and 
equi-submultiples of equal magmtudes being equal, the angles of 
the two polygons are all equal to each other ; and it is obvious that 
the sides containing any angle in the one polygon are to each other 
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as the sides containing any angle in the other, for each polygon is 
equilateral; therefore (Def. I. B. VI.) the polygons are similar. 

PROPOSITION II. THEOREM. 

A circle may be inacrUfed f», or drcumscribed aboutj any regU' 
lar polygon^ and the circles so described have a common centre. 

If the polygon ABODEF be regular, then from a common cen- 
tre a circle may be inscribed in, and circumscribed about it. 

This has aheady been shown to be true of the equilateral tri- 
angle and tile square (Prop. XXIII. Schol., and Prop. XXV. Cor. 

B. IV.) ; we shall therefore consider the annexed polygon to have 
more than four sides. 

Then, the smgles of this polygon being 
each greater than a right angle (Prop. XVII. 
Cor. 4. B. I.), if tile sides BA, EF be pro- 
duced, they will meet as at 6, forming the 
isosceles triangle GAP, and if BE be drawn, 
the triangle GBE will be also isosceles: 
hence, in the quadrilateral A BEF, the angles 
A, E are together equal to the angles F, B, 
and consequently (Prop. XVIII. Cor. 1. B, 
ni.), a circle may Ke circumscribed about it ; 
therefore the points B, A, F, E all Ue in the 
same circumference. By reasoning in a similar way it may be 
shown that the points A, F, E, D all Ue in the same circumfe- 
rence, which circumference must be identical with the former 
(Prop. VIII. B. III.). Proceeding in this way it will appear that 
tiie same circumference must also pass . through the next point 

C, and so on completely round the polygon. 

Again, since the sides of the polygdh are sq many equal chords 
of the circumscribing circle, they must all be equally distant from 
the centre (Prop. VI. B. III.) ; and, consequently, the circumfe- 
rence described from the same centre, with this common distance 
as radius, must touch every side of the polygon. 

Cor. 1. It has been shown that tiie triangles GAF, GBE, 
having the common angle G, are both isosceles ; it, therefore, fol- 
lows tiiat in a regular polygon the diagonal, cutting off three sides 
is parallel to the middle one, and, further, that the diagonal, cut- 
ting off five, or indeed any odd number of sides, must be parallel 
to the middle sides ; for if tiie sides intercepted by tiie diagonsds, 
cutting off three and five sides, are parallel, the diagonals them- 
selves must be parallel by Prop. XXIX. Book. I., and if the inter- 
cepted sides are not parallel, they meet when produced, and form 
wkh ^e diagonals, two similar isosceles triangles ; so that in this 

16 
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case the diagonals are parallel and in the same way is it to be 
shown that Sie diagonal, cutting off seven sides, is parallel to the 
middle one, and so on ; therefore, generally, the diagonal^ which 
cut$ off an uneven number of tides jrom a regular polygon, is paral- 
lel to the middle one of those sides. 

Cor, 2. The angles formed at the centre of the circle^ by Unes 
drawn from it to the extremities of the sides of the polygon^ are 
aU equal being subtended by equal chords. 

Scholium. 

It may be remarked that in regular polygons the centre of the 
inscribed and circumscribed circles is called also the centre pf the 
polygon, and that the perpendicular from the centre to a side, 
that is, ibe radius of the inscribed circle, is called the apoihem of 
the polygon. 

PROPOSITION III. THEOREM. (Converse of Prop, IL) 

If from a common centre circles can be inscribed within, and ct rctmi- 
scribed about a polygon, that polygon is regular. 

Suppose that from the point O, as a centre, circles ean be 
described in, and about, the polygon in the margin ; this polygon 
is regular. 

For, supposing these circles to be described 
the inner one will touch all the sides of the 
pclLygpn ; these sides are, therefore equally 
distant from its centre (Prop. IX. B. III.), ^\ 
and, consequently, being chords of the outer 
circle they are equal, and, therefore, include 
equal angles (Prop. XIV. Cor. 4. B. IH.). 
Hence the polygon is at once equilateral and equiangular, that is 
(Def. 2.), it is regular. 

PROPOSITION IV. THEOREM. 

The surface of eveiry pdygon in which a circle may be inscribed, i$ 
equivalent to the rectangle of half the radius of that drck, an4 
the periineter of the polygon. 

Let O be the centre of the circle inscribed in the polygoo 
ABCD, &c. Draw from O lines to the extremities of the sideB, 
thus didding the polygon into as many triangles as it has sides. 
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Then the cominon altitude of these tri- 
angles is the radius OP of the circle. 
^ence the surface of any one of them, 
OCD, for instance, is ' equivalent to the 
rectangle of half OP and CD (Prop. Ill 
Con 6. B. II.), and so cf any other ; 
therefore the sum of all the triangles, that 
is, the surfiice of the polygon, is equiva- 
l^t to the rectangle of kilf the radius, 
and the whole perimeter of the polymn. 

Cor. It has been shown (Prop. A.XIII. B. IV.) that a circle 
may be inscribed in a triangle ; consequently, a triangle ii eoutvo. 
Unito the rectangle of half the radku of the ineeribed circle and it9 
perimeter. 




Scholium. 

. The above Proposition is evidently true for all regular polygons 
(Prop. n.). 

The converse of this proposition is as follows :— If the surface 
of a polygon be equivalent to the rectangle of its perimeter and 
another line, this Ime will be half the radius of the inscribed circle, 
which it is obvious has not place ; for the surface of any polygon, 
whether it can circumscribe a circle or not, may always be repre- 
sented by an equivalent rectangle, of which one side may be of 
any given length (Prop. XVII. Cor. B. IV.) ; so that when the 
perimeter is one side of the other side would be half the radius of 
the inscribed circle, whether the polygon admit of such inscription 
or not. But if the cqnverse be enunciated thus : — ^If the sur&ce 
of a polygon in which a circle may be inscribed be equival^t to a 
rectangle, of which one side is the perimeter, then the other side 
will be half the radius of the inscribed circle, or if one side be 
half the radius of the inscribed circle, the other side will be the 
perimeter — ^its truth immediately follows from the proposition 
itself. 



PROPOSITION V. 



THEOREM. 



If within two similar polygons circles can be inscribed^ the perimeters 
of the polygons are as the radii of the circles ; or if circles can be 
circumscribed about two similar polygons^ then, also, their perime- 
ters are as the radU of these circles, and in each case the surfaces 
of the polygons are as the squares of the radiu 
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First, let the siniilar polygons in the margin admit cX inscribed 
circles, whose centres are O, o — their perimeters will be as 
the radii OP, op. Draw OA, OB, and ooj ob, and let A6, ab ; BC, 
be, &c, be homologous sides. 

Now it has already been 
proved (Prop. XX. B. VI.) 
that the perimeters of simi- 
lar polygons are as their ho- 
mologous sides. Itwillthere- 
fore^ be necessary only to 
show that any two homdo- 
gous sides, AB, ab for in- 
stance, are as the radii of 
the inscribed circles. 

The angles A, B are bisected by the lines AG, BO ; and the 
angles a, 6 are in like manner bisected by the lines aoj bo (Prop. 
XXYI. Cor. 5. B. VI.). Now the angles A, a; B, 6 are sup- 
posed to be respectively equal ; and, therefi)re, the tricmgles OAB, 
oab are similar, and, consequently (Ftop. XIII. B. YL), tbe base AB 
is to the base ab as the perpendicular OP is to the perpendicular 
op, a proportion which, as before remarked, sufficiently establishes 
tne theorem. Hence the perimeters are to each other as the radii 
of the inscribed circles. But (Prop. XXI. B. VI.) the surfaces 
of the polygons are to each other as the squares of the homologous 
sides AB, ab ; or BC, 6c, and these are as the squares of the radii 
(Prop. IV. Cor. 1. B. VI), consequently the surfeces are to each 
other 6U3 the squares of the radii. 

Next, let the similar polygons be circumscribed by circles, the 
centres being O, o, and let OA, OB, C A, CB be drawn in the one, 
and oa, ob, ca, cb in the other. 

Then, since the polygons are similar, the triangles CAB, cab are 
similar (Prop. XIX. B. VI.) ; therefore the angles ACB, acb are 
equal ; but the angle O is dou- y , 

ble the angle ACB, and the 
angle o double the angle acb ; 
therefore the angles O, o are 
equal, and, consequently, the 
isosceles triangles OAB, oab 
are similar; and therefore 

AB : o6 : : OA : oa. 
Hence the perimeters are in this case as the radii of the circum- 
scribed circles ; and it moreover follows, as above, that the surfaces 
are as the squares cX the radii. 
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Cor. About, orwithm a drde^aooh/gon may be described timu 
lar to any inscribed or ctrcumscribed polygon^ by making angles at 
the centre of the proposed cirde respectively equal to those which the 
sides of the polygon subtend, at the centre of its inscribed or ctrcwn- 
scribed circle. 

Scholium. 

The above proposition is evidently true of all regular polygons of 
the same number of sides. 

The converse of this proposition is not true. It may be enun- 
ciated thus: — ^If the perimeters of two polygons are to each other 
as the lines R, R', and their surfaces as R^ R'*, then R, R' must 
be radii of either Uie inscribed or circumscribed circles. That this 
is not true wiD be inranediately perceived from considering that, 
although the pdygons may be inscriptible or circumscriplible, R, 
R^ may be any two lines, which are to each other as the radii of 
the inscribed or circumscribed circles. But it will not follow eveh 
that these polygons are similar, for two dissimilar polygons may 
exist, which shall, nevertheless, have 
their perimeters and surfaces respect- 
ively equivalent. To give a very 
simple illustration of this, let the poly- 
gon ABODE be proposed, and let the 
^stance of two points in its perimeter 
as A, D be equal to the distance of 
two other points as a, d. Then it is 
obvious that if portions of the polygon 
be cut off by the lines AD, ad, and ^, ,^, 

then each portion added to the part whence the other was taken ; 
so that AD may occupy the place of ad, while ad occupies the 
place of AD ; it will be evident that, although the perimeter and 
surface of the polygon remain unaltered by this transposition of 
parts, the form of the polygon will be changed, that is, it will be 
dissimilar to the original. Hence it appears that whatever rela- 
tion may exist between the perimeters of two polygons, or between 
their surfaces, we shall be unable to infer, from such relation, either 
their similarity or their capability of being inscribed in, or circum- 
scribed about, a circle. We have already seen that two polygons 
may be equivalent in surface and perimeter, without warranting 
such inference; and further yet, two polygons may exist which 
shall have the same number of sides, be equivalent both in perime- 
ter and surface, both admit of inscription in the same circle, and yet 
be dissimilar. For an inscribed polygon is composed of certain 
isosceles triangles, whose vertices are all situated at the centre of 
the circle, and whatever be the order of the sides of the polygon 
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round the circumference, thid poljrgon wiQ still be composed of the 
same triangles, and its perimeter will remain unaltered. Now sup- 
posing the mdes to be all unequal, it is plain that every transposition 
of them will present a dissimilar polgyon : — The triangle is the 
odIj exception to this. We can, however, assert thus much, that 
two inscribed polygons, whose sides are equal in length and num- 
ber, must be equi^ent in surface, and must also be contained in 
equal circles. For the one polygon may have its sides ranged 
round the circmnference in the same order as the respectively equal 
sides of the other polygon, and thus become identical withit, preserv- 
ing, as shown above, the same surface, and ihe same perimeter. But 
only one circle can be described about the same polygon, or which 
amounts to the same thing, only equal circles can circumscribe 
equal polygons ; hence the truth of the above assertion is estab- 
lished. Again, all polygons circumscribed about equal circles and 
having equal perimeters, however they may differ as to the num- 
ber of their sides, must be equivalent in surface ; for the sur&ice d 
each is equivalent to the rectangle contained by half the radius of the 
circle and its perimeter ; and, by h3rpothesis, the circles and peri- 
meters are respectively equal. We may, moreover, infer that po- 
lyg<ms, equivalent in surface, circumscribed about equal circles, are 
iiso equal in perimeter. 

PROPOSITION VI. THEOREM. 

3%e tide of a regular hexagon inscribed in a circle^ is eqwd to thfe 
radius of that circle. 

Let ABCDEF be a regular hexa^n inscribed in a circle, the 
centre of which is O, then a side as BC will be equal to the radius 
OD. 

For draw AD : — Then, since the arcs sub 
tended by equal chords are equal, it follows 
that the three arcs AF, FE, ED are toge- 
ther equal to the three arcs AB, BC, CD ; 
that is, the diagonal AD is a diameter of the 
circle. For similar reasons the diagonal BE 
is also a diameter. Now, AD is parallel to 
BC, and BE to CD (Prop. 11. Cor. 1.) ; so that BD is a rhom- 
boid, and, consequently, BC is equal to OD. 

Scholium. 

Hence, in order to inscribe a regular hexagon in a given circle, 
nothing mc^e is required tiian to repeat the radius of the cirde 



/ 
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round the circumference. Bj joining the alternate pomts A, C ; 
C, £ ; £, A, an equilateral triangle will be inscribed in the circle. 

FROPOSITIOIf VU. PROBLEM. 

[n a gicen circle to inscribe a rpgular decagorij and then a regular 
pentagon. 

Let O be the centre, and OA the radius of the given circle ; it is 
required to inscribe in this circle a regular polygon of ten sides. 

Divide OA in extreme and mean proportion (Prop. XXXII. B. 
VI.) ; let M be the pomt of division ; then a chord AB equal to 
OM, the greater part, will be the side of a regular decagon ; so 
that by appl3nng it ten times round the circumference, the required 
polygon will be inscribed. 

For, join MB : — Then, by construc- 
tion, AO : OM : : OM : AM ; but AB 
= OM; therefore AO : AB : : AB : 
AM ; hence (Prop. XL B..VI.) the tri- 
angles ABO, AMB are similar, and, 
theref(»re, since ABO is isosceles, AMB 
must be isosceles ; consequently AB = 
MB, therefore OM = MB ; so that 
the triangle BMO also is isosceles, 
and the exterior angle AMB is there- 
fore double the intenor angle O ; and the angle M AB being equal 
to the angle AMB, it follows that, in the isosceles triangle OAB 
each of the angles A, B, at the base, is double the angle O at the 
vertex, and as all three amount to two right angles, the angle O 
must be the fiflhpart of two right angles, or the tenth part of four 
right angles; consequently ten of these angles may be ranged 
round the point O ; and as they are subtended by equal chwds 
and equal arcs, the chord of the arc AB may be applied exactly 
ten times round the circumference, forming the inscribed decagon 
required. 

If the alternate comers of the decagon be joined, an inscribed 
regular pentagon will obviously be formed.* 

•If the diagonals AD, CE be drawn euttinfeach other in G, AG and GE 
are each equal to a side of the pentagon. For the ehord AF is paralliBi to 
CE (Prop. n. Cor. 1 .). For the same reason FE is parallel to AG, whence 
the fiffure AFEG is a rhomboid, and therefore FExcAG and GEs=AF. 

And since the angles DCG, CAD are equal to eadi ether, the trianjS^et 
DCG, DAC are similar ; henoe AD : CD : : CD } DG ; from which it is 
CTident that AD is cut in «Etreme and mean proportion in G ; because CDs 
AG, it is evident also that AG or the side of the pentagon is produced to 
D such that the rectangle AD-DQnAQs. 

Now from this property ia daoved a vety eonvenient method of describini^ 
a rc|;ulajr pentagon <»i a givwt line, whichl have not seen in ueatises on G^ 
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PROPOSITION VIII. FROBLKBL 

In a gken circle^ to inscribe a regular penUdecagon, or polygon of 
fifteen sides. 

Let AB be a side of the inscribed regular decagon, found hy 
the last proposition ; and let AC be a side of a regular ii^cribed 
hexagon ; that is, apply the radius from A to C (Prop. VI.) Join 
BC, then BC will be a side <^ the polygon required. 

For AB cuts off an arc equal to a tenth 
part of the circumference ; and AC sub- 
tends an arc equal to a sixth of the circum- 
ference ; the difference of these arcs, 
therefore, is a fifteenth part of the circum- 
ference ; and as equal arcs are subtended 
by equal chords, it follows that the chord 
BC may be applied exactly fifleen times 
round tiie circumference, thus forming a 
regular pentedecagon. 

Scholium* 

Since the perpendicular from the centre to a chord bisects the 
subtended arc, it is very ecwy, from having an inscribed po^<» 
given, to insert another of double the number of sides. Thus 
from having an inscribed square (Prop. XXIV. B. IV.) we may 
inscribe in succession polygcms of 8, 16, 32, 64, &c. sides ; from 
the hexagon may be formed pdygcnis of 12, 24, 48, 96, &c. sides ; 
from the decagon polygons of 20, 40, 80, &c. sides, and from the 
pentedecagon we may inscribe polygons of 30, 60, 120, &c. sides ; 
and it is plain that each polygon will exceed the preceding in surface. 

It is obvious that any regular polygon whatever, misht be inscrib- 
ed in a circle, provided that its circumference codd be divided 
into any proposed number of equal parts ; but such division d" Uie 
circumference, like the trisection of an angle, which, indeed, de- 
pends on it, is a problem which has not yet been effected. There 

ometry. It if given however in most books on Mensuration, and isas follows. 

On AG the ffiven line erect BGperpendicular to 
AG and equ2 to it Bisect AG in E, join EB, 
and from E as a centre and distance EB describe 
an arc cutting AG produced in D ; then AD is the 
length of either or the diagonals of the figure ; 
for AD • DG = (ED+EG)-(ED— EG)_=: ED«— 
EG« (Prop. VII. B. XL) or AD • DGarEBa— EG» 
=EG»+GB*--EG« that is AD-DG=sGB» or 
AG* ; agreeing with the above eziMression. 

"" V the di ■ ■ * ' " 



^ow tEe diagonals being known, flie figure is easily constructed : froin 
the points A and G with the distance AD describe arcs cutting in C, and from 
the points C, A and G and distance AG describe arcs cattinff in H and F ; 
jmn AH, HC, GF, FC, then AHCPG is the pentagon required.-^ED. 
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are no means of inscribing in a circle a regular heptagon, or 
which is the same thing, the circumference of a circle cannot be 
divided into seven equai parts, by any method hitherto discovered. 
Indeed the polygons above noticed were, till about a quarter 6[ a 
century ago, supposed to include all that could admit of inscription 
in a circle ; but in 1801 a work was published by M. Gauss of 
Grottingen, (and afterward translated into French by M. Ddide, 
imder the title ofRecherches Arithmetiques)^ containing the curious 
discovery that the circumference of a circle could be divided into 
any number of equal parts capable of being expressed by the for- 
mula 2<^4'^) provided it be a prime number, that is, a number that 
cannot be resolved into factors. The number 3 is the simplest dT 
this kind, it being the value of the above formula when n=l ; the 
next prime number is 5, and this also is contained in the formula. 
But polygons of 3 and of 5 sides have already been inscribed. 
The next prime number expressed by the formula, is 17, so that it 
is possible to inscribe a seventeen sided polygon in a circle. The 
investigation of Gauss's theorem, althou^ it establishes the above 
geometrical fact, depends upon the theory (^algebraical equaticms 
and involves other considerations of a nature that do not enter into 
elements of geometry ; we mUst, theref<»e, content ourselves with 
merely alluding to it.^ 

PROPOSITION IX. PROBLEM. 

«Ati inscribed regular polygon being gioen, to dreumseribe a similar 
polygon about the ctrc^ ; and^ conoetsdyy from honing a circwnf 
scfibed regular polygon to firm tlu similar inscribed one. 

Let abed, &c. be a regular inscribed polygon ; itis required to 
describe a similar polygon about the circle. 

At each of the points a^bjC^dj &c. 
draw tangents to the cirde, and they 
will form the polygon ABCD, &c. 
sioilar to the pdygon abcdj &c. 

For, in the first place, there are as 
many tangents as the insoibed poly- 
gonbas^es, and those <h«wn through 
me extremities of the same chwd 
meet, otherwise the chord would be a 
diameter (Prop. IX. Cor. 3. B. HI.). 
Next, the angles formed by these tan- 
gents and chords are all equal to each 
other, for their sides include equal arcs 

•On thb' mbiiect the student mey consult Bailow*s Theory of Nmnbeis. 

17 
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(Prop. XV. B. in.). Hence the triangles /An, «B6, bCc, &c. are 
isosceles, and they have equal bases /a, ah^ bc^ &c. ; therefore these 
triangles are equal, and, ccmsequ^tly, the angles A, B, €, D, &c. 
are equal, and so are their including sides : therefore the polygcxi 
A B C D &c. is regular ; and it hcu9 the same number of sides as 
die polygon abed &c., it is, therefore, similar to it (Prop. I.). 

Conversely. Let the circumscribed polygon A B C D &c. be 
given, then if the successive points of contact a, b, c, d, &c. be 
joined, a similar polygon will be inscMribed in the circle : — For the 
angles A, B, C, &c. are equal, as also the sides aB, B6, bC, Cc, 
&c., each bedng half a side of the polygcm ; ccmsequently the sides 
ab, be, cdj &<^. are equal, and equal chords include equal angles 
(Prop. XV. Cor. 4. B. III.) ; they, therefore, fcara a regular poly- 
gon, and as the sides are the same in number as those of the cir- 
cumscribed pdygon, it is similar to it. 

Scholium, 

1. It was remarked in the scholium to the preceding proposition 
that, from having an inscribed regular polygon, we might easily form 
another of double the number ^ sides. It may be, in like, man- 
ner here observed that, from having a circumscribed regular poly- 
gon, we may readily derive another of double the number of sides, 
nothing more being necessary than to draw tangents to the pdnts 
of bisection of the arcs intercepted by the sides of the proposed 
polygon, limiting these tangents by those sides ; and it is plain that 
each of the polygons so formed will be less in surface than the pre- 
Cefding, being entirely comprehended within it. 

Let a6 be a side of an inscribed polygon, and if aA, bA be tan- 
gents to the circle at the points a, b, each will be one half of the 
side of the similar circumscribed 
polygon, or which is the same thing 
they will together be equal to the 
side of a circumscribed polygon, 
similar to the inscribed one whose 
side is a6. Let M be the middle 
of the intercepted arc, and draw 
Ma, MA, and the tangent BMC, ^f^ 
then aM, M6, will be two consecu- / 
tive sides of an inscribed polygon, 
having double the number of sides 
that the polygon has whose side 
is ab ; and, consequently, BC bemg 
a tangent at M, meeting the tangents at a and b must, by the pro- 
position, be the side of a polygon having double the number of 
sides tl^ the polygon has, whose side is ab. 
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2. If polygons be thus successively circumscribed about the 
circle, their perimeters will decrease ais the number of sides in- 
crease. For BO is less than AB+AC, and consequently, aB-(- 
BC+C^<aA+A6; now, aB+C*=BC ; and aA+A* is equal 
to a side of the first circumscribed polygon : h^nce two sides of 
the seccmd circumscribed polygon are together less than one side 
of the first ; and, therefore, the whole perimeter of the second is 
less than that of the first. It is obvious that with respect to the 
inscribed polygons, the perimeters increase in the same circum- 
stance, thus : — The two sides aM, Mb being together longer than 
abf it fdlows that the perimeter of the second inscribed polygon 
exceeds that of the fii^. 

The successive circumscribed polygons that we have been con- 
sidering continually approach nearer and nearer towards cdnci- 
dence with the circle ; for OB is nearer an equality to the radius 
Oa of the circle than OA, because the distance dB is less than 
the distance aA is ; and in every succeeding polygon the differ- 
ence between the radius of the circle and the (Stance of the cen- 
tre from the remotest points in the perimeter will, in hke manner, 
perpetually dimiitish ; so that the perimeters continually approach 
tow^urds coincidence with the circumference, and we have already 
seen that these perimeters continually diminish. 

Now it is plain that if a series of magnitudes, continually ap- 
proach nearer and nearer towards coincidence with any proposed 
magnitude, and at the same time continually diminish : the mag- 
nitude to which they approach must be smsdler than either of the 
approaching terms; we are, therefore, warranted in asserting 
that the circumference of a circle is a shorter line than the perimeter 
of any circumscribed polygon. 

In a similar manner, by considerbg the successive inscribed 
polygwis, it appears that they also continually approach towards 
coincidence with the circle ; for Od is nearer an equality with the 
radius than OD, since the chord aM is shorter than ab (rrop. VII- 
B. III.) ; so that in each succeeding polygon the perimeter ap- 
proaches nearer to coincidence with the circumference, and it has 
been shown that these perimeters successively increase : hence 
we may infer that the circumference of a circle is a longer line than 
the perimeter of any inscribed polygon. 



PROPOSITION X. THEORBM. 

Two polygons maybe formed, the one within, and the other about a 
drele, that shall differ from each other by less than any assigned 
magnitude however small. 
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Let M represent any assigned sur&ce, it is to be shown that 
two polygons may be described, the one within, and the other 
about tiie circle, whose centre is 0, which will diflfer torn each 
other by a magnitude less than M. 

Let N be the side of a 
square, whose sur&ce is less 
than the sur&ce M, and in- 
scribe in the circle a chord an 
equal to Uie line N. Then, 
by the methods already ex- 
plained, inscribe in the circle 
a square, a hexagon, or in- 
deed any regular polygon: 
let the arcs which its sides 
subtend be bisected, theL 
chords of the half arcs will 
be besides of a regular poly- 
gon, having douUe the num- 
ber of sides ; let now, the arcs subtended by the sides of this 
second polygon be in like manner bisected, the chords will form a 
third polygon, having double the number of sides that the second 
haa. Continue these successive bisections till the arcs become so 
small as to be each less than the arc an, theirchords forming the 
inscribed polygon abcd^ &c. Circumscribe the circle with a suni- 
lar polygon ABCD, &,c., then this last will exceed the former by 
a magnitude less than the prc^osed magnitude M. From the cen- 
tre draw the lines Oa, OA, OA, OH, and produce AO to d ; then 
the polygon abed, &c. is composed of as many triangles equal to 
Oah as tibe polygon has sides, and in like manner the polygon 
ABCD, &fC. is composed of as many triangles equal to OAH as 
this polygon has sides, and as the polygons have each the same 
number of sides, the inscribed is the same multiple of the triangle 
Oah that the circumscribed is of the triangle OAH. Now the trian- 
gle 0mA is half the triangle OaA, in like manner thetriang'le OAA, 
is half the triangle OAH; hence the inscribed polygon is the same 
multiple of OtnA that the circumscribed polygon is of OAA, and 
consequently, 

0mA : OAA : : ins. poL : : circ. poh<, 
whence (Prop. XHI. B. V.) 

OAA : OAA — OmA : : circ, pol. ; cite. pol. —ins. poLj 
that is, 

OAA : AmA : : circ. pol. : circ. pol. - ins. poU 

Now OAA is a right angle, and since AG bisects the angle A 
of the isosceles triangle c AA, it is perpendicular to ah ; therefore 
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the triangles OAA, Amk are similar, ccmsequently, (Prop. XXI. 
B. VI.). 

OAA : Amh : : 0A» ; hm^ : : hd^ : lu^, whence 
h^:hc^\ I circ. pol. : eirc, pol. — ins. pol, 
Now a circumscribed square, that is to say, hd^ is greater than the 
polygon ABCD, &,c. since the surfaces of circumscribed polygons 
diminish as their sides increase in number, so that in the last pro- 
portion the first antecedent is greater than the second, consequently 
the first consequent is greater than the second, that is, the excess 
of the circumscribed polygon above the inscribed is less than ha\ 
and therefore less than N"* or than M. 

Cor. As the circle is obviously greater than any inscribed poly- 
gon and less than any circumscribed one, it follows that a poly gen 
may he inscribed or circumscribed^ which will differ from the circle 
by less than any assignable magnitude. 

PROPOSITION XI. THEOREM. 

A circle is equivalent to the rectangle contained by lines equal to the 
radius and half the circumference. 

Let us represent the rectangle of the radius and semi-circumfer- 
ence of the circle by P : we are to show that this rectangle is 
equal in surface to the circle. 

If the rectangle P be not equivalent to the circle it must be either 
greater or less. Suppose it to be greater, and let us represent the 
excess by Q. 

Then, by the corollary to last proposition, a polygon may be cir- 
cumscribed about the circle, which shall differ therefrom by a mag- 
nitude less than Q, and must consequently be less than the rect- 
angle P. But every circumscribed polygon is equivalent to the 
rectangle of the radius and half its perimeter, and the perimeter 
exceeds the circumference of the circle, consequently the rectangle 
of the radius of the circle and semi-perimeter of the polygon must 
be greater than P, the rectangle of the same radius and semi-cir- 
cumference of the circle; but it was shown above to be less, 
which is absurd ; hence the hypothesis that P is greater than tlie 
circle, is false. 

But suppose the rectangle P is less than the circle, and let us 
represent the defect by the same letter Q. 

Then, by the same corollary, a polygon may be inscribed in the 
circle, which shall differ from it by a magnitude less than Q, and 
must consequently be greater than the rectangle P. But every 
inscribed polygon is equivalent to the rectangle of its apothem 
and half its perimeter, and the apothem is less than the radius of 
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the circle, and the perimet^ less than the circumference ; conse- 
quently the rectangle of the apothem and semi-perimeter of the 
polygon must be less than P, the rectangle of the radius and semi- 
circumference of the circle ; but it was shown above to be greater, 
which is absurd ; hence the second hjrpothesis also is false. 

As therefore the circle can be neidier greater nor less than the 
rectangle P, it must necessarily be equivalent to it 

PROPOSITION XII. THEOREM. 

Circles are to each other as the squares of their radii* 

Let the circles aBCD, abcd^ be compared, we shall have the 
proportion 

AO* : ck^ : : circ, ABCD : circ. abed. 

For if this proportion has not place let there be 
AO* : ao» : : circ. ABCD : P, 
P being some magnitude either greater or less than the circle abed. 
Suppose it to be less, and let us represent the defect by Q. Then 
(Prop. X. Cor.) a polygon may be inscribed in the circle abcd^ 
which will differ from it by a magnitude less than Q, and will 
therefore exceed the magnitude P. Let abede, &c. be such a 
polygon, and describe a siimlar polygon ABODE, &>o. in the other 
circle. Then (Prop. V.) 





-d 



AO* : flw* : : pal ABODE, &c. : pol abcde, &c. 
combining this with the proportion above, we have, 

circ. ABCD : P : : pel. ABODE, &c. : pol abcde, &c. 
Now in this proportion the first antecedent is greater than the 
second, consequently the first consequent is greater than the se- 
cond, that is, P is greater than the polygon abcde, &c., but it has 
been shown to be less, which is absurd. Therefore P cannot be 
less than the circle abed. 
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But suppose that P is greater than the circle abed. Then, still 
representing the diflference by Q, a polygon may be circumscribed 
about the circle abcd^ which shall differ from it by a magnitude less 
than Q, or be less than P. Suppose such a polygon to be de- 
scribed, and that a similar one is formed about the circle ABCD, 
then these polygons being to e^choth^ as the squares of the radii, 
of their respective circles, it will evidently result by combining, as 
in the preceiding case, this proposition with that advanced in the 
hypothesis, that the circle ABCD is to P, as the polygon about 
this circle to the polygon about the other : in which proportion 
the first antecedent is less than the seccxid, and consequently the 
first consequent is less than the second, that is, P is less than the 
polygon circumscribed about the circle tibcd; but it was shown 
above to be greater, which is impossible. Hence, P can neither 
be less nor greater than the circle abcd^ consequently it must be 
equal to it, and therefore, 

AO' : 00^ : : drc. ABCD : circ. abed. 

Cor. 1. Since every circle is equivalent to the rectangle of its 
radius and half its circumference, the above proportion may be 
e:rpressed thus, 

AC* :aa^:: AO- JABCD : ao'iabcd, 
whence (Prop. I. Cor. B. VI.) 

AO : CM) : : i ABCD : -} abed. 
Consequently the circumfereneeB of circka are to eaek other as 
their radih and therefore their surfaces are as the squares of the 
circumferences^ 

Cor. 2. It follows also, that similar arts are to each other as the 
radii of the circles to which theybebng^ for they subtend equal 
angles at the centres (Def. 2. B. YI.) and each angle is to four 
right angles as the axe which subtends it is to the whole circum- 
ference (Prop. XXIII. Cor. 1. B. VI.) : consequently the one arc 
is to the whole circumference, of which it forms part, as the other 
arc to the circumference of which it is part : and as the circumfe- 
rences are as the radii, we have alternately the one are to the other 
as the radius of the former to that of the latter. 

Cor. 3. Therefore, also similar sectors are to each other as the 
squares of their radii, for each sector is to the circle as the arc to 
the circumference (Prop. XXI 11. Cor. 2. B. VI.); consequently the 
one sector is to its circle as the other sector to its circle : and as the 
circles are as Ae squares of the radii, we have alternately the one 
sector to the other as the square of the radius of the former to 
the square of that of the latter. 

Cor. 4. It readily follows that similar seginents are also as 
the squares of the radUy for they result from similar sectors, by 
taking away from each the triangle formed by the chord and radii, 
which triangles being similar, are also to eadi other as the squares 
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of the radii ; therefore the sectors and triangles being proportional 
it follows (Prop. XI. B. V.) that the segments also are as the 
sectors or as the squares of the radii, or indeed as the squares of 
their chords. 

iScAoltiiiii. 

From this proposition, and its corollaries may easily be derived 
an extension of the property of the rieht angled triangle which 
forms Proposition XAlI. c^ Book VL, lor it may now be proved 
that if circles be described about the three sides taken as diame- 
ters, or if similar sectors or segments be formed on the sides, k 
will always result that the figure on the hypothenuse will be 
equivalent to both those on the sides. By turning to the proposi- 
tion alluded to we shall find that the reasoning there employed 
applies equally to the demonstration of this property, and therefore 
it ileed not be here repeated. Another very remarkable property 
arises out of that just mentioned, and which must not remain un- 
noticed. Let semicircles be described on the hypothenuse £C, 
and on the sides AB, AC of the right 
angled triangle ABC ; then since me 
semicircle cDAC is equivalent to 
bo^ the semicircles BFA, AGO, it 
follows that if the common segments 
BDA, A£C be taken away, there will 
remain the triangle ABC equivalent ^ 
to the two circuit spaces or hmea BFAD, A6C£.^ 

PROPOSITION XUU PROBLEM. 

The iufface ofaregular inacribed polygon and that of a amUar ctr- 
cumacribed polygon being given, to find the eurfaces of reguktr 

*There are manjr curious properties oflunesdependingon the above proposi- 
tion. I shall mention only two others in addition to that given by the author. 

I. Let ABO be a quadrant of a circle ; on the chord ^ 

AB describe the semicircle ADB; then the lune A^^l.^ ^^ 
ADBE is equivalent to the triangle ABO. For bv the 
proposition we have quadrant AEBO : quad. ADC : : 
A0» : AC». But A0»=2 AC», therefore quadrantF< 
A£BO=:twice quad. ADC^semicircle ADB. Hence 
by taking away the conunon part AEBC, there will re- 
main the triangle ABO=lune ADBE. 

II. Draw OP parallel to AC, and AF parallel to OC, and AFOC will be a 
square, since AC=CO : and because the triangles AOC, COB are equal, 
the triangle ABO is double the triahele AOC, or equivalent to the square 
ACOF ; It follows therefore from the above, that the square ACOF is equiva- 
lent also to the lune ADBE formed b^ the intersection of two circles describ- 
ed from the points O and C, with radii OA and AC or the diagonal and side 
of the square ACOF. — ^Ec. 
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inscribed and circumictibtd polygons of double the mmbir of 
sides. 




Let abhea. side of the given in- 
scribed polygon, then the tangents 
aA, bA will each be half the side 
of the similar circumscribed pdy- 
g(m : the chords aM, bM * to the 
middle oi the arc oMb will be sides 
of an inscribed polygon of double 
the number of sides ; and lastly, 
the tangent BMC will be the side 
of a circumscribed polygon similar 
to this last. All this is evident 
from Proposition IX. 

Let us now, in order to avoid confusion, denote the inscribed 
polygon whose side is a6 by p, the corresponding circumscribed 
polygon by P ; the inscribed polygon of double the number of sides 
by p\ and the similar circumscribed polygon by P'. Then it is 
plain that the space OaD is the same part of p that OaA is of P, 
that OaM is of p^ and that OaBM is of P' ; for each of these 
spaces requires to be repeated the same number of times to com- 
plete the several polygons to which they respectively belong. 
Hence then, and because magnitudes are as their like multiples, it 
follows tiiat whatever relations are shown to exist among these 
spaces will be true also of the respective polygons of which they 
form part. Now the right angled triangles ODa, OAa, BMA are 
similar; the two first furnish the proportion OD : Oar.Oa: OA, 
(wr which is the same thing, OD : OM : : OM : OA ; and conse- 
quently, since triangles of the same altitude are as ^eir bases, it 
follows that 

ODa : QMa ; : OMo : OAa, 
that is, the triangle QMa is a mean between ODa and OAa; con- 
sequently the polygon p' is a mean between the polygons p and P. 

Again, the similar triangles ODo, BMA give the proportion OD : 
Oa : : BM : BA, or whidi is the same thing, OD : OM : : aB : 
B A ; and consequently since triangles of the same altitude are as 
tlieir bases, it follows that 

ODa : OMa : : OaB : OBA» therefore 
ODo+OMa : 2 ODa : : OaB+OB A : 2 OaB 
consequently 

p+p^2p::P:F. 
18 
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SehoUum, 

It was proved in Proposition XI. that a circle is equivalent to the 
rectangle contained hy its radius, and a strai^t line equivalent to 
half its circumference. In order, therefore, to construct a rectan* 
gle equivalent to any given circle, it would only be necessajyt fn»n 
having the radius, to draw a straight line equal to half the circuni* 
ference. But this is a problem that has never yet been effected, 
80 that the equivalent rectangle remains still undetermined, and 
theref(»re the quadraiure of me circle^ as this problem is called, is 
not capable of being rigorously ascertain^. This, however, is a 
circumstance little to 1^ regretted, for it has been shown (Prop. 
X. Cfx.) that pdygons may be insciibed in, and circumscribed 
about, a circle that shall approach so near to cdncidence with it 
as to difier from it by a magnitude less than any that can be possi- 
bly assigned ; a degree of approximation obviously equivalent to 
perfect accuracy, since no magnitude can be found sufficiently 
small to denotQ its difference therefrom. The principal object of 
inquiry then should be, at least in a practical point of view, how 
we may most expeditiously carry on the approximation alluded to ; 
and the problem above furnishes us with one of the best elementa- 
ry methods for this purpose that can be ^ven. 

Let us represent the radius of the circle by I, and let the first 
inscribed and circumscribed polygons be squares: the side of the 
former will be V2, and that 6[ the latter 2, so that the surface of 
the former will be 2, and that of the latter 4. Now it has been 
proved in the proposition that the surface of the inscribed octagon 
or, as we have denoted it, p^, will be a mean between the two 
squares p and P, so that p^=: VB=2'82S4271. Also from the 
proportion p+p' : 2 p : : P : P' we obtain the numerical value of 

the circumscribed octagon, that is, P' «» -?— , =? r-; — - = 

p+p 2+V8 

QO Ifi /ft 

"_ — =8(V2-1) =3-3137086, Having thus obtained 

numerical expressions for the inscribed and circumscribed polygons 
of eight sides, we may from these, by an application of the same 
two proportions in a similar way, determine the surjiices of those of 
sixteen sides, and thence the surfaces of polyg(Mi8 of thirty-two sides, 
and so on till we arrive at an inscribed and circumscribed polygon 
differing from each other, and consequently from the circle, so little 
that either may be considered as equivalent to it The subjoined 
table exhibits the area, or numerical expression for the surface, of 
each succeeding po^goa carfied to seven places of decimals. 
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Number of tidet. 


AreaoftheiiucrilMd 


Aret of Um eireunueribtd 




pdygoa. 


polygon. 


4 


20000000 


4-0000000 


8 


2-8284271 


3-3137085 


16 


3-0614674 


31825979 


32 


31214451 


3-1617249 


64 


31366485 


3-1441184 


128 


3-1403311 


31422236 


256 


3-1412772 


3-1417504 


512 


31415138 


3-1416321 


1024 


3-1416729 


31416025 


2048 


31416877 


3-1415961 


4096 


31416914 


31415933 


8192 


31416923 


31415928 


16384 


3-1415925 


31415927 


3276S 


31415926 


3-1415926 
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It appears then that the inscribed and circumscribed polygons 
of 32768 sides differ so little from each other that the nmnerical 
value of each, as far as seven places of decimals, is absolutely the 
same ; and as the circle is between the two, it cannot, strictly 
speaking, differ from either so much as they do from each other ; 
so that the number 31415926 expresses the area of a circle 
whose radius is 1, correctly, as far as seven places of decimals. 
We may, therefore, conclude that were the absolute quadrature 
of the circle attainable, it would exactly coincide with the above 
number, as far at least as the seventh decimal place, which is an 
extent even beyond what the most delicate numerical calculations 
are ever likely to require. Were it necessary, however, the ap- 
proximation might be continued to double the number of dechnals : 
it has indeed been carried by some to a much greater length thaa 
this. Lvdolpk van CeuUn had the patience to extend the approxi- 
mation as far as the thirhr-sixth place of decimals, by a method 
somewhat different indeed from that above described, but requir- 
ing an equal degree of labour and attention. Since his time the 
quadrature Of the circle has been approached still nearer by other 
methods. An infinite series was discovered by Machin, by which 
he reached the quadrature as far as the 100th place of decimals, 
and which proved to be 

3.1415926535,8979323846,2643383279,5028841971, 

6939937510,6820974944,5923078164,0628620899, 

8628034825,3421170679; . 
and even this number has been extended by later mathematicians 
thirty or forty figures further. 

Having then found the numerical expression for the surface of 
a circle whose radius is 1, we readily find the area of any cir- 
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de whatever : fox since the surfaces are as the squares of the radii, 
we have only to multiply the square of the radius of any proposed 
circle by the number 3*14159, &c., and the product will be the 
area. Also, since the sur&ce of a circle is equivalent to half the 
circumference multipHed by the radius (Prop. Al.), it follows that 
when the radius is 1 the half circumference must be 3- 14169, &c. : 
or smce the circumferences of circles are as their radii, when the 
diameter is 1, the circumference will be 3 14159, &c., so that the 
circumference of any circle is found by multiplying its diameter by 
3*141599 &c., or, as is usual, simply by 3* 1416. For the ordi- 
nary purposes of mensuration the circumference will be determined 
witi^ sufficient precision by multiplying the diameter by 22, and 
dividing the product by 7, which is the approximation discovered 
by Archimedes. The fraction y is equal to 3*1428, and con- 
sequently the circumference, as determined by this last method, 
differs from the truth by rather more than a thousandth part of the 
diameter, which in most practical cases is too inconsiderable to de- 
serve notice. 

Additions to Prop. XIII. Book VI I. by the Editor. 

As the problem of the rectification or quadrature of the circle 
(for the one involves the other, see Prop. XL) has engaged so much 
the attention of Geometers, we here propose to lay down some 
other methods besides the one given by our Author. 

I. (1.) We will begin with the method first used by Archi- 
medes, viz., that of the continual bisection of an arc, by which 
means he discovered the ratio of the diameter to the circumference 
to be as 7 : 22. 

Let CB be any arc of the ciide 
CBH, and let it be bisected in the point 
D; join CD, BD, AD; since AD bi- 
sects the chord CB, it is perpendicular to 
it (Prop. V. Cor. 1. B. III.). By Prop. XI. 
B. II. Ciy=AC«+AD''-2 AD AE=: 
2 AD»-2 AD • AE=2 AD»-2 ADv 
(AC?-CE«)=2 AD«-2 AD V(AC»- 
JCB') : which expresses in terms of the 
chord of an arc, the chord of half the 
arc : and if we suppose the radius AD or AC unity, we shall 
have CD'=2 -2 v^(l— JCB«) or CD=: V[2- .^(4— CB*)]. 

(2.) Now CB may denole the chord of any part of the circum- 
ference, or side of any regular polygon inscribed in the circle, 
and then CD will express the side of a polygon of double the num- 
ber of sides. 
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.. it will be found most convenient to assume (as Archimedes 
did) CB to be the side of a regular inscribed hexagon, for tlienthe 
said side will be equal to the radius of the circle, or unity '(Prop. 
VI.). Let therefore BC=1, then CD=v^(2— v^3)=side of in- 
scribed* polygon of twelve sides. 

Again put ^ (2— <^3) for C'B^ or side of polygon of 12 sides; 
then we shall have y/[2^ v^(2+ V 3)] side of inscribed polygon 
of 24 sides, and by substitution again, we find V J2— v[2-f- V 
(2-f-y/3)]} for side of inscribed polygon of 48 sides, and again 

we find V2 — /{2+V[2+V(2+V3)]j for side of inscribed 
polygon of 96 sides : and so by continual oisection we may arrive 
at file periphery to any proposed degree of exactness. It will per- 
haps be sufficient if we show by this method the numerical cal- 
culation for an inscribed polygon of 1636 sides, by which we shall 
be enabled to find the periphery to hvQ or six places of decimals 
which is near enough for most - practical purposes : and in order 
to render the above expressions less complex, and more suited for 
computation, we will put the letters a, j3, 7, ^, &c. to denote the surd 
expressions, and the calculation will be exhibited as follows. 

l=Side of ins. polygon of six sides (radius unity.) 
V(2 — a)=(a= V3) -6176380902 sid. ins. pol. 12 sides. 

V(2 -j8) = (j8= V(2+a) -2610623842 sid. ins. pol. 24 sides. 
V(2 — 7)=(7:^ V(2+i^) -1308062683 sid. ins. pol. 48 sides. 
y(2 — 5)=( 5= V(2-h7) -0664381656 sid. ins. pol. 96 sides. 
V(2 — s)=( s= V(2-f- ^) -0327234632 sid. ins. pol. 192 sides. 
V(2 — g)=:(^= V(2+ -0163622792 sid. ins. pol. 384 sides. 
V (2 — !))=( ij= V (2+ 1) -0081812080 sid. ins. pol. 768 sides. 
V(2 — d)=( d= V(2-h ^) -0040906112 sid. ins. pol. 1636 sides. 

Hence 0040906112 X1636=:6'2831788 is the perimeter of an 
inscribed polygon of 1636 sides ; and to find the perimeter of the 
circumscribed polygon of the samejiumber of sides, let ab (figure 
to Prop. IX.) represent one side of such a regular polygon ; then 
we have 0D= V(Oa»-Da)«= V(l--002046306«)=: 999997908, 
then by similar triangles we shdl have OD : OM : : ah : side of cir- 
cumscribing polygon, or OD : OM : : perim. ins. pol. : per. dr. pol. 
=62831920. 

Now the circumference of a circle is greater than the perime- 
ter of the inscribed, but less than that of the circiunscribed poly- 
gon (Schol. Prop. IX.), and by taking the mean of the two ex- 
pressions for the perimeters of the inscribed and circumscribed 
polygons, it is evident that their half sum 6-2831864 will express 
the circumference of the circle itself very nearly, whose radius is 
unity or 3-1415927 for the circumference of the circle whose di- 

* The word regular is implied here and in what follows. 
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ameter is unity, which agrees with the series given by our author 
as far as the seventh figure. 

(3.) Corollary 1. Let CB denote the side of an inscribed 
square, and CD that of an inscribed octo^n ; put the radius AB 
or AC=r, then CB'=2f* ; and by substituting this value of CB" 
in the general formula, we have Cly=2f^^2r^/{r*'-^t^^2r^^ 
»''V2=r (2r— rV2) ; that is, the square ci the side oif an in- 
scribed octagon is equivalent to a rectangle contained by the ra- 
dius, and the difference between twice the radius (or diameter) and 
side of the inscribed square, agreeing with Prop. XXI. B. IV. 
Leslie's Geometry. 

(4.,) Cor. 2. Let CR^p denote the side of an inscribed pen- 
tagon, and CD=(2 that of an inscribed decagon ; then by the 
general formula, d'=2f*— ri/(4f*— />•), but because the radius is 
divided in extreme and mean ratio, therdbre AB : AF : : AF : FB 
or r : rf :: d : r—c/, (Prop. VII), whence f^-rdisd'; substituting 
this value of eT' in the above expression, and dividing by r gives 
*r-d=2r- V (4^-p') or4f*-;)^=(r+cO«=f*+2rd+iP=3r^-«? 
(since dr-srf^— rf"), hence by transposition /)^ss=f*+cP ; that is, the 
square of the side of an inscribed pentagon is equivalent to the 
squares of the sides of the inscribed decagon and radius or side of 
inscribed hexagon, agreeing with Prop. XXIII. B. IV. Leslie's 
Geometry, (Prop. XxVIII. B. III. Simpson's Geometry). 

(6.) Cor. 3. Hence from this property we haVe an elegant 
method of finding the side of the inscribed pentagon as is done 
in Cor. 2, to Proposition XXIII. of Leslie. 

Draw the diameters E6, AC at right 
angles to each other; bisect OC in 
D, joiji DE ; make DG equ«\J to it 
and join GE. 

It is evident that OA is cut in ex- 
treme and mean ratio in G, and that 
OG is equal to the side of the in- 
scribed decagon (Prop. VII.), but GE* 
=GO'+OE» ; hence it is evident 
from the above corollary that GE is 
the side of the inscribed pentagon. 

(6.) Cor. 4. The triangles IKF, OFC are similar, and isosce- 
les, since the angles OFC (or OKL or OCL) and FOC are equal, 
(Prop. XIV. B. III.) ; hence CF=CO and IK=IF, and there- 
fore IC=IK+CO, that is, the triple chord IC of the inscribed 
decagon, is equal to the sides of the inscribed hexagon and de- 
cagon. 

(7.) Cor. 5. If the supplemental chords DH, BH be drawn, (see 
first figure) a curious property will be found to exist between them ; 
since HD= V (4- CD") (supposing as before radius unity), by 
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substituting the value of CD or DB, we shall have HD=^ V [^ — 
24.v^(4-BC»)] =v^[2+ V(4-CB«)] =V(2+BH), (since 
CB'=4— BIP) ; that is, if the supplemental chord of an arc be 
increased hv 2, the square root of the sum, will be the supplemen- 
tal chord of half that arc,* agreeing with the Cor. to a Lemma p. 
179, Simpson's Geometry. 

II. (8). IiMtead of finding the circumference by continual bi- 
section, we might poceed by continual tiisiection of an arc : ima- 
ffine the arc I C trisected at the pointe E, L (last figifre) join IK,* 
kL, LC, IC: the triangles, OHC, OLC are similar, -since the 
angle LOG is common, and the angles LOO, LCH are equal 
(Prop. IV. B, III.) Hence HC=LC; and since the arcs IK, 
LC ax0 equal, IC and KL are parallel (Prop. XI. B. III.). No^ 
let IC=:c LCss:r, and let, as before, the radius be taken unity ; 
then since OC : LC : : LC : LH, we have 
I : X : : X : LH ; therefore LH^x^ 
andOH=l— r»; Again OH : FH : : OL : KL (Prop. V. B. VI.), 
tiiat is 1 — 3^ : c — 2 a: : : 1 : x, and consequently x — a^=^c — 2 x or 
x*— 3a?= — c. 

Now the chord c or IC may be assumed the chord of any 
part of a circumference, and by resolving the cubic equation we 
shall find x or the chord of one third the arc, and thus by continu- 
ally solving the cubic equation, we may find the circumference by 
continual trisection of an arc. But the above equation falling 
under what is called the *' irreducible case," presented a serious 
• difficulty to those who were only acquainted with the formula , of 
Cardan or Newton's method of approximation ; it may be solved 
however with great ease and expedition by the method given by 
our author in the treatise on Algebra ; we will here exemplify the 
great advantage of the method over that of ail others, by finding 
3ie perimeter of an inscribed polygon d* 21870 sides, and for this 
purpose we will take c as the side of a regular decagon inscribe 
in a circle whose radius is 1 ; then we have 
€=•61803398876 (p. 114 note) and x^—^x=i — -51803398875. 
From this equation we shall find the value of op = •209056926535 
=:side of inscribed polygon of 30 sides ; put this =a, then Gigain 
if — 3t^= — (m from which we have i/= 069798993405= side 
of inscribed polygon of 90 sides, put this=^, then a;* — 3 «= — 6 
and 2= '023270531603 side of inscribed polygon of 270 sides ; 

• jSrudyUcal JnveaHgaiUin. Put HB=6, HD=a:, and the diameter CH=i, 
then CB=i/(d»— 6»), CD=v/(<^-«*)- Now DH C5=CD (BH-f-CH). 
(see notes at the end, to Book VI.) that is ari/(iP— 6*)=V^(rf*-^«») (d-f6). 
or x» (ii»--6«)=((P— «») (*f*),* or x» («i-6)=(d»— ««) (d+6). 

Whence *'=<<. -— ; if we take at above (fc=2 we have «^=2+6, or x= 
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and tlius by continual trisectionwe shall find the side of an inscrib- 
ed polygon of 21870 sides to be '000287296996. Hence, multi- 
plying mis by 21870, we have 6*28318628 for the perimeter of 
the inscribed polygon, and therefwe 3*14169264 expresses very 
nearly the circumference of a circle whose diameter is 1. 



JSchoUum. 



(9.) Although foreign perhaps to a treatise on Geometry, yet 
we think the e^ibition of the above numerical calculation will 
pot be unacceptable, inasmuch as it will tend to display the me- 
thod given for solving cubic equations, in all its advantages. In the 
following calculations all the figures necessaiy are set down, ex- 
cept those of the divisors, these, however, can be readily supplied 
by those acquainted with the method. It will be perceived to- 
wards the last, that the trisections are effected widi neariy the 
same facility as common division is performed. 



S. ins. pol. oflO iidM. 


S. int. pol. of 30 ndec 


S.iii8.pol.of90ndef. 


- -618033988760 ( 
-.692 


— -209066926635 ( 
—179784 


— 069798993406 
—69992 


—26033988 
—26870671 


. —29272926 
—26887491 
—2386436636 
—2089900127 


—9806993 
—8996833 


163317760 
143446283 


—811160406 
—699679832 


—19871467 
—17213343 


—296636408 
—268686621 


—211480673 
—209886628 


—2668124 
—2681998 


—26848787 
—23883091 


—1693946 
—1499188 


—76126 
—67378 


—2966696 
—2686846 


—94767 
—89961 


—18748 
—17213 


—278860 
—268686 


—4806 
• _2998 


—1636 
—1434 

—101 
—86 

—16 
—14 


—10166 
—^966 

—1209 

—1194 

—16 

—16 


—1808 

—1799 

—9 

—9 
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8. int. pol. Of 970 aidet. S. int. pol. of 819 tides. 


8.int.pol.of2^tidM. 


—•023270631603 ( — 007766999449 ( 


— 002685672246 


—20999667 —6999992 


—2399999488 


—2270874603 —1767007449 


—185672767 


—2099886467 —1499992376 


-179999876 


-170988136 —267016074 


—5672881 


— 149991Q49 —239998461 


—2999998 


—20997087 —17016623 


—2672883 


—17998918 —14999900 


—2399998 


—2998169 —2016723 


—3 1—272886 


—2699838 —1799988 


90961 


—298331 —3|— 216736 




—269984 72246 




—28347 




—26998 




—31—1349 
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S.liispol.of7S80iidM. 




•000861890961 ( 000287296996, side of 


—699999992 inscribed polygoa of 


' —261890969 21870 sides. 




—239999986 




—21890983 




—20999999 




—3|— 890984 




296996 
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III. (10.) A veiy ingenious method, of determining the quad- 
rature d the circle is given by Legendre in his admirable work 
on Geometry. It consists in continually deducing the limits of the 
radii of the circles inscribed in and circumscribing a given polygon. 

To exemplify this method, let the square 
BMNP in the annexed figure be the propos- 
ed polygon. From the centre O let fall the 
perpendicular A on MB, and join OB; then it 
is evident that OB and OA are the radii of 
circles circumscribing and inscribed in the 
square ; it is evident also that the first of these 
circles will be greater, and the second less 
(ban the proposed polygon, and it is required 
' to reduce these limitts. 

19 
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Take OD^^OI a mean prai)>ortioiial between OA and OB, and 
join ID ; then the isosceles triangle ODI will be equal to OAB 
(Prop. XVI. Cor. 1. B. VI.) since the an^e AOI is ccminion to 
both triangles. Now if a similar operation be performed on each 
of the eight triangles which compose the square, a regular octagon 
will be formed equivalent to the given square ; and OD the radius 
of the circumscribed circle (which is less than OB the former ra- 
dius) is easily found by the expression V(OA^OB), being equal 
to it by construction. The radius OG^ of the inscribed circle is 
found as follows ; since the perpendicular 06 bisects the angle 
AOB, therefore AG : GB :: AG : OB (Prop. VII. B, VI.), or 
AG:AB:: AO:AO+OB. 

But the triangles AGO, DGO are equiangular because the 
angle A is right, whence we have AG : AG ; : DG : QO ; or AG' AG 
: AG* . : 20G-DG : 2 GO*, or AG GG : AG» : : AG-OB : 2 G0» 
(Prop. XVI. B. VI.). But AOOG : AGGB.: : AG AG : AO-AB 

Whence AO : AG+OB : : AG» : 2 GG', and therefore 

0G^= ^t i, that is GG is a mean proportional be- 
tween AG and the half of the sum of AG and GB. 

If the right angled triangle GDG be in like manner changed 
into an equivalent isosceles triangle, we shall by this means form 
a regular polygon of 16 sides equivalent to the proposed square, 
and the radii of the inscribed and circumscribed circles are found 
as above. 

Let now the side of the square BMNP be 2, then GA the ra- 
dius of the inscribed circle is 1, and GB the radius of the circum- 
scribed circle will be V 2* Hence the radii of the equivalent 

octagon will beV(lX V2) or V2= 1.1892071, and y^ ^+ ^^= 

1.0986841 ; the manner of proceeding is sufficiently plain, and I 
shall therefore give the results as obtained by this method in a ta- 
bular form, taken from Legendre's Geometry. 

ftadii of ihe cireninaeribed circlflt. No. of tides. Radii of the inicrihed cirdei. 



1.4142136 


4 


1.0000000 


1.1892071 


8 


1.0986841 


1.1430500 


16 


i:.1210863 


1.1320149 


32 


1.1265639 


1.1292862 


64 


1.1279257 


1.1286063 


128 


1.1282657 


1.1284360 


256 


1.1283508 


1.1283934 


512 


1.1283721 


1.1283827 


1024 


1.1283774 


1.1283801 


2048 


1.1283787 


1.1283794 


4096 


1.1283791 


1.1283792 


8192 


1.1283792 
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Thus 1*1283792 10 very nearly the radius of a circle equal in 
surface .to the square whose side is 2 ; hence for a circle whose 
radius is j or diameter 1, we have the |Mroportiitm (Prop. XJl.) 

1128879^ : J : : 4 : circle with rod. J = . 



_ -786398, 
1.2732396 ' 

and thence by Prop. XI. the circumference wil)be found 8*141698» 

as determined by the preceding methods. 

(IV.) (12.) We may observe 
that the method given by oiir au- 
thor (which is also given in Le- 
gendre and Leslie) admits of 
much simplification by the appli- 
cation of Algebra. 

Let us put ahxss and aM=S 
in the annexed figure; then we 
have OJ=v^(l-iS«): and by 
the general formula of Art. 1, we 
have S= V[2— V(4— 5*] ; hence 
by substitution Odmi ^[\^l^ 
iy (4-^)1= *V[2+V(4^ 
r)], apd the area of the inscrib- 
ed polygon, will be iy' | [2 + V (4 -^«*) ] x [2 - v/(4—^ J { X * n= 
^ X j^ f> ; that is, the side of an inscribed polygon multiplied by \ the 
number of sides^ gives the area of the inscrS>ed polygon of double 
file number of sides, radius being unity. 

For the circumscribed polygon, we have 

Orf : 1 : : ^M : side dr. pol = g^ =: ^ ^r^^^f^^l^ 




Od 



2+V(4=^) 



2-V(4— ^ 



and since the radius is 4, the area of the circumscribing pdygon . 



will be 



2- V(4— O 



Xn. 



Hence, if s denote the side of an inscribed polygon, and n the 
number of its sides, we shall have for the areas of the inscribed 
and circumscribing polygons of double the number of sides,#X 
land ^-V(^4-^) ^2^^ respectively. 

(13.) Thus, if the radius is 1, thon the side of the inscribed square, 
id V 2, and n being 4, we have therefore 2 V2, and — -X- X8=: 

2V2— 2 ^ Q«.g y (2 — 1), for the areas of the inscribed, and cir- 
cumscribed octagons. And if we put s= V2, we have Sas ^/(2 
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— ^)=?8ide of polygon of double the number of sides, or octagon ; 
and It bdng 8, we have 4^/(2 -^y^2) =3*0614674, for the area ctf" 
the inscribed polygon of 16 sides, in like manner we find 8 V [2 — 
V(2-|-v^2.)] ^^ ^® c^''^ of the inscribed polygon of 32 sides, 
&c. but we will not dwell on this. 

Y. (14.) Many ingenious geometrical constructions have been 
given, for finding a square nearly equivalent to a circle, and a line 
nearlv equal to the circumference : we shall content ourselves 
merely by giving the following construction, which is very simple, 
and as the calcuktioa shows, is very near the truth. 

Let BECD be the proposed circle ; it 
is proposed to find a square equivalent to 
it very nearly. 

Draw the two diameters BC, DE, at 
right angles to each other, make AFs 
i CE the side of the inscribed square ; di- 
vide the radius AC in extreme and mean 
proportion in H, AH being the less part; 
join HF, BF, and produce the latter in- 
definitely; then through G draw CI paral- 
lel to FH, and BI will be equal to the side of a square, equal to 
the circle very nearly. 

(15.) For supposing the radius AC=1, then CE is equal to V^, 
and AF=^ V2 ; also AH being the less part of the section of AC, 
i8equaltol-W(6-l)=i(3— V5),and BF*=l-f4=f 

By (Prop. V.B. VI.) BH :BF: :BC : BI.orBIP: BP : :BC» 
: BP (Prop. IV. Cor. 1. B. VI.), that is i (^- V6)' : | : : 4 : BP. 




Hence BP=- 



6 



12 



180+60 V6 9+8^6 

"f(5— V5)«-"16_6V6"" 100 *" 6 
sS. 1416, nearly, which shows the great exactness of this method. 
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PROPOSITION I. PROBLEM. 

7b dhide agioen itraight line into my pnpoied fwmbtr of equal 

parts. 

Let it be proposed to divide the straight line AB into a certain 
number of equd parts. 

From one extreitaity A 
draw an indefinite straight 
line AC, making any angle 
with ABj and upcxi it repeat 
one more than die proposed 
number of equal distances ; 
then, supposing the last to 
terminate in C, and the last 
but one in 6, the line AG- 
will be divided into the 
same number of equal parts that AB is to be divided into; let the 
point E be at Ae distance of two oi those parts from C, then if 
CBD be drawn, making BD=CB, and the points D, £ be jcwned 
the line AB will be divided in F : so that BF will be one of the 
required parts of AB. 

For draw GB ; then since CGsGE and CB=BD, the sides 
CE, CD of the triangle CED are divided proportionally by the 
line GB ; therefore (Prop.V. B. VI.) GB is parallel to ED or EF ; 
therefore, in the triwigle AGB, we have the-prqponion AG : EG 
: : AB : FB, but AG is a given multiple of EG ; therefcare (Prop. 
XI. B. V.) AB is the same multiple of PB. 

Otherwin as follows : — ^From 
one extremity A draw the inde* 
finite straight line AC, making 
any angle with AB, and from 
the other extremity draw BD, 
making an equal angle with BA. 
Upon BD repeat the distance 
AC as many times, wanting one, 
as there are to be divisions of AB ; draw CD, which will cut off 
from AB one of the required parts AE. 

For, since the angles A, B are equal, the trianeles EAC, EBD 
are simflar ; therefore AC : BD : : AE : £B ; hence, whatever 
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multiple BD is of AC. the same multiple is EB of AE, that ia 
A£ is one of the proposed parts of AB. 



Another conatrwiion. 



On AB describe the rhomboid ABCD, join AC, BD cuttiog^ 
each other in O ; through O draw OF pcurall^ to AD, Join DF, 
cutting AC in 6, and through G draw 6H, likewise parallel to 
AD ; again join DIH, and draw the parallel IK, and so re- 
pe9Lt the operation ; then AF will be &e half of AB, AH the third, 
AK the fourth, AM the fifth.. 

For, DO : OB :: AF : FB ; but D0=OB (PrwXXX. B. I.) 
whence AF=FB, or AF-^AB; again BA : BF ; ; AD FO; 
but BA=2BF, therefore AD 
=2F0. By similar triangles 
ADG, GOF, AD: OF: AG: 
GO :: AH;HF; but AD= 
20F, whence AH=2HF=2AF 
— 2AH; or 3AH=2AF=AB, 
and consequently AH=| AB. 
Again by similar triangles, ADI, L 
IGH, AD:GH i: AI:IG :: ^ 
AK : EH ; but AD pr BC^^dGH (because ABssSAH), whence 
AExr3KH:=dAH_3AK, or 4AKcf3AH::=AB as has been 
shown; therefore AE=^} AB; for the same reasons AMs-^ AB 
and so on. 

Othwm$e, by. the ccmpasa aUme, Suppose it were requirad to 
cut off from the Ime AB, a third part. 

Draw the indefinite line AD on 
which repeat the 'distance AB 
twice, (or once less than the parts 
in which the line is to be divided), I 
from D as a centre and radius DA, 
describe the arc GAH, make AG 
and AH each equal to AB; and 
from the points G or H with the 
same distance, cut AB in I ; then AI is the third part of AB. 

For join GD, and imagine GA drawn and also a perpendicular 
from G to AI, there not being room for these lines in the fi^re. 
Then, this peipendicular will bisect AI, and therefore (by Prop. 
XL C(Mf, B. 11). AG«=AIAD, that is Aff =3ABA^ hence 
AB=3AI,orAI=iAB. 

These twd elegant constructions are taken from Leslie's Geo- 
melry.*— Ed* 
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PROPOSlTiON II. PROBLBM. 

To find a nuan proporHomd hetwwn two given itraight Unei. 

Let the given lines be A and B 

Draw a straight line CDE, 
making CD=A and DE=B, 
and upon C£ describe a semicir* 
cle ; then the perpendicular DF« 
drawn from D to the arc, will be 
a mean proportoinal between A 
and B. This is evident from 
Cor. 2. Prop. XXIV. Book VI. ♦ 




PBOPOSITION III. PROBLBM. 



To find afintrihproporHontd to three given itraight Unes. 

From any ipovat A draw two straight a. 

lines AB, AG, forming any angle ; and 
make AD, AF, AE respectively equal to 
the proposed lines ; then it is required to 
find a fourth proportional to AD, AF, AE. 

Join Df E, and parallel to DE draw 
FG ; AG will be the fourth proportioDal 
required ; for (Prop. V. Cor. B. VI.). 

AD: AF::AE:AG. 

Cor. Tho same constcuctiQci serves f<^ finding a third propor^ 
tional to two given lines, as A and B ; this being the same as a 
fourth proportitooal ta the three lines A, B, B. 




PBOPOSITIOK rv. PBOB|«BM. 

To dioide a given straight line AB into parte proportional to given 

lines. 

Draw AC equal to the longest of the proposed lines, make AG 

*n*OF be drawn from the centre O, and DG at right angles to the aame» 
then FG it the harmonical mean, between the two lines. 

PorOF : FD : : FD : PGor 00 : FD : : FD : FG, and since 00 is evi- 
dently the arithmetical mean, and FD the ffeometrieal mean, it follows that 
FG is the hannonical mean, it beinfl a third pmporlional to the arithmetical 
and geometrical means, at is sbowB by writars on AIgebra.«-Gp. 



Digitized by CjOOQ IC 



153 



ELEMENTS OF OBOMITRT. 




equal to the line next in length, AE equal 
to the next, and so on : — join BC, and 
draw GF, ED, &c. parallel to BC, and 
the line AB will he divided hy them as re- 
quired; for these parallels cut the sides 
AB, AG of the triangle ABC proportion- 
aUy (Prop. VI. Cor. B.TI.). 



PROPOSITION V. PROBLEM. 

•d itraight Um b$ing gif)$n to dmde it,$othattfu rectangle of the 
two parti may he equioaUni to a given rutangU ; or to prolong U 
$0 that ihe rectangle contained by the whole /tne andihepart add- 
ed may be equivalent to a given rectangle. 

Let AB be the proposed straight Ime. 

Then, from the extre< 
mities A, B draw the per 
pendiculars AD, BE, ec^ual jy, 
to the sides of the given 
rectangle, and both upop 
the same side of AB if it is 
to be divided, but one on each 
side if it is to be prolcmg- 
ed : draw DE, on which as a diameter describe a circle meeting 
AB, or its extension in the point C ; AC and CB are the parts re- 
quired. 

For draw DC and CE. 

Then, the angle DCE being contained in a semicircle, is a right 
angle (Prop. XIY. Cor. 3. B. HI.) ; and, therefore, in both cases 
of the problem, the angles ACD, BCE are together equal to a 
right angle. But die angles ACD, CDA are likewise together 
equal to a ri^t angle ; and, consequently, the angles BCE, CDA 
arc equal. Wherefore the right angled triangles CBE, CAD are 
similar ; whence AC : AD : : BE : CB, and therefore, 
ACCBsADBE. 




Scholium. 

It is obvious that in the second case of this problem, since a por- 
tion of the circle lies on each side <^ the line AB, the circumfe- 
rence must always intersect its extensi(Hi in two points, C and C^. 
But, in the first case, the circle may either cut AB in two points 
C and C^ or touch it in a «^e point, which will hence mark a 
limitation of the problem, mien the circle does not reach AB, 
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the problem &ife, thus intimating that the proposed line cannot be 
divided as required. ^ 

PROPOSITION A. PROBLEM. 

From a given straight lincj to cut offapart^ whose square shaU be 
equioalent to the redair^le under the renudnder^ and another gwen 
straight line. 

Let AB be the given straight line ; 
produce it till AD be equal to the other 
line C : on BD describe a semicircle^ 
and erect AF perpendicular to BD, 
bisect AD in E, join EF and make EG 
equal to it. Then shall AG«=BGC. 




For EF«=EA''+AF* or AF«=EP»— EA«=EG«— EA«=(EG 
+EA)(EG— EA)=DGAG (Prop VII. B. II.). But AP^ 
DA AB (Prop. XXIV. Cor. 2. B. VI,), whence DG AG=DA 
AB ; or AG (C+AG)=C. (AG+GB), that is AG'C+AG*= 
AG-C+C GB or AG'sC GB. 

Scholium. 

This proposition is a generalization of Prop* XXVII. B. VI. ; 
for if DA or C be equal to AB, then AG'=r AB-BG, that is AB is 
cut in extreme and mean proportbn in G. 

PROPOSITION VI. PROBLEM. 



A. B 



To construei a square that shaU be equioalent to a given polygon. 

Reduce the proposed polygon 
to an equivalent rectangle (Prop. 
XVI. Cor. B. IV.), of which let 
A, B be the sides ; dbraw a straight 
line CDE, making CD=A and 
DE=B : describe a semicircle on 
CE, and draw DF perpendicular 
to CE, terminating in the arc ; DF will be the side of the square 
sought for, (Prop, XXIII. Cor. 2. B. VI.) DF»=CDDE. 

PROPOSITION VII. PROBLEM. 

To construct a square that shaUhe to a given square AC, as the line 

EistothelineF, 

20 
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Draw an indefinite straight line GH, upon which take GK=E 
and EH=F; describe on GH a semicircle, and draw the per- 
pendicular KL. Through e 

Uie points G, H draw the d c 

straight lines LM, LN, 
making the former equal 
to AB the side of the 

§ivensquare,andthrough 
le point M draw MN 
parallel to GH, then 
will LN be the side of the square souefat. 

For, since MN is parallel toGH, LM : LN i : LG : LH ; con^ 
sequendy (Prop. IV. Cor. 1. B. VL) LM? : LN" :: LG* : LH'; 
but, since the triangle LGH is right angled, we have (Prop. 
XVn. Cor. B. VL) LG« : LW : : GK : KH ; hence LM* : LN* 
::GE: KH, but, by construction, GK=E and KH=F, also 
LM=AB; therefore the square described on AB is to that de- 
scribed on LN, as the line £ is to the line F. 

PROPOSITION VIII. PROBLEM. 

Upon a given straight line ab to construct a polygon similar to a 
given polygon^ ABCDEF* 

In the given polygon 
draw the diagonsds AC, 
AD, AE ; and apply the 
given line ab to AB ; 
making A6^ equal to it; 
—draw successively b^c\ 

dd\ dV, eff respectively _ 

parallel to BC, CD, DE, EF ; then, from the points a, d as centres, 
with radii equal to kc\ b'c\ describe arcs intersecting in c ; also, 
from the centres a, c, with radii equal to Ad', c*df^ describe arcs 
intersecting in d ; in like manner, from the centres a, d, with 
radii equal to Ae', i!e\ describe arcs intersecting in e ; and lastly, 
from the centres a, c, with mdii equal to A/, cT, describe arcs in- 
tersecting in /; then, if the lines 6c, cd^ de^ c/, fa be drawn, the 
polygon which they form will be similar to that prq)b8ed. 

For the polygcm A6 Vd'e^ is similar to the polyg(Mi ABCDEF, 
since they are both composed of the same number of similar tri- 
angles, and the polygon abcdefhas been made equal to oib'c'd!tff\ 
hence the polygon on ah is similar to that on AB. 

Schjolimn. 
If oi is in the same straight line a:8 AB, or if it is parallel to 
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AB, the constniction of this problem will be s(Mnewhat simplified. 
Afler having divided the proposed polygon into triangles as above, 
draw from Sie point a, parallels to the diagonals AC, AD, AE ; 
then, from 6 draw be parallel to BC, intersecting the first of these 
parallels in c ; , from c draw cd parallel to CD, intersecting the se- 
cond parallel in d, and so on till the polygon on ab be completed. 

PROPOSITION IX. PROBLEM. 

A polygon being given^ to construct a similar polygon thai shaU be 
to the former as the line Eis to the line F. 

Let AB be one side ^ 

of the given polygon 
and perform the same 
m)eratioh as in Problem 
VII., that is to say, 

find a line, LN, such a ^b 

that AB«:LN»:: E: 
F, and LN will be the 

side of the required polygon, which is homologous to the side AB ; 
for similar polygons being to each other as the squares of their ho- 
mologous sides, it follows that the polygon on AB is to the similar 
polygon on LN as E is to F ; therefore it only remains to construct 
on LN, by the preceding proposition, a polygon similar to that on 
AB. 

PROPOSITION X. PROBLEM. 

Two similar polygons being gtven, to construct another similar 
polygon which shaU be equioalent to either 'the sum or difference 
of the former. 

The method of performing this problem immediately suggests 
itself from Proposition XXII. B. VI. If a right angled triangle 
be constructed, having its perpendicular sides respectively equal .to 
two homologous sides of the given polygon, the hypothenuse will 
be the homologous side of a third polygon similar to the former and 
equal to their sum ; and if two homologous sides of the given poly- 
gons be taken, the one for the hypothenuse and the other for a side 
d" a right angled triangle, then the other side of this triangle will 
he the homologous side of a third polygon similar to the former, 
and equivalent to their difference. Hence, having found in this 
way a side of the required p<dygon, the construction is reduced to 
Proposition VIII. 
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PROP(AlTION XI. PROBLEM. 



7b candruct a polygon^ which shall be equivident to a gwm polygon 
P, and similar to another polygon Q. 

Upim AB, a side of the 
pdygcm Q, construct a rect- 
an^e AC equivalent to it 
(Prop. XVI. B. IV.), and on 
BC describe a recta^igle BE 
equivalent to the other pdy- 
gon P. Let a6 be a mean 
moportional between AB, 
BD, then ab will be the side 
of a polygon similar to Q, 
and equivalent to P. 

For, if a similar polygon q be constructed on oi, we shall hive 
AB* : ofc^ :: Q : g, but, by ccmstruction, atf»=ABBD; therefore 
AB" : AB-BD :: Q : ^ ; consequently (Prop. I. Cor. B. VI.) AB 
: BD : : a : 9, and, therefore, also AC : BE : : Q : ^ ; but AC=: 
Q; therefore (Prop. IX. Cor. 2. B. V.) BE=9, that is P=^. 




PROPOSITION XII. PROBLEM. 



In a gwen circle to inscribe a triangle similar to a given triangle 

abc. 






Draw a tangent DAE to the 
circle at any point A in the cir- 
cumference, andtnake the angle 
EAC equal to the angle 6, and 
the angle DAB equal to the an- 
gle c Draw BC, and the trian- 
gle ABC will be similar to the 

triangle aic. For (Prop. XV. B. IH.) thTangles B, C are re- 
spectively equal to the angles 6, c ; therefore ^e two triangles, 
being eqmangular, are similar. 




PROPOSITION XIII. PROBLEM. 

Mout a given circle to circumscribe a triangle similar to a given 
triangle, abc. 
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Produce a side be of the tri- 
angle abcy and having drawn 
any radius OD, make the an- 
gles DOE, DOF equal respect- 
ively to the exterior angles 6, c ; 
then three tangents, drawn 
through the points D, E, F, will 
form a triangle ABC similar to 
the triangle abc. 

For, in the quadrilateral ODBE, the angles 0, B are together 
equivalent to two right angles (Prop. XVII. Cor. 3. B. I.) : there- 
fore, since the angle O has been made equal to the exterior angle 
6, it follows that the angle Bis equal to the angle abc. In like 
manner it will appear that the angle C is equal to the angle acb : 
hence the triangles ABC, abc are similar. 

PROPOSITION XIV. PROBLEM. 

Upon a given base AB to construct an isosceles triangle, having 
each of the angles at the base double the vertical angle. 

Produce AB till the rectangle AC-BC may 
be equivalent to the square of AB (Prop. 
XXXII. Cor. B. VI.), then, with the base 
AB and sides each equal to AC, construct 
the isosceles triangle DAB, and the angle 
A will be double &e angle D. 

For make DE=AB, or make AE= 
BC, and join EB. _ 

Then, by construction, AD : AB : : AB A- 
: AE, for AE=BC ; consequently the triangle DAB, BAE have 
a common angle A contained by proportional sides : hence (Prop. 
XI. B. VI.) they are similar, and, therefore, these triangles are 
both isosceles, for DAB is isosceles by construction, so that AB 
=EB; btit AB=DE; consequently DE=EB, and therefore, 
the angle D is equal to the angle EBD : hence the exterior angle 
AEB is equal to double the angle D, but the angle A is equal to 
the angle AEB ; therefcnre the angle A is double the angle D.^ 

Scholium. 

It is obvious that, in a triangle so constructed, the vertical angle 

*If a circle be described about the triangle -EBD, then since AD*A£= 
AB*, therefore AB is a tangent to the circle, and the triangles ABE and 
ABD are simUar (Props. XXVII.and XXVI. B. VX.). Hence AB=BE= 
ED, and the angle EBD=EDB, and since the an^e ABE=EDB in the alter- 
nate segment, thierefore the angle ABD=EBDr[-EDB=2 ADB— Ed. 
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isa fifthpanof two riffht angles, and each angle at the base is two 
fifths of two right angbs, or one fifth of four right angles. 




PROPOSITION XV. PROBLEM. 



Upon a gwen itndgkt line to camtruct a regular perUagon, 



Construct, first, upon AB an isosceles 
triangle DAB, having each of the angles 
at the base double the vertical angle, and 
about this triangle circumscribe a circle : 
then the line AB will be the side of the 
regular inscribed pentagon. 

For, if the radii OA, OB be drawn, the angle O, being double 
the ande D, will be a ^iRh part of four right angles ; consequently 
(Prop. XXIII. Cor. 1. B. VI.) the arc AB is the fifth part of the 
whole circumference, and, therefore ^e chord AB is the side of a 
regular inscribed pentagon. 

PROPOSITION XVI. PROBLEM. 



Upon a given straight line BC to construct a regular hexagon. 

From the points B, 0, as centres, with radii 
equal to B C, describe arcs intersecting in 
O ; and from O, with the same radius, de- 
scribe a circle, then BC will be the side of 
the inscribed regular hexagon, as is manifest 
from Proposition VI. Book VII. 



PROPOSITION XVII. PROBLEM. 

Upon a givtn straight line AB to construct a regular octagon. 

Bisect AB by the perpendicular CO, make CD=CA: draw 
DA and make DO equal to it, then from the centre 0, with the 
radius OA, describe a circle, and AB will be the side of the in- 
scribed regular octagon. 
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Draw OB;— Then, in the right 
angled triangle ACD, because AC is 
equal to CD, the angle ADC must be 
one half a right ai^le, and it is equal 
to both the angles DAO, DO A, and 
these angles are themselves equal, be- 
cause AD=DO; therefore the angle 
ADC is double the angle AOC, that 
is, it is equal to the angle AOB ; this 
angle, therefore, is one half a right an- 
gle, or the eighth part of four right an- 
^es, so that the arc AB is the eighth part of the circumference : 
and, consequently, the chord AB is the side of the inscribed regu- 
lar octagon. 

PROPOSITION XVIII. PROBLEM. 

Upon a given straight line AB to construct a regular decagon. 

Construct upon the base AB an isos- 
celes triangle, whose vertical angle O 
shall be half of the angle A, then 
firom the centre 0, with the radius A, 
describe a circle, and AB will be the 
side of a regular decagon inscribed in 
that circle. 

For the angle O is a tenth part of 
four right angles, and, therefore, the 
arc AB is a tenth part of the circimi- 
ference ; consequently the chord AB 
may be applied exactly ten times round the circumference, thus 
forming a regular decagon. 

PROPOSITION XIX. PROBLEM. 

To divide a triangle ABC into two parts by a line from A^ the ver- 
tex of\one of its angles, so that the parts may be to each other as 
a straight line M to another straight line JV*. 

Divide BC into parts BD, DC propor- 
tional to M, N ; draw the line AD, and 
the triangle ABC will be divided as re- 
quired. 

For since trian^es of the same alti- 
tude are to each <^er as their bases, we 
have ABD : ADC :: BD : DC :: M : N. 
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SchoUum. 




A Uiangle may evidently be divided into any number of parts 
proportion^ to given lines, by dividing the base in the same pro- 
portion. 

PROPOSITION XX. PROBLEM. 

To divide a triangle ABC into two parts by a line drawn parallel 
to a side BC, so that these parts may be to each other as two 
straight lines M^JV. 

As M+N is to N, so make AB« to AD" (Prop. VII.). 

Draw DE parallel to BC, and the tri- ^ 

an^e is divided as required. 

For the triangles ABC, ADE being 
similar, ABC : ADE : : AB« : AD»; but 
M+N : N : : AB» : AD«; therefore ABC : 
ADE::M+N:N; consequently (Prop. 
Xni. B. V.) BDEC : ADE : : M : N. 

PROPOSITION XXI. PROBLEM. 

To divide a triangle ABC into two parts by a Une perpen- 
dicular to the hase^ so that these parts may be to each other as two 
given lines M^ JV*. 

Draw the perpendicular AD, and as M-f-N is to N, so make 
the square which is equivalent to BCBD 
to BE' ; then ^e perpendicular EF will 
divide the triangle as required. 

For since the triangles ABC, FBE 
have the ande B in common, it fdlows 
(Prop. XVI. B. VI. Cor. 3.) that 

ABC : FEE:: BCBD :BE«; 
but by construction, 
M+N : N : : BC-BD : BE«; therefore 

ABC : FBE:: M+N .N 
consequenUy APEC : FBE :: M : N. 




PROPOSITION XXII. 



PROBLEM. 



To dknde a triangle into two parts by a line drawn from a given 
point Pin one of its sides^ so that the parts may he to each other 
as two given lines JVf, JV*. 

I^w PC,«nd cUnde AB in D, so that AD is to DB as M is 

to N ; draw DE paridlel to PC, join PE, and the triangle will be 
divided by the line PE into the pressed parts. 



Digitized by CjOOQ IC 



r 




BOOK VIII. 161 

For join DC ; then because PC, DE 
are paiallel, the triangles PDE, CDE 
are equal ; to each add the triangle DEB, 
then PEB= DCB ; and consequently, by 
taking each from ^e triangle ABC, there 
resulte the quadrilateral ACEP equiva- 
lent to the triangle ACD. 

Now ACDTdCB:: AD:DB: :M: 
N ; consequently, 

ACEP:PEB.:M:N. 

Scholiunu 

The above operation suggests the method of dividing a triansle 
into any number of equal parts by lines drawn from a given pomt 
in one of its sides : for if AB be divided into equal parts, and lines 
be drawn from the points of division parallel to PC, they wiU in- 
tersect BC, and ACf ; and if ^m these several points of inter- 
secticHi lines be drawn to P, they will divide the triangle into equal 
parts. 

PROPOSITION XXIII. PROBLEM. 

To divide a triangle into three equivalent parts by lines drawn from 
the vertices of the angles to the same point within the triangle. 

Make BD equal to a third part 
of BC, and draw DE paralld to 
BA, the side to whidi BD is ad- 
jacent. From F, the middle of DE, 
draw the straight Unes FA, FB, 
FC, and they wiU divide the tri- 
angle as required. 

For draw DA, then since BD 
is one third of BC, the triangle 
ABD is one third of the triangle ABC ; but ABD^ ABF (Prop. 
III. Cor. 2. B. II.) ; therefore ABF is one third of ABC ; 
also since DF=FE, BDF=AFE, likewise CFD=CFE : con- 
sequently the whole triangle FBC is equal to the whole triangle 
FCA : and FBA has been shown to be equal to a third part of 
the whole triangle ABC : consequently the triangles FBA, FBC, 
FCA are each equal to a third part of ABC. 

PROPOSITION XXIV. PROBLEM. 

To divide a triangle ABC into three equivalent parts by lines 
drawn from P, a given point within ii. 
21 
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Divide BC into three equal 
parts in the points D, £, and 
draw PD, PE ; draw also AF 
parallel to PD, and AG pa- 
rallel to PE : then if the lines 
PF, PG, PA be drawn, the 
triangle ABC will be divided 
l?y them into three equivalent 
parte. 

For join AD, AE; then 
because AF, PD are parallel, 
the triangle AFP is equiva- 
lent to the triangle AFD ; con- 
sequently, if to each of these there be added the triangle ABF, 
there will result the quadrilateral ABFP, equivalent to the tri- 
angle ABD ; but since BD is a third part of BC, the triangle 
ABD is a third part of the triangle ABC (Prop. I. B. VI.) : con- 
sequently the quadrilateral ABFP is a third part of the triangle 
ABC. Again, because AG, PE are parallel, the triangle AGP 
is equivalent to the triangle AGE ; add to each the triangle ACG, 
and there results the quadrilateral ACGP equivalent to the trian- 
gle ACE ; and this triangle is one third of ABC ; hence the 
quadrilateral ACGP is one third of the triangle ABC ; conse- 
quently, the spaces ABFP, ACPG, FPG are each equal to a 
third part of the triangle ABC. 

PROPOSITION XXV. PROBLEM. 

To divide a triangle into any square number of equal triangles 
similar to each other and to the original triangh. 

Let it be required to divide the triangle ABC into sixteen equal 
triangles similar to it. 

Divide one side AB 
into four equal parts, and 
from the points of divi- 
sion draw DG, EH, FI 
parallel to BC, and DM, 
EL, FK parallel to AC. 
Through the intersections 
of these parallels draw 
GK, HL, IM, and the 
triangle ABC will be di- 
vided as required. 

For the triangles whose 
bases are AD, DE, EF, 
FB, have their sides pa- 
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rallel to those of the triangle ABC, and are therefwe similar to it ; 
and as the bases of these triangles are equal, the triangles them- 
selves are equal, and have equal altitudes, so that a single straight 
line GK passes through the vertices of all, and is parallel to AB. 
The rhomboid DK is divided into equal rhomboids by the parallels 
from E and F, and these again are divided into equal triangles by 
their diagonals. In a similar maimer the rhomboid AM is divided 
into equal triangles, as also tlie rhomboids DL, EK, BI, and FC, 
and each of these rhomboids contain one or more of the triangles 
contained in DE ; hence the triangles are all equal, and they are 
similar to ABC. 



PROPOSITION XXVI. PROBLEM. 

To divide a quadrilateral into two parts by a straight line drawn 
from C, the vertex of one of its angles^ so that the parts may he 
to each other as a Une M to another line N, 



Draw CE perpendicular to 
AB, and construct a rectangle 
equivalent to the given qua« 
dnlateral, of which one side 
may be CE ; let the other 
side be EF ; and divide EF 
in G, so that M : N : : GF : 
EG ; take BP equal to twice 
EG, and join PC, then .the 
quadrilateral will be divided as required. 

For by construction the triangle CPB is equivalent to the rect- 
angle CE'EG ; therefore the rectangle CE'GF is to the triangle 
CPB as GF is to EG. Now CEGF is equivalent to the qua- 
drilateral DP, and GF is to EG as M is to N, therefore 

DP:CPB::M:N; 
that is, the quadrilateral is divided as required. 



PROPOSITION XXVII. PROBLEM. 

To divide a quadrilateral AC into two parts by a line paralUl to 
AB one of its sides^ so that these parts may be to each other as 
the line M is to the line JV*. 




Digitized by CjOOQ IC 



164 



ELEMENTS OF OBOMBTRT. 




Produce AD, BC till they 
meet in £ ; draw the perpen- 
dicular £F and bisect it in G. 
Upon the side GF construct 
a rectangle equivalent to the 
triangle EDO, and let HB 
be equal to the other side of 
this rectangle. Divide AH in 
K,sothatAK:KH::M:N, 
and as AB is to KB, so make 
DA' to EIo" ; draw ah parallel to AB, and it will divide the qua- 
drilateral into the required parts. 

For since the triangles EAB, £a6 are similar, we have the 
proportion EAB : Ea6 : : E A': Ed^ ; but by constructicm, EA' : 
Eo* : : AB : KB, so that EAB : Eoft : : AB : KB : : AB GF : 
KB-GF ; and consequently, since by construction EAB=AB- 
€F, it follows that E«i=KB-GF, and therefore AK-GF=A5; 
and since by construction AH*GF=AC, it follows that KH*GF 
=aC. Now AK-GF : KH-GF : : AK : KH ; but by construe- 
tion, AK : KH : : M : N ; consequently, 

A6:aC::M:N; 
that is, the quadrilateral is divided as required. 

If the sides AD, BC are paraUel, 
then make AE^BC, bisect ED in 
F, and divide AF in a, so that Aa : 
aF : : M : N, then the parallel ah 
will divide tiie quadrilateral as re- 
quired. 

For draw FG parallel to ah meet- 
inff the production of BC, then since 
FD=CG, the triangles DFH, GCH 
are equal ; so that the quadrilateral 
aC is equivalent to the rhomboid aG, 
and by construction M : N : : Aa : 
aF : : A5 : aG ; consequently, 
M : N : : Aft : aC. 




PROPOSITION XXVIII. PROBLEM. 

To divide a quadnUUeral into two parts hy a line dravm from Py a 
point in one of its sides^ so that the parts may he to each other as 
a line M is to a line N. 
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Draw PD, upon which 
construct a rectangle equi- 
valent to the given quadri- 
lateral, and let DK be the 
other side of this rectangle ; 
divide DK in L, so that DL 
:LK::M:N; make DF 
=2DL, and FG equal to 
the perpendicular Aa ; draw 
Gp parallel to DP, join the 
points P, p, and the quadri- 
lateral wiU be divided as re- 
quired. 

For draw the perpendicular pb ; then, by construction, PD*DK 
=AC, and PD DF=PD Aa-j-PDp6> that is, PD-DF is equiva- 
lent to twice the sum of the triangles APD, pPD ; consequently 
since DL is half DF, PDDL= AP^D ; and Aerefore PD*LK= 
PBCp ; but PD DL : PD LK : : DL : LK : : M : N ; CfHisequent- 

AP^D:PBCp::M:N; 
hence the quadrilateral is divided as required. 




PROPOSITION XXIX. 



PROBLEM. 



To dhide a quadrilateral ABCD by a line perpendicular to one of 
the tides AB^ so that the two parts may be to each other as a lin6 
Mis to a line JV. 

Construct on D£, perpendi- 
cular to AB, a rectangle DE* 
£F, equivalent to the quadri- 
lateral AC, and divide FE in 
G, so that FG : GE : : M : N. 
B^ct AE in H, and (Prop. 
XXVI.) divide the quadrila- 
teral EC into two parts by a 
line PQ, parallel to the side 

DE, so imt those parts may be to each other as FG is to GH, 
then PQ will also divide Ae quadrilateral AC as required. 

For by construction DEEF=AC, andDEEH=DAE ; hence 
DEHF=EC, and consequently, since the quadrilateral EC is 
divided in the same proportion as the base FH of its ^uivalent 
rectangle, it follows that QC=DEFG, and EP=DE-GH, also 
AP=DE*GE; consequently, 

QC: AP::FG: GE::M:N; . 
that is, the quadrilateral is divided as required. 




J 
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PROPOSITION XXX. PROBLEM. 

To dmde a quadrilateral ABCD into three equivalent parts by lines 
drawn from C, the vertex of one of its angles. 

Draw the diagonal 4^, and the perpoidicular C£, which bisect 
in F ; constract upon F£ a rectangle equivalent to the triangle 
DAC, and let AG be equal to the o^er side of this rectangle. 

T^en the remaining 
construction of this prob- 
lem will vary accordingly 
as AB exceeds twice AG, 
is less than half AG, or is 
between these two. Let 
us first suppose that AB> q~ 
2AG. 

Take AP equal to a third part of AB-2AG ; bisect PB in P"; 
then dmw the lines CP, CP^ and they will divide the quadrilateral 
into three equivalent parts. 

For PB=AB— AP, and since APrr^AB— f AG, by construc- 
tion, it foUows that PB=AB— (^AB- |AG)=fAB+|AG, that 
is to say, PB=lGB, and therefore PBFE= JGBFE, that is, the 
triangle CPB is two thurds of the quadrilateral AC; but the tri- 
angles CPP% CP^B having equal bases, PP^ FB, are each half 
die triangle CPB, and consequently one third of the quadrilateral : 
hence the spaces DAPC, CPP, CP^ are equivalent. 

Scholium. 

In this case of the problem the lines o£ division must necessa- 
rily fall within the triangle CAB ; for AB being greater than 2AG 
AB'FE > 2AG-FE, that is, the triai^e CAB exceeds twice the 
triangle DAC, and is therefore greater than two thirds of the 
quadrilateral. In the third case <A the problem (provided AG is 
not equal to ^AB, nor to 2AB) this triangle wiU be less than two 
thirds of the quadrilateral, but greater than one third ; cmisequent- 
ly one line of division only will fall within the triangle CAB, and 
the other within the triangle DAC ; in this case, &erefore, after 
having determined the line CF, by making AP'=^ (2AB— AG), 
it will only be necessary to divide the remaining quadrilateral 
AP'CD, by Proposition XXVI., into two equal parts, by a line 
from the point C. In the second case d[ this Problem, diat is to 
say, when AB is less than half AG, the triangle CAB will be less 
than one third of the proposed quadrilateral, and coosequentihr both 
lines of division will fall within the other triangle DAC ; and 
therefore this case is virtually the same as the first ; the perpendi- 
cular from C being to the side AD instead of AB. When we 
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happen to have AG=^AB, or AGU=2AB» then the diagonal CA 
will be one line of division. 

A mere inspection of the figure will always enable us to deter- 
mine upon which side the perpendicular is to fall ; for as one tri- 
angle will be always at least double the other in surface, the great- 
est will be at once recognized. 



PROPOSITION XXXI. PROBLEM. 

To divide a quadrUateral AC into three equivalent porta by lines 
drawn from a given point P in one of its sides. 

The construction bf this 
problem will be modified ac- 
cordingly as the trianffle 
CPB, cut off by the line PB 
is less or greater than one 
third of the quadrilateral AC, 
Miiich will be discovered by 
constructing upon a common 
base, rectangles equivalent to 
the triangle CPB, and to the quadrilateral ADPB :— If the altitude 
of the former be less than, half the altitude bf the latter, the tri- 
angle CPB will obviously be less than one third of the quadrilate- 
ral AC ; and if it be greater, then the same triangle will exceed 
one third of the quadrilateral. Suppose then CPB < |AC. 
Draw PE perpendicular to AB, and upon FE, the half of PE, 
construct a rectangle equivalent to ADPB; and let the other side 
of this rectangle be equal to GB ; construct also on FE a rectan- 
gle equivalent to the triangle CPB, and let BH be the other side of 
this rectangle. 

Take BK=iGB— |BH; join PK, then PK vnW be one of the 
lines of division. 

For the triangle PKB is equal to the rectangle KBFE, and the 
triangle CPB=sBHFE by construction, therefore, PKBCP= 
(KB-f BH)FE ; but by construction, KB=4GB— f BH ; there- 
fore KB+BH=:4GB+tBH=iGH; hence PKBCP=iGHFE 
=iABCD. 

If CPB > ^AC, then, instead of the perpendicular PE to AB, 
draw PE^ perpendicular to BC or its production, and upon F'E', 
the half thereof, construct a rectangle equivalent to ADPB, and 
let G'B be equal to its base. Take BK'=f BC— -^BG', and join 
PK'', then PK will be one of the lines of divisicm. 

For K^C=BC— BK', and by cwistruction BK'=:| BC— IBG' 
therefore K'C=BC—(fBC—jBGO=iBC-fJBG^ so that the 
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triangle PK'C=iBCFE' +iB6-F'E', which by constructicm is 
equivalent to one third of the whole quadrilateral ABCD. 

The other line of division will be readily found by Prop. 
XXVI. 

Scholium, 

If GB=^BH, or BC=:|BG', then the value of BK or BK' is 
0, which must necessarily be the case, since the line PB must then 
cut off a third part from the quadrilateral AC. This case of the 
problem will be intimated by the preliminary construction employ- 
ed as above directed, to ascertain whether the part cot ofiT by this 
line be greater or less than a third of the quadrilateral. It may be 
necessarv to remark that the common base upoa which the rectan- 
gles equivalent to these two parts are constituted, may as well be 
one of the perpendiculars P£ or PE^; for should the one chosen 
happen to be that which is to be drawn in the construction of the 
problem, it is plain that this construction will thus be forwarded. 

PROPOSITION XXXII. PROBLEM. 

To divide the irregular pentagon ABCDE into three equivalent 
Bwrfaces by Unea drawn from E, the vertex of one of the angles. 

The construction of this problem, like that of the preceding, will 
vary accordingly as the diagonal EC cuts off a portion EDC, less 
or greater than the third part of the whole polygon, which may be 
ascertained by performing the same preliminary operation as was 
directed in the preceding problem. Suppose that the triangle EDC 
\a less than a third of the polyson, in which case both lines of di- 
vision must necessarily fall to me left of the diagonal EC. 

Draw EF perpendi- 
cular to BC, and bisect 
itinG. Upon GF con- 
struct a rectangle GF* 
HC equivalent to the 
quadrilateral AC ; con- 
struct also imon GF a 

rectangle GF-CK equi- ^ 

valent to the triangle H "^ i ^p c K 

EDC. Take CP=|HC— |CK, and draw EP, which will cut off 
a portion PD equivalent to a third part of the polygcm. 

For the triangle ECP is equivalent to the rectangle GF-PC, 
and by construction the quadrilateral AC is equivalent to GF* 
HC; hence the quadrilateral AP is equivalent to GF(HC- 
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PC), but PC=|HC— f CK ; consequently HC -PC=iHC4-4 
CK=iHK : therefore AP=:AGF-HK=i ABODE. 

Having found one line of division, the other EP , may be found, 
by Proposition XXVI. 

Jf one of the lines of division EP fall to the right of EC, then 
the perpendicular from E must be drawn to CD, and the remain- 
ing construction will suggest itself from what has been done above 
and in the preceding prd)lem. 

Scholium. 
It appears to be unnecessajry to extend these problems upon the 
division of polygons to any greater length ; a sufficient number 
has been given on this subject to afford the student an. oppor- 
tunity of applying the principles established in the preceding books 
to an interesting and useful class of problems. We shall merely 
add the three following by way of further exercise, and shall ter- 
minate this part of our subject with two curious problems relative 
to the division of the circle. 

1. To divide a pentagon by a line drawn from the vertex of one 
gf its angles, so that the parts may be to each other as a line M 
is to a line N. 

2. To divide a pentagon into three equivalent surfaces by lines 
drawn from a given point in one of its sides. 

3. To divide a pentagon into three equivalent surfaces by lines 
drawn from two given points in one of its sides. 

PROPOSITION XXXIII. PROBLEM. 

To divide a circle into any number of equal parts by means of con- 
centric circles. 

Let it be proposed to divide the circle in the margin, whose cen- 
tre is C, and diameter AB, into a certain number of equal parts, 
three for instance, by means of circles concentric with it. 

Divide the radius AC into three equal parts, AE, ED, DC ; 
draw the perpendiculars EF, DG, meeting the semi-circumference 
described upon AC, in the points F, G ; draw CF, CG, and with 
these lines as radii ^om the centre 
C, describe circles : these circles 
will divide the proposed circle into 
the required number of equal 
parts. 

For draw AF, AG ; then the 
angle AGC being in a semi- 
circle is a right angle ; hence the 
triangles GAC, GDC are similar, 
and consequently are to each other 
as he squares of their homologous 
sides, that is, * 
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« 

GAC:GDC::CA«:CG«; 
butGAC:GDC::GA : CD ; 
hence CA«: CG« : : CA : CD; 
consequently, since circles are to each other as the squares of their 
radii, it foltows that the circle whose radius is C A, is to ^lat whose 
radius is CG, as C A is to CD, that is to say, the latter is one 
third of the former. ' 

In like manner, by reasoning on the right angled trkuigles 
FAC, FEC, it may be proved that the circle whose radius is CF 
is two thirds that whose reulius is CA. Consequenly the smaller 
circle and the two surrounding annular spaces are all equal. 

PROPOSITION XXXIV. PROBLEM. 

To divide a circle into any number of parts^ which shall he all equal 
both in surface and houndary. 

Let it be required to divide the circle whose diameter is AB 
into five parts, which shall be equal both in surface and boundary. 

Divide the diameter into five 
equal parts, in the points C, D, 
E, F, and upon AC, AD, AE, 
AF describe semicircles. De- 
scribe semicircles also upon BC, 
BD, BE, BF, but on the op- 
posite side of the diameter AB : 
then the circle will be divided 
into the proposed niunber of cur- 
vilinear spaces equal to each 
other both in surface and boun- 
dary. 

For the diameter AB is to the diameter AD, as the circumfer- 
ence on AB is to the circumference on AD, or as the semicircum- 
ference on AB is to the semi-circumference on AD ; also AB is to 
BD as the semi-circumference on AB is to that on BD. Conse- 
quently AB is to AD and BD tc^ether, as the semi-oircumferencc 
APB is to the boundaiy AIDKB : therefore these two lines are 
equal. In a similar manner it may be shown that each of the 
odier boundaries is also equal to the semi-circumference APB. 

Again the circle on AB is to the circles on AE, AF, as the 
square of AB is to the squares of AE, AF respectively. Con- 
sequently, 

circ. AB . circ. AF— arc. AE : : AB' :,AF - AE^ 
Now (Prop. VII. B. n.) AF«-AE'=(AE+AF)-EF: Let m 
be the middle of EF, then AE-f AF=2Aiw. Hence, 

circ. AB : i drc, AF-^ circ. AE : : AB« : Alw-EF; « 
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that is to say, the circle on AB is to the space included between 
the semicircles on AE and AF, as the square of AB is to the 
rectangle Am'EF. In ex;actly the same way it is proved that the 
circle on AB is to the space between the semicircles on BE and 
BF, as the square of AB is to the rectangle of Bm'EF. It fol- 
lows therefore (Prop. XVI. B. V.), that the circle on AB is to the 
whole space ALEMBOFN, as the square of AB to the sum of the 
rectangles AmEF, BwEF, that is, to the rectangle AB'EF, 
and this rectangle is one fifth of A& ; consequently the space 
ALEMBOFN is one fifth of the circle, and the same may, in like 
manner, be shown of the other spaces.* 

* Beicause the • circumfisrences of circles are as their diameters, we have 

APB : AID : : AB : AD 

APB : DRF : : AB : DF 

APB : FOB : : AB : FB. 
whence APB : AID+DRF+FOB : ; AB : AD+DF+FB ; but AB=AD-f- 
DF+PB, therefore APB=AID+DRF+FOB, that is. the semicircles de- 
scribed on AD, DF, FB, parts of the diameter, are equal to the semicircle 
APB on the whole diameter AB.— Ed. 
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THE FIRST EIGHT BOOKS OP THE ELEMENTS. 



BOOK I. 



On ike Definitions. 

Various definitions have been proposed by different writers to. 
distinguish the strai^t line, but diey may all be shown to be lia- 
ble to some objection ; a circumstance not in the least remarkable, 
for what is meant by a straight line is so generally understood, 
that it does not seem possible to convey, by any definition, a better 
notion of it than the mere mention of its name suggests. EucUd 
says, '^ A straight line is that which lies evenly between its ex- 
treme points ;"* a definition which is both unsatisfactory and use- 
less. Others, following Archimedes^ define it as *' the shortest dis- 
tance fix)m one point to another ;" but this appears to be assuming 
too much in a definition, as it immediately leads to the inference, 
that any two sides of a triangle are together longer than the third 
side ; a proposition which doubtless requires demonstration. 

The definition which I have given of straight lines, is, I think, 
as little liable to objection as can be expected. It has, at least, one 
advantage : it dispenses with Euclid's tenth axiom, viz. " Two 
straight lines cannot enclose a space ;" a property essential to the 
demonstration of Proposition V. of this book. Professor Play- 

* This definition, however, as translated by Mr. Playfair, appears less 
faulty, viz. ** A straight line is that which lies equally between its extreme 
points," and in this manner the translation is rendered in the French edition 
of Mr. Peyrard. 
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fair has defined a straight line as follows : " If two lines are such 
that they cannot coincide in any two points without coinciding al-' 
together, each of them is called a straight line." 

This definition is not the hest that can be given, for it contains 
more than is requisite. A definition which involves conditions not 
absolutely necessary is fiiulty, as these superfluous conditions may 
be dispensed with, without leaving the thing defined less distinctly 
characterized. On this account, Euclid's definition of a square, 
as having ** all its sides equal, and all its angles right angles," has 
been very prc^rly objected to, as containing superfluous con- 
ditions : his definition of an isosceles triangle has, on the other 
hand, been with equal propriety objected to as being too rasthcted, 
since by defiping it as '* that which has only two sides equal," ^ 
the equilateral triangle is excluded. The meaning of Mr. Play- ' 
fair's definition is, that if two lines which coincide in any two 
points are always found to coincide throughout their whole extent, 
each is a straight line. Now it is only necessary that the lines 
coincide between their coinciding points ; for that they will then 
coincide in every other part may be rigorously demonstrated, as in 
Prop. v. of these elements. This definition, therefore, is sus- 
ceptible of restriction. The definition whidi is given in the text is 
not liable to this objection ; it sufficiently characterizes a straight 
line, and involves notlungbut what must otherwise be assumed as 
an axiom, viz., that two straight lines cannot include space. Mr. 
Playfair's definition involves in it, in addition to this, the theorem 
that '* two straight lines cannot have a common segment ;" and it 
is remarkable that that acute geometer should not have perceived 
that this very circumstance, which in his notes he seems to attri- 
bute to the merits of his definition, was in reality a consequence 
of its defect. I have been thus particular in examining Professor 
Playfair's definition, because I apprehend that it lias hSierto been 
considered as perfectly unobjectionable, and as possessing the same 
degree of merit that usually attached to the productions of that 
distinguished individual. 

The definition which Euclid has given of an angle is very 
vague, and can convey but an indistinct notion of angular mag- 
nitude : he calb it " the inclination of two straight lines to one 
another, which meet together, but are not in the satne straight 
line." To imderstand this definition, it is necessary previously to 
know what is meant by " the inclination of two strai^t lines ;'' 
an expression which has not, however been defined. A modern 
author of celebrity has endeavoured to give an idea of an angle, by 
referring to the revolution of a straight line; " A right angle is the 
fourth part of an entire circuit or revolution of a straight line :" 
but what an angle has to do with the revolution of a straight line 
is not easy to conceive ; it is certainly not in the smallest degree 
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essential to its existence, for if there were no such thing as a cirde,- 
we could quite as readily admit the existence cf an angle. The 
reference of angles to the arcs of a circle is merely an artificial 
contrivance, adopted for the more convenient measurem^t and 
comparison of this class of magnitudes, solely with a view to prac- 
tical facility : but is in no way connected with the nature of an 
angle, and is therefore improperly brought forward in its definition. 
A more usual definition is, " an angle is the opening of two straight 
lines which meet in a point." By substituting the word between 
for of^ I think this definition becomes more explicit. 

A perpendicular is generally defined as making equal adjacent 
angles with the line on which it ^lls : a definition which appears 
to require amendment, as it excludes the peipendicular at the ex- 
tremity of a line. It has therefore been thought prefer to make 
the necessary addition. 

The definitions of a rhombus, a rectangle, and a square, appear 
to be rather simpler than those usually given : they involve no 
more conditions than are absolutely necessary, and those con- 
ditions are such as may plainly subsist in the same figure : it being 
only requisite to admit that one line may be parallel to another, a 
fact fuUy established in Proposition XII., befbre either of these de- 
finitions are referred to. 

It may be proper here to remark, that in the application of 
terms, I have, in some instances, ventured to depart from ordinary 
usage. Thus in the comparison of lines, instead of adopting the 
customary distinction of greater and less, I have preferred the de- 
signation of longer and shorter. As a Une is understood to be 
merely length, the terms greater and less appear to be more com- 
prehensive than necessary, and seem to imply other dimensions. 
For this reason, therefore, they have been changed for terms of 
more restricted import. I have also confined the term segment to 
the portion of a circle cut off by its chord, although it has been 
hitherto applied equally to a portion of a straight Hne. But this 
extension of the term appears to be quite unnecessary ; for as a 
line has but one dimension, the expressions part of a line, or por- 
tion of a line, can convey no ambiguity, and, therefore, on the 
groimd of simplicity, appear to be preferable to the term segment. 
With similar views to precision I have uniformly adopted the term 
magnitude instead of the less definite expression quantity. The 
distinction which Legendre has drawn between equivalent figures 
and equal figures, I have preserved in this treatise, as also that 
which subsists between an angle and the vertex of an angle, a dis- 
tinction not always made ; for as he observes, the word angle is 
often employed in ordinary language to designate the point situated 
at the vertex. These changes and distinctions, trifling as they 



Digitized by VjOOQ IC 



176 KOTBS. 

may appear, are not unimportant, for by giving precision to the 
terms employed, we avoid at least one cause of cftwjcurity 

On the Theory of Parallel Lines, 

The theory of parallel lines is a subject that has considerably 
perplexed geometers smce the time of Euclid. The difficulty con- 
sists in showing that if a straight line intersect two parallels it will 
make the alternate angles equal, a truth which has never yet been 
established in a manner perfectly unobjectionable and conclusive. 
Some have attributed this failure to the definition usually given of 
parallels, and have sought to overcome the difficulty by employing 
a different definition ; still however the same or a similar obstacle 
has presented itself, and in almost every attempt which has been 
hitherto made to demonstrate the simplest properties of parallels in 
a purely geometrical manner, there has been found, upon scrutiny, 
to lurk some unwarrantable principle tantamount to an assumption 
of that which it is proposed to demonstrate. Euclid has been 
charged with having evaded the difficulty, but this seems to be 
hardly a feir statement of the course which he has adopted. He 
had no doubt used every effort to overcome it by the aid of previ- 
ously established principles, but not meeting with success, he found 
it necessary to assume an additional principle for this express pur- 
pose. This principle constitutes his twelfth axiom ; as however it 
is very far from being self-evident, it is entirely misplaced, nor. is 
the principle itself the simplest that could have been chosen. 
That which forms Proposition XIII. in these elements, is doubtless 
more simple than Euclid's twelfth axiom. This proposition which 
I have distinguished as a Lemma, forms the ninth axiom in Mr. 
Thomas Simpson^s ingenious Elements of Geometry; I have 
placed it imqiediately before the proposition to which it is sub- 
sidiary, and have endeavoured to establish its truth by a simple 
reference to one of the most obvious characteristics of a straight 
line.* The demonstration of the proposition which immediately 
precedes this Lemma, is taken, with some httle alteration, from the 
Principes MathematiqueSj par M. Da Cunha. This demon- 
stration is superior to every other that has been given of tlie 
same proposition. In Euclid, and in most modem authors, this 
propositi(Mi depends upon a subsidiary theorem, which is of no 
other use whatever (Prop. XVI. Euc). It is therefore somewhat 
remarkable, that late writers on geometry have not availed them- 

* M. Le Comnumdeur de J^uport has given the following definition of a 
straight line, viz., la ligne droite est ceUe que parcourt un point A^ dirigeant con- 
stamment et invanablement sa route vera un memepoint B- 

Nouveaux Mem. de PAcad. de Bruxelles, torn. i. 
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selves of this decided iminroveinent^ instead oi following the more 
circuitous course, which in this instance £uchd has puraued ; and 
more especially as it was so strenuously recommended to their 
notice by the late learned professor Flayfair, who considered it as 
a most important improvement in elementary geometry. I believe, 
however, that it has not, till now, found a place in any £nglish 
book. 

As the subject of parallel lines is one of so much interest and 
importance, it will not be uninstructive to the student to point out 
to him some of the fallacies which have insinuated themselves into 
V the reasonings of one or two mathematicians of eminence in their 
writings on this subject, as it will manifest to him the great degree 
of caution necessary to be observed in these inquiries. The fol- 
lowing forms Proposition XXII. in the first book of LeaUe^s Ele* 
ments of Geometry, third edition. 

'^ If a straight line fall upon two parallel straight lines, it will make 
the alternate angles equal, the exterior angle equal to the interior 
opposite one, and the two interior angles on the same side together 
equal to two right angles. 

Let the straight line EFG fall upon the parallels AB and CD ; 
the alternate angles A6F and DFG are equal, the exterior angle 
£FC is equal to the interior angle EGA, and the interi(nr angles 
CFG and AGF, or FGB and GFD are together equal to two 
right angles. 

For conceive a straight line produced both ways from F, to turn 
about that pc»nt in the same plane ; it will first cut the extended 
line AB above G, and towards A, and wiM, in its progress, after- 
wards meet this line on the other side below G, and towards B. In 
the position IFH, the angle EFH is the exterior angle of the tri- 
angle FHG, and therefore greater than 
FGH or EGA. But in the last position 
LFK, the exterior angle EFL is equal to 
its vertical angle GFK in the triangle 
FKG, and to which the angle FGA is ex- 
tericMT ; consequently FGA is greater than 
EFL, or the angle EFL is less than FGA 
or EGA. When the incident line EFG 
therefore meets AB above the point G, it 
makes an angle EFH greater than EGA, 
and when it meets AB below that point, it 
makes an angle EFL, which is leas than 
the same angle. But in passing through 
all the degrees from greater to less, a vary- b d 
ing magnitude must evidently encounter the single intermediate 
limit of equality. Wherefore there is a certain position CD, in 
which the line revolvmg about the point F, makes tlie exterior an- 

23 




Digitized by CjOOQ IC 



179 NOTCS. 

gle EFC equal to &e interior EGA, and at the same instant of 
time meets AB neither towards the one part nor the other, or is 
parallel to it. 

And now, since EPC is proved to be equal to EGA, and is also 
equal to the vertical angle GFD, the alternate angles FGA and 
GFD are equal. Again, because GFD and FGA are equal, add 
the angle FGB to each, and the two angles GFD and FGB are 
equal to FGA and FGB, but the angles FGA and FGB on the 
same side of AB are equal to two nght angles, and consequently 
the intericM" angles GFD and FGB are likewise equal to two right 
angles." 

The above demonstration is unfortunately an entire failure ; its 
^Uacj was first pmnted out in the Edinburg Revieic, in a critique 
on the second edition of Mr. Leslie's work ; as however the de- 
monstration remains unaltered in the third edition, it must be infer- 
red that the learned author continues satisfied with the accuracy of 
the reasoning which he has employed. A little examination how- 
ever, appears sufficient to discover that Professor Leslie has in reali- 
ty been demonstrating, not the proposition enunciated, but the con- 
verse of it, viz. If a straight line fall on two others and make the 
alternate angles equal, the two lines will be parallel.* For he 
shows diat there is a certain position CD in which the revolving 
line makes the exterior angle EF€ equal to the interior EGA, and 
that then it must be parallel to AB ; but it is not shown that these 
lines can never be parallel but in this particular position, which is 
the only thing difficult to prove, and which indeed it was the object 
of the {NToposition to demonstrate. 

Another attempt to establish this theory has been more recently 

* Hence it appears, that in the above reasoning (which is abundantly 
subtile), Mr. Leslie has accomplished nothing more than what was long ago 
done b]^ Euclid in Prop. XX Vll. 6. 1, in a much more simple manner, al- 
though indirectly. Legendre charges Leslie in this demonstration, with con- 
cealing in it the famous postulate or 12th axiom of Euclid, which has occasion- 
ed much dispute among geometers, and which certainly Tconires to be de- 
monstrated ; and yet we hnd the following singular note on tnis proposition 
at the end of Leslie's work. " The subject of parallel Unes has exercised the 
ingenuity of modem geometers ; for Euclid had only sought to evade the diffi- 
cuSy, by styling the fundamental proposition, an axiom." The latter part of 
the note is also curious, " the investi^tion now civen, seems best adapted to 
the natural progress of discovery. It is almost rimculous to scruple about the 
idea of motion which I have employed for the sake of clearness." It seems 
strange, if this method of reasomng appeared so satisfactory that one would 
be exposed to ridicule for venturing to question its legitimacy, that Mr> Les- 
lie could not hit on a more rigid method of demonstration. Playfair by em- 
ploying the idea of motion, has established the theory of parallels in a satis- 
:actory manner. But even allowing this, the idea of a line turning round, 
as a lever on its centre of motion, seems rather odd in an elementary work on 
eeometrjr, and does not seem to be satisfactory notwithstanding what Leslie 
has si^id in favour of it. — Ed. 
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made by the writer of the article ** Gteoraetry," in the Mlncydop(Bdia 
Metropolitana^ a work of high value. The writer sets out witli 
an entirely new definition of parallels, viz., '* Parallel lines are 
those in which any point being taken in the one, and any point 
being taken in the other, the perpendicular distance of these points 
from the other line shall be equal to each other.'' By means of 
this definition t))e usual theorems are readily deduced. But these 
theorems are by no means sufficient to complete the theory of pa- 
rallels according to the above new definition.* It is further necessary 
to prove, that straight lines which are not parallel must necessarily 

* To establish the whole theory of parallel lines in a complete and satis- 
fiictory manner requires an acquaintance with the proportionality of the sides 
of similar triangles ; from what our author has advanced in relation to the 
subject, and from a careful examination of other works on elementary geome- 
try, I am fully persuaded of this. All the attempts that have been made by 
authors on this important part of elementary geometrjr are founded on assumed 
postulates, lemmas, &c. and long indirect demonstrations depending on thes^ 
or else on considerations involving ideas of motion ; such methods may indeed 
be free from false reasoning, but owing to the indirectness and prolixity of the 
demonstrations the mind does not receive that satisfaction which is derived 
from the direct method of procedure, and in some works, the inferences are 
^together inconclusive ana unwarrantable. 

Legendre in his geometry, B. 1. has treated of the subject with more ability 
and in a more satisfactory manner than any author that I am acquainted 
with; still he owns that the demonstration (art. 58) "has not the same 
character of rigorousness with the other demonstrations of elementary geo- 
metry" {Brevo8teT*a translation). In fact the properties of similar triangles 
may be easily seen to be tacitly implied in the demonstration ; this he luis , 
remedied by mechanical considerations, and which he was unable to efiect 
rigidly without the aid of proportion. 

On these considerations it is, that I have wondered to see, in every work on 
Geometry, the method pursued by Euclid, who does not treat of proportion 
until the fifth book ; now this book has no connexion whatever with the pre- 
ceding books, and might have been made the first book, or rather an introduc-. 
tion to the subject, for all that I can see ; hence the doctrine of parallels is 
made to depend on an assumed axiom, which certainly requires to be de- 
monstrated. Dr. Simson in his notes has endeavoured to remedy this defect, 
at the same time ^ing his views on the subject, but which are so circuitous 
and depend on ideas so foreign to geometry, as to render them altogether 
unacceptable. The method adopted by Professor Playfair, in his notes, is on 
the whole the most simple and satisfactory, more so than that of our Author, 
although it involves the idea of motion. Another author in his edition of 
Euclid seriously maintains that the axiom assumed by Euclid is ** perfectly 
clear, requiring no demonstration, and those who have demonstrated it have 
been only trifling ;" but why on this principle he chose to retain the 17ih, 18th, 
19th, 20th, 21st, props, and many others of Book I. is not easy to say. 

Such are the vanous disputes and contradictions we see arising from a 
strict adherence to Euclid. How much more simple might the subject be 
rendered by adopting the above definition of parallels, first given, I think by 
D'Alembert? then the propositions relating to parallels, are easily deduced, and 
b^ the aid of proportion the properties of similar trianglesaieestablished; it 
will then remain to show that lines which are not parallel will meet, and by 
the propeities of similar triangles, this is easily effected, as in Legendre Let 
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meet : a proposition which is not established in the treatise referred 
to, nor can it indeed be established without the aid of some such 
assumption as preceding writers have been compelled to make, in 
order to get through the difficulties of this subject. Whatever de- 
finition & given of parallel lines, it is absolutely indispensable to 
establish tins distinction between those which are parallel, and 
those which are not, viz., that the former can never meet when 
produced, but that the latter necessarily must ; a distinction impli- 
ed in Euclid's definition of parallels, and without which it would be 
quite impossible to show that any two lines whatever, however 
they may be drawn in reference to a third, can be produced till 
they meet. Hence the construction of Problem VIII. in the arti- 
cle alluded to, viz., '^ Given two angles and any side of a triangle, 
to construct the triangle," is not substantiated, for two lines are 
assumed to meet, when, for aught that has been shown to the 
contrary, they may be incapable of meeting. I am aware that to 
Proposition aXIY. Book II. of the aforesaid treatise, where it is 
denionstrated that Tke three angles of a triangle taken together are 
equal to two right angles^ there is subjoined the following cordlary, 
VIZ., *' It follows from this, that if two lines are cut by a third line, 
so as to make the two interior angles on the same side less than 
two right angles, these lines produced will meet, and form a trian- 
gle :" from a slight examination, however, it will appear that this 
coKXiary does not follow. 

A veiy novel mode of considering this subject has been propos- 
ed by M. Bertrand of Geneva, which has attracted much notice 
on tiie continent : M, Devely has introduced it among the Propo- 
sitions of his EUmens de Giometrie^ and Lacroix has given it in a 
note at page 23 of his Elimens^ and has pronounced it to be more 
simple and ingenious than any with which he is acquainted ;* 
although I cannot help regarding it as a m^e contrivance, in- 
genious indeed, but involving considerations that ought not to be 
admitted into elements of geometry. The reasoning of M. Ber- 
trand to show that two lines which make with a third two interior 



KD (6gui8 p. 185) be perpendicular to AB, and suppose thatEAB is an acute 
" " ' parallel j then EA and BD shall meet if p- 



angle or that E A and BD are not parallel ; then E A and BD shall meet if pr^ 
duced sufficiently. Take any pomt F in AE, let fall the perpendicular FQ 
which will fall in the direction AB as may be easily shown. 

Ti^e another point L in the line AE, so that AL may be double AF, and 
draw LM perpendicular to AB ; then by similar triangles, AF : AL : : AG : 
AM, but AL=2AF, therefore AM=2 AG ; hence it follows not only that AP 
and BD will meet when produced, but that the distance on AE of the point of 
concourse may be assigned, it being a fourth proportional to AG, AB and 
AP.— Ed. 

* "£Ue m'a paru le plus simple et la plus ingenieuse de toutes celles quo 
je conaais."^Lacroir, EUmitu de GionUtrie, p. 23. 
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angles, whose sum is less than two right angles, may be produced 
till they meet, is in substance as fdbws :^- 

Let the straight lilies CA, DB make, with AB, interior angles 
at A and B, whose sum is less than two right angles, then AC, 
BD may be produced till they meet. 

Let the an^ EAB 'make, with the angle DBA, two right an- 
^es, then AC must lie within the sides of the angle EAB. Take 
the angle E'A'B' equal to EAB, and E'A'C" equal to EAC. 

Then it is plain, that whatever be the magnitude of the angle 
E'A^C^, a multiple of it may betaken so great as to exceed the an- 
gle E^A'B^ ; in other words, the angle E^A^C^ may be repeated 
about the vertex A'' till it fills up the angle E'A^B'' ; and, conse- 
quently, the unlimited space comprised between the lines A^E*', 
A^C^ will, by such repetition, entirely fill up the unlimited space 
comprised between the lines A^'E'', A^'B^, however far the lines 
comprising these spaces be produced ; therefore the space EAC 
will, by repetition, fill up the space EAB. 

Let us now consider the unlimited space, or band EABD, 
which we may repeat as often as we please up(Mi the production 
of the base AB ; for if BF be taken equal to AB, and the angle 
BFG be made equal to ABD, it is obvious that the band EABD 
will, upon application, entirely coincide with the band DBFG, for 
the angles at their bases are equal each to each, and the bases 
themselves are equal. We may thus, therefore, multiply these 
bands to any extent by producing AB indefinitely, and yet we 
shall never be able entirely to fill up the unlimited space comprised 
between the lines AE, AB. But it has been shown that the space 
comprised between AE, AC, by being repeated a limited number 
of times, will entirely fill up the same space, viz., that comprised 
between AE, AB. It follows, therefore, that the space com- 
prised between AE, AC must exceed the space EABD, and, 
therefore, cannot possibly be wholly included in that space, which 
must, however, be the case if AC were not to meet BD ; AC, 
therefore must necessarily meet BD. 
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Such is the contrivance which M. Bertrand adopts to demon- 
strate the truth of £uclid's twelfth axiom. His reasoning has, in- 
deed, the semhlance of geometrical accuracy, but the considera- 
tion of unlimited or infinite spaces, which that reasoning involves^ 
is not among those comprehended by elementary geometry, which 
treats only of figure or bounded space ; and, therefore, the vaUdity 
of this conclusions derived from such considerations may justly be 
disputed. 

The same author has given a neat and a much more satisfoctory 
demonstration of the converse of this proposition ; and although I 
think it is inferior to that of M. Da Cunha^ it nevertheless deserves 
notice. 

Let the lines CD, £F make, with the line A6, angles CAB, 
EBA, which are together equal to two right angles ; CD, EF are 
parallel. 

Since the angles CAB, DAB are also equal to two right cmgles 
it follows that the angle DAB is equal to the angle EBA. 

For similar reasons the angle FBA 
is equal to the angle CAB. Let 
DABF be appUed to EBAC, so that 
the angle DAB may coincide with the 
equal angle EBA, and the angle FBA 
with the equal angle CAB. Then, 
since the position of AB remains un- 
altered, it is obvious that the lines AD, 
BF will coincide respectively with BE, 

AC. Hence, if BE, AC could meet, 

AD, BF would also meet, so that the 
lines CD, EF would have two points in 
common, which is impossible. In the same way it would evi- 
dently result that if AD, BF could meet, BE, AC would also 
meet ; consequently the lines CD, EF are parallel 

Having now exhibited to the student some of the latest at- 
tempts to establish the theory of parallel lines upon geometrical 
principles, and having endeavoured to point out wherein these at- 
tempts fail ; I shall now proceed to give an explanation of the 
method which the celebrated Legendre has employed to accom- 
plish the same object, and in which he appears to have entirely 
succeeded, not indeed in a manner strictly geometrical, but by the 
aid of principles as simple, and as admissible as ttie axioms of 
geonjetry. In extracting from Legendre I shall avail myself of 
the English translation of Dr. Brewster. 

Referring to Euclid's twelfth axiom, Legendre observes, " This 
postulate has never hitherto been demonstrated in a way 
strictly geometrical, and independent of all considerations about 
infinity ; a circumstance attributable, doubtless, to the imperfection 
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of our common definition of a straight line, on which the whole of 
geometry hinges." But viewing the matter in a mcMre abstract 
Hght, we are furnished by analysis with a very simple method of 
rigorously proving both this and the other fundamentsd propositions 
of geometry. We here propose to explain this method, with all 
requisite minuteness, beginning with the theorem concerning the 
sum of the three angles of a triangle. 

By superposition it can be shown immediately, and without any 
preliminary propositions, that tujo triangles are equal when they 
have two angles and an interjacent side in each equal. Let us call 
this side p, the two adjacent angles A and B, the third angle C. 
This third angle C, therefore, is entirely determined, when the 
angles A and B, with the side pare known ; for if several different 
angles C might correspond to the three given magnitudes A, B, 
Pj there would be several different triangles, each having two 
angles, and the inteijacent side equal, which is impossible ; hence 
the angle C must be a determinate function of the three quantities 
A, B, p, which I shall express thus, C=^ : (A, B, /)).. 

Let the right angle be equal to unity, then the angles A, B, C 
will be numbers included between and 2 ; or taking two right 
angles for unity, which indeed seems preferable, since this is the 
natural limit of angular magnitude, all angles will be included be- 
tween and 1 ; and since C=(p : (A, B, ;>), I assert, that the line 
p cannot enter into the function 9. For we have already seen 
that C must be entirely determined by the given quantities A, B, 
p alone, without emy other line or angle whatever. But the linep 
is heterogeneous with the numbers A, B, G : and if there existed 
any equation between A, Bj C, /?, the value of p might be found 
from it in terms of A, B, C : whence it would follow that p is 
equal to a number which is absurd ; hence, » carmot enter into the 
function (p, and we have simply C—9 : (A, B). 

This formula already proves that if two angles of one triangle 
are equal to two angles of another, the third angle of the former 
must also be equal to the third angle of the latter : and this 
granted, it is easy to arrive at the theorem we have in view. 

First, let ABC be a triangle, right angled 
at A ; from the point A draw AD perpen- 
dicular to the hypoth^iuse^ The angles 
B and D of the trkngle ABD are equal to 
the angles B and A of the triangle BAG : 
hence, from what has been just proved, the 
third angle BAD is equal to the third C. 
For a like reason the angle DAG=B ; 
hence BAD+DAG, or BAC=B-f G, but the angle BAG is 
right : h^ce the two acute angles of a right angled triangle are to- 
gether equal to a right angle. 
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Now let BAG be any triangle, and 
BC a side of it not less than either 
of the other sides ; if from the op- 
posite angle A the perpendicular 
AD is let fall oa BC, this perpen- 
dicular will fall within the triangle 
ABC, and divide it into two right 
angled triangles BAD, DAC. But, in the right angled triangle 
BAD, the two angles BAD, ABD are together equal to a right 
angle ; in the right angled triangle DAC, the two DAC, ACD 
are also equal to a right angle: hence, all four taken together, or 
which amounts to the same thing, all the three, BAC, ABC, ACB, 
are together equal to two right angles ; hence, in every triangle^ 
the sum of its three angles is equal to two right angles" 

This theorem is sufficient to remove the difficulty in the theory 
of parallels, as will be afterwards shown. But let us proceed 
with Legendre's reasoning. 

*^ It thus appears that the theorem in question does not depend, 
when considered a priori^ upon any series of propositions, but may 
be deduced immediately from the principle of homograieity : a prin- 
ciple which must display itself in all relations between all quan- 
tities (^ whatever sort Let us continue the investigation, and 
show that from the same source the other fundamental theorems 
of geometry may likewise be derived. 

Retaining the same denominations as before, let us farther call 
the side opposite the angle A by the name of m, and the side op- 
posite B by that of n. The quantity m must be entirely deter- 
mined by the quantities A, B, />, alone ; hence m is a function oi 

A, B, Pj and — is one also ; so that we may put — = 4/ : (A, 

P , P 

B, p). But — is a number as well as A and B ; hence the 
function 4/ cannot contain the line />, and we shall have simply 

— = 4/ : (A, B), or m=p^ : (A, B). Hence, also, in like man- 
P 
ner, »=/i 4^ : (B, A). 

Now, let another triangle be formed with the same angles A, 
B, C, and with sides m'', n^p^ respectively opposite to them. Since 
A and B are not changed, we shall still| in this new triangle, have 
m^=p^^ : (A, B), and n^=^p'-^ : (A, B). Hence m:m' .1 n:n^ : :p 
: p\ Hence, in equiangular triangles^ the sides opposite the equal 
angles are proportional 

From this general proposition Legendre is enabled to demon- 
strate Euclid's twelfth axiom, viz. ; If a straight line meet two 
straight lines so as to make the two interior angles on the same side 
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of it, taken together, less than two right angles, these istraight lines 
heing continusdlj produced shall at length meet upon that side on 
which are the angles which are less than two right angles. 

Let the straight line AB meet the ' ^^^ 

two straight lines AE, BD, making the 
interior angles EAB, DBA, together, 
less than two right angles. It is ohvious 
that at least one of these angles must 
be acute, the other may be either right, 
obtuse, or acutei Let EAB be an a- 
cute angle, and suppose, first, that the 
angle DBA is either right or obtuse. 
T^e any point F in AE, and draw 
FG, making the angle FGB equal to 

the ai^le DBK. The point G cannot fall on A, for the angle 
FAB is less than the angle DBK. Nor can it fall on H in the 
production of BA ; for, since the two tmgles, EAB, DBA are, to- 
gether, less than two right angfes, FAH, DBK must be, together, 
gi'eater than two right angles ; so that if G fell on H, the angles of 
die triangle FHA would be, together, greater than two right an- 
gles, which is impossible ; hence G must fall as the figure repre- 
sents in the direction AB. 

Let, now, AL be taken double of AF, and let LM be drawn ; 
making the same angle with AB as FG does. Then, since the 
triangles FAG, LAM have the angles FGA, LMA equal while 
the angle FAG is common to both, they are equiangular ; hence 
we have the proportion AF : AL : : AG : AM : AM, therefore, 
is double of AG. In a similar manner, if AL had been taken 
equal to any other multiple of AG, AM would have been an equi- 
multiple of AG ; and since some multiple of AG may exceed AB, 
that is, since the point M may fall beyond B in the production of 
AB, AE produced inust intersect the production of BD, for LM 
must .be always parallel to DB (Prop. XII. Cor. 1. B. I.) ; and 
consequently, when M is. beyond B, ML must lie throughout be- 
yond BD, and, therefore, AL must intersect BD. 

If AE, BD' both make acute angles with AB, then it is obvious 
since, as just proved, Afi may be produced till it meet a perj)en- 
dicular to AB from B, it must necessarily intersect the intermediate 
Ime BD^ 

Thus, then, by the aid of a few simple principles derived from 
the consideration of functions, Euclid's famous postulate becomes 
susceptible of complete demonstration. Legendre remarks, ** the 
proposition concerning the square of the h3rpothenuse, we already 
know is a consequence of that concerning equiangular triangles. 
Here, then, are three fundamental propositions of geometry — ^that 
concerning the three angles of a triangle, that concerning equian- 

2'i 
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gular triangles, and, that concerning the square of the hypotheniiae 
which may be veiy simply and directly deduced from the conside- 
ration of functions." 

The above theory of M. Legendre has met with much opposi- 
tion in this country. It has been said that if the functional equa- 
tion 0=9: (A, B,jj) lead to the conclusion that the angle C 
is simply a function of the other two angles A, B, because ** the 
line p is of a nature heterogeneous to the angles A and B, and, 
therefore, cannot be compounded with these quantities ;* ** there 
would be the same reason to infer from the equation c=(p : (a, 6, 
C), in which a, 6 are the sides, and C the included angle of a tri- 
angle, whose base is c ; that " c is simply a function of a and b^ 
or it is the necessary result merely erf the other two sides. In 
other words, as the third angle of a triangle depends on the other 
two angles, so the base of a triangle must have its magnitude de- 
termined by the lengths of the two incumbent sides. Such is the 
extreme absurdity to which this sort of reasoning would lead."t 

But, in order to overcome whatever doubt the student may enter- 
tain of the validity of the reasoning here impugned, I shall ven- 
ture to offer a few illustrative remarks with a view of placing* the 
subject in a clearer light. 

And, first, it may be observed that angles and lines are magni- 
tudes in their nature totally distinct, and imsusceptible, therefore; 
of comparison. The magnitude of an angle is entirely independ- 
ent of the length of its including lines, as these are independent 
of their included angle. An angle, moreover, differs, as magnitude 
from a line in another respect, viz., it is naturaUy expressible nu- 
merically, that is, to say, independently of any assumed standard 
as the measuring unit. With respect to lines, on the contrary, we 
are necessarily constrained to adopt some arbitrary length as a 
standard of measurement, such as an inch, a foot, a yaiJd, &c. ; 
there being no definite and invariable standaid natmrally suggest- 
ed from the consideration of a straight Une, for strictly speaking, 
there is no such thing as a whole or complete straight line, or one 
incapable of further increase or extension ; were this, indeed, the 
case, the adoption of an arbitrary unit of measure would be quite 
useless and absurd, since straight lines in general would be natu- 
rally expressed by numbers denotuig them as parts of this whole, 
or as expressing their ratios thereto ; but the straight line has no 
limit. The limit of an angle on the other hand is two right an- 
gles^ this is its maximum of value, so that every angle is a ^fi- 



* This quotation needs correction : it is not sufficient that p be heteroge- 
neous to the two magnitudes A, B, but it must be likewise heterogeneous to 
the third magnitude 0. 

t Ltslie^s Geometry f third edition, page 294. 
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iiite part of this finite whole * Two right angles, therefore, being 
1, every angle is expressed by an abstract number lying between 
the limits of and 1. 

Although straight hnes cannot for a moment be conceived to ad-' 
mit of such numerical representation in the absence, be it remem- 
bered, of a conventional standard of reference'; yet when any two 
or more straight lines are concerned in any inquiry, an abstract 
number may be the result of their combination ; for the ratio| of 
any two homogeneous quantities whatever must be an abstract 
number, whether the ^quantities themselves are determinable nu- 
merically or not. 

It appears, then, that in our calculations with angles and straight 
lines, if we previously lay down the principle that aU artificial aids 
are to be rejected^ and the magnitudes in question to be considered a^ 
iliey naturally present themselves to our examination ; angles must 
be regarded as ratios or abstract numbers, and Unes simply as such 
having no natural standard of comparison. 

If, in the equation 0=^ : (A, B, c), c did not disappear, an ab- 
solute length, c, might be determined by numbers wi&out the unit 
of length being known ; which is absurd. J But independently of 
this consideration, it is, I think, quite obvious' from the preceding 
remarks, that whatever be the operation indicated by 9 upon the 
numbers A, B, and the line c, the result must necessarily be a line ; 
and, therefore, if c did not disappear, the equation C=:(p : (A, B, 
c) would be impossible, although at the commencement of the rea- 
soning it was admitted to exist. 

In the equation c=(p : (a, 6, C), howevei*, we have obviously no 
right to expunge either a, 6, or C ; for there is no absurdity in al- 
lowing a straight Une c to result from the combination of two other 
straight Hnes with a number. 

Hence it would be wrong to conclude that the base of a triangle 
is simply a function of the other two sides, although we cannot 

* Wc may add, however, that if we chose to ascend to a more elevated ana- 
lytical principle, it were easy to show that between angles and one straight 
line there cannot exist any relation from which the latter as a function of the 
former can be determined. These quantities, considered as niagntftuie des- 
tined to enter into our calculations, are not homogeneous when referred to 
the wholes, of which they respectively form a part. The angle is a portion 
of a finite whole, the straight line a portion of an infinite whole ; so that 
every angle is a finite quantity whilst every given straight line is a quantity ia/i- 
niiely smaU, and only the ratios of given straight lines can enter into our calcido' 
tims with given angles. — Defence of Legendre's Theory by M. Le Barmi Math 
rice; Legendre's Geometry by Brewster j p. 235. 

t Ratio is defined at page 206. 

I '*Oar si c ne disparoit pas, il faudraqu'une longueur absolue, c, soit deter- 
min^e par des nomhres sans que I'unitd de longueur soit connue ; ce qui est 
une absurdity." — M. Legendre^s Letter to Mr. Leslie, 
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avoid inferring that any angle of a triangle is simply a function of 
the other two angles * 

This rejection of artiiicial assistance adds much to the elegance 
of M. Legendre's method, and renders its alliance with pure geo- 
metry, which is altogether independent of this sort of aid, the more 
striking and remarkable. 

Having thus explained the analjrtical method of Legendre, I 
shall now proceed to lay before the student a very ingenious and 
satisfectory tmin of argument, by which the same conclusions are 
established upon strictly geometrical principles. It is the produc- 
tion of a very distinguished mathematician ;*!> and although it must 
be confessed that it is not sufficiently simple to be introduced into 
the first book of the elements ; it, nevertheless, clearly shows that 
the difficulty is not of such a nature as to be beyond the power of 
elementary geometry to remove. 

PROPOSITION 1. 

To conahiict a triangle that shall have the mm of its angles equal 
to the sum oj the angles of a given triangle, and one of its an- 
gles equal /o, or less than^ half any proposed angle of the given 
triangle. 

Let ABC be the given tri- 
angle, and ABC one of its an- 
gles; bisect the side AC, op- 
posite to ABC, in E ; join BE, 
and, having produced it, cut off 
EF equal to BE ; join CF ; 
the sum of the angles of the 
triangle BFC will be equal to 
the sum of the angles of the 
triangle ABC ; and one of the 
angles FBC, or BFC, will be equal to, or less than, half the an- 
gle ABC. 

The two triangles AEB, CEF are equal : for the two sides AE, 
EB, and the included angle in the one, are respectively equal to 
the two sides CE, EF, and the included angle in the other. 
Wherefore the angle BAE being equal to ECF, the whole angle 
BCF is equal to £e two angles BAE and BCE ; and the angle 

* In addition to the above remarks, the student may consult the paper of 
M. Le Baron Maurice, which forms part of Note II., in Dr. Brewster's 
translation of Legendre's Elements of Geometry. See also Philosophical 
Magazine, vols. 63 and 65. 

t James Ivory, Esq. M. A., P. R. S., A:c. 
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ABE being equal to £FC, the whole angle ABC is equal to the 
two angles CB£ and £FC. Consequently the three angles BCF, 
CBE, and £FC are equal to the three angles BAC, ACB, and 
ABC. Again, if BC be equal to CF, the angles £BC and EFC 
will be equal to one another, and to half of ABC ; but, if BC and 
CF be unequal, the angles £BC and EFC will likewise be un- 
equal , and therefore, one of them will be less than half of ABC. 

PROPOSITION II. 

The three angles of a triangle cannot be greater than two right 

angles. 

If it be possible, let the 
three angles of the triangle 
ABC be greater than two 
rightangles, and let the ex- 
cess above two right angles 
be equal to the angle x. Con- 
struct the triangle BCF, 
having the sum of its angles 
equal to the sum of the an- 
gles of the triangle ABC, 
and one angle FBC equal to, 
or less than, half the angle 
ABC; in like manner con- 
struct another triangle F'B'C^ 
having the sum of its angles 
equal to the sum of the an- 
gles of the trianffle FBC, and 
one angle F'B'C' equal to, or 

less than, half the angle FBC ; and continue the like construc- 
tions as fiir as necessary. Because the angle FBC is equal to, or 
less than, half the angle ABC ; and the angle F^B'C equal to 
or less than, half the BXigle FBC, and so on ; by continuing the 
series of triangles far enough, we shall at length arrive at one, 
viz., F'B'C^ having an angle F'BC less than the given angle a:*. 
And because the tlSee angles of every triangle in the series make 
the same sum the three angles B' CT^ B^F'C^ F'B'C^ will be, 
together equal to the sum of two right angles, and the angle x ; 
wherefore the angles B'C'F, and B'F'C^ are greater than two 
right angles, which is absurd (Euc. Prop. XVII. B. I.). There- 
fore the three angles of a triangle cannot be greater than two 
right angles. 

* For, by continually bisecting any proposed magnitude, a magnitude will 
at length be found less than any given magnitude. 
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PROPOSITION III, 

The three angles of any triangle are equal to two right angles. 

If what is affirmed be not true, let the three angles of the tri- 
angle ACB be less than two right angles, and let &e defect from 
two right angles be equal to the eingle x. Let P stand for a right 
angle, and find a multiple of the angle a;, viz., fwXa?, such that 
4P--wXa?« or the excess of four right angles above the multiple 
angle shall be less than the sum of the two angles ACB and 
ABC of the proposed triangle. 

Produce the side CB, and 
cut off BE, EF, FG, &c. each 
equal to BC, so that the whole 
CG shall contain CBm times ; 
and construct the triangles 
BHE, EKF, FLG, &c., 
having their sides equal to the 
sides of the triangle ACB, 
and, consequently, their angles 
equal to the angles of the same 
triangle. In C A produced take 
any point M, and draw HM, 
KM, LM, &c. ; AH, HK, KL, &c. 

All the angles of all the triangles into which the quadrilateral 
figure CGLM is divided, constitute the four angles of that figure, 
together with the angles round each of the pmnts H, K, &c., and 
the angles directed into the interior of the figure, at the points A, 
B, E, F, &c. But all the angles round the points H, K, &c., of 
which points the number is m — 2, are equal to (m— 2)X4P, or to 
4mP— 8P ; and all the angles at the points A, B, E, F, &c., are 
equal to wiX2P. Wherefore the sum of all the angles of all the 
triangles into which the quadrilateral CGLM is divided, is equal 
to the four angles of that figure, together with ^mV—SY-\-2mV 

=:6wP— 8P. 

Again ; the three angles of the triangle ABC are, by hypothe- 
sis, equal to 2P — x ; and, as tlie number of the triangles CAB, 
BHE, EKF, FLG, is equal to tw, the sum of all the angles of all 
these triangles will be equal to 2mP — mX^?. Upon each of the 
lines AH, HK, KL, there stand two triangles, one above, and one 
below ; and, as the three angles of a triangle cannot exceed two 
right angles, it follows that all the angles of those triangles, the 
niunber of which is equal to 2w— 2, cannot exceed 4/wP—4P. 
Wherefore the sum of all the angles of all the triangles into which 
the quadrilateral CGLM is divided cannot exceed 4;7iP— 4P4- 
2wP— 7w X x= 6 wP— 8P-f 4P -m X A'. 
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It follows from what has now been proved, that the four angles of 
the quadrilateral CGLM, together with 6mP— 8P, cannot exceed 
6mP— 8P+4P— mXz. Therefore, by taking the same thing, 
viz., 6mP--8P, from the two unequal things, the four angles of 
the quadrilateral CGLM cannot exceed AF—mXx. But 4P— 
mXa: is less than the sum of the two angles ACB and LGF : 
wherefore a fortiori^ the four angles of the quadrilateral cannot ex- 
ceed the sum of the two angles ACB, LGF ; that is, a whole 
cannot exceed a part of it, which is absurd. Therefore the three 
angles of the triangle ABC cannot be less than two right angles. 

And because the three angles of a triangle can neither be great- 
er nor less than two right angles, they are equal to two right 
angles. • 

By help of this proposition, observes Mr. Ivory, the defect in 
Euclid's Theory of Parallel Lines may be removed. 

I shall, however, venture to suggest a trifling improvement, 
which the above reasoning appears to admit of, and thereby obvi- 
ate an objection that might be brought against it. 

It might be said, and with reason, that we have no right to as- 
sume that, in every case, a multiple of z may be taken, such that 
4P— ma; may be less than the sum of the two angles ACB and 
ABC ; . for these angles may be so small that their sum shall be 
much less than the angle a;, however small this be assumed ; and 
although 4P— mz must also be less 1;han x, it may nevertheless be 
comparatively much greater than the sum of the angles ACB, 
ABC ; in which case the above conclusion cannot be drawn. 

It appears, therefore, preferable to assume the multiple of x, 
such that mx may exceed 4P, which is unquestionably allowable : 
then the subsequent reasoning may remain the same till we come 
to the inference, that the four angles of the quadrilateral, together 
with 6mP— 8P, cannot exceed 6mP— 8P-H4P— ma;, which obvi- 
ously involves an absurdity, because 6mP-- 8P alone exceeds 6mP 
— 8P-(-4P--via; ; since this latter expression results from adding 
to the former a less magnitude, viz., 4P, and taking away a great- 
er ^ viz., mx, for by hypothesis 4P > mx. 

For the sake of the young student, it will not be superfluous now 
to show how the*theory of parallels may be rigorously established 
by the help of the theorem, that the three angles of any triangle 
amount to two right angles ; for this purpose the two propositions 
following are given in the notes to Playfair's Geometry. 

PROPOSITION I. 

TfjDO lines, which make with a third line the interior angles pn the 
same side of it less than two right angles, will meet on that side<, 
if produced far enottgh. 
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Let the straight hnes AB, CD, make with AC, the two angles 
BAG, DC A less than two right angles ; AB and CD will meet if 
produced toward B and D. q E. 

In AB take AF=:AC ; 
join CF; produce BA to 
H, and through C draw CE, 
making the angle ACE Ha" 
equal to the ai^le CAH. 

Because AC is equal to AF, the angles AFC, ACF, are also 
equal ; but the exterior angle HAC is equal to the two interior and 
opposite angles ACF, AFC, and therefore it is double of either of 
them, as of ACF. 

Now, ACE is equal to HAC by construction, therefore ACE 
is double of ACF, and is bisected by the line CF. 

In the same manner, if FG be taken equal to FC, and if CG be 
drawn, it may be shown that CG bisects the angle FCE, and so 
on continually. But if from a magnitude, as the angle ACE, there 
be taken its half, and firom the remainder FCE its half FCG, 
and from the remainder GCE its half, Ac, a remainder will at 
length be found less than the given angle DCE. Let GCE be 
the angle whose half ECK is less than DCE, then a straight line 
CK is found, which falls between CD and CE, but nevertheless 
meets the line AB in K ; therefore CD, if produced, must meet 
AB in a point between G and K, therefore, &>c. 

PROPOSITION n. (29. I. Euclid.) 

If a itrttigfU line fall on two parallel atraighl lines^ it makes the aUer- 
naie angUs o]^ to one another ; the ejpterior equal to the interior 
and opposite on the same side ; and Ukewise the two interior an^ 
gles on the same side equal to two right angles. 

Let the straight line GH meet the parallel straight lines CD, EF ; 
the alternate angles CAB, ABF are equal ; the exterior angle 
GAD is equal to the interior and opposite c e 

angle ABF, and the two interior angles / / 

DAB, ABF are equal to two right angles. 

For if ABF be not equal to CAB, let 
it be greater ; then adding ABE to both, 

the angles ABF, ABE are greater than*^ ^ ^ 

the angles CAB, ABE. But ABF, ABE 
are equal to two right angles ; therefore 
CAB, ABE are less than two right an- 
gles, and therefore the lines CD, EF 
will meet, by the last Proposition, if pro- t> 
duced toward C, and E. 
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But they do not meet, for they are parallel by hjrpothesis, and 
therefore the angles CAB, ABF are not unequal ; tiiat is, they are 
equal to one another. 

Now, the angle CAB is equal to GAD, because these are ver- 
tical ; and it has been also shown to be equal to ABF, therefore 
GAD and ABF are equal. Lastly, to each of the equal angles 
GAD, ABF add the angle BAD, then the two GAD, BAD ard 
equal to the two ABF, BAD. But GAD, BAD are equal to two 
right angles, therefore BAD, ABF are also equal to two right an- 
gles, therefore, &c. 



On the superposition of figures. 

Throughout the whole of this first book, I have endeavoured to 
avoid as much as possible that method of proof, by which the 
equality of figures is inferred from the principle of superposition, or 
the laying of one figure upon another, a mode of proceeding too 
often resorted to by modem geometers. Mr. Thomas Simpson 
was particularly averse to this kind of evidence ; so much so that 
rather than place the fundamental proposition relating to the 
equality of triangles, where this method of proof appeared to be 
unavoidable, among his theorems, he preferred to consider it as an 
axiom, observing in a note that " what is here laid down as an 
axiom would more properly have been made a proposition, had it 
admitted of such a demonstration as is perfectly consistent with 
geometrical strictness and purity. But the lajnng of one figure 
upon another, whatever evidence it may afford, is a mechanical 
consideration, and depends on no postulate." The proposition 
here alluded to forms Proposition YIII. in these elements, and the 
equality of the triangles in question is there proved by conceiving 
a third triangle, equ^ to the one, to be constructed upon a side of 
the other ; although this is, perhaps, virtually the same as laying 
one triangle upon the other, yet, as it does not suppose the actual 
operation to be performed, it appears to be less liable to objection. 
But there are one or two other propositions in this first book relat- 
ing to the equality of triangles, where the principle of superposi- 
tion has been quite uimecessarily introduced by modem authors. 
For instance. Proposition XI. is demonstrated by Legendre as fol- 
lows : — 

Let the side BC be equal to the side £F, the' angle B to the an- 

fie E, and the'angle C to the angle F ; then will the triangle 
)£F be equal to the triangle ABC. 

25 
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For, to bring about the super- ^ ^^ 

podtHXi, let EF be placed on its /v /s^ 

equal BC ; the point E will fall / N. / \^ 

on B, Bxid the pdnt F on C. b^^^ -^Cjb^ -^p 

And, since the angle E is equal 

to the angle B, the side ED will take the direction B A ; therefore 
the point D will be found somewhere in the line BA. In like 
manner, since tiie angle F is equal to ^e angle C, the line FD 
will take the direction C A, and the point D will be found some- 
where in the line €A. Hence the point D occurring at the same 
time in the two straight .lines BA and CA must fall on their inter- 
section A ; hence the two triangles ABC, DEF coincide with each 
other, and are perfectly equal. 

Tlds demonstration is not shorter than that given in these ele- 
ments, which is similar to Eudid's, where the truth of the theorem 
b in no way dependent upon superposition ; and although the evi- 
dence may not be stronger in the one case than in the other, yet it is 
doubtless improper to brin^ forward even an apparently objection- 
able principle, when the circumstances of the case do not require 
its aid. In some instances, however, the demonstration may be 
shortened by adverting to superpositicn ; although, I think, ^t in 
general what is gained in this way, is lost in point of elegance ; for 
this reason the demonstration of ProposificHi XXYI. of this book 
has been prefened to the following shorter demonstration, in which 
superposition is employed. 

In the triangles ABC, DEF, let the side AB be equal to DE, 
BC to EF, and the angles BAC, EDF, opposite to BC, EF, be 
^Iso equal ; the triangles themselves are eqiuJ, if the other angles 
BCA, and EFD opposite to BC, EF be of the same character, or 
at once right, or acute, or obtuse. 

For the triangle ABC 
being applied to DEF. 
theangleBACwill adapt 
itself to EDF, since they 
are equal ; and the point B must coincide with E, because 
the side AB is equal to DE. But the oth^ equal sides BC and 
EF, now stretching from the same point E towards DF, must 
likewise coincide ; for if the angle at C or F be right, there can 
exist no more than one perpendicular EF ; and, in like manner, 
if this angle at F be either obtuse or acute, the line EF which forms 
it, can, for the same reason, have only one correspondingposition. 
— ^Whence, in each of these three cases, the triangle ABC admits 
of a perfect adaptation with DEF.* 

* LeMUi?$ OeomHry, Propontion XXLBook L 
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On Proposition XXIU. 

The demonstration of this Proposition is rendered much more 
ample and ccmcise than the demonstrations usuaUy given. Iliat 
of Eudid, indeed, appears as simple, but as Mr. Thomas Simpson 
has justly observed in the notes to his geometry, this demonstra- 
tion is defective ; for Euclid has not shown that the extremity H, 
of the line AH, must necessarily 
fall below the line BC, but has im- 
properly assumed this to be the 
case. To supply tiiis defect Eu- 
ctid's demonstration would require 
considerable modification. Legen- 
dre divides the proposition into three cases, and demonstrates each 
separately ; Professor Leslie distinguishes two cases. The de- 
monstration in these elements is comprehended in a single case, 
and is as concise as Euclid's without its defect 




BOOK n. 



On Propositions VIII and IX. 

The demonstrations in the text of these two Propositions are 
much simpler than those usually given ; this is more particularly 
the case with Proposition IX., which Euclid and succeeding au- 
thors demonstrate by ndeans of the property of the square of the hy- 
pothenuse. In the demonstration here given this property is dis- 
pensed with, and the reasoning is, moreover, shortened, as wHl ap* 
pear by comparing it with Proposition IX. of Euclid, at with Pro- 
position XVIII. of Leslie. 



On ProposUwn X, 

This celebrated property, the discovery of which is attributed 
to Pythagoras, may be demonstrated in various ways : Euclid's 
demonstration, which is very elegant, is as follows :— * 

* None of the demonstrationa to this theorem, given by Authors, are to be 
compared with that of Euclid; Euclid's ought therefore to have been inserted 
m the text — ^Ed. 
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Let ABC be a right angled triangle having the right angle BAG ; 
the sqilare descril]^ upon the side BC is equivalent to the squares 
described upon BA, AC. 

On BC describe the square BDEC, and on B A, AC, the squares 
GB, HC : and through A draw AL parallel to BD or CE ; join 
AD, FC ; then, because each of the angles BAC, BAG is a right 
angle, the two straight lines AC, AG upon the opposite sides of AB 
make with it, at the point A, the adjacent 
angles equal to two right angles ; therefore 
C A b in the same straight line with AG ; F^ 
for the same reason, AB and AH are in 
the same straight line ; and because the 
angle DBC is equal to the angle FBA, 
each of them being a right angle, add to 
each the angle ABC, and the whole angle 
DBA is eqiml to the whole FBC ; and 
because the two sides AB, BD are equal 
to the two FB, BC, each to each, and the 
angle DBA equal to the angle FBC ; 
therefore the base AD is equal to the base FC, and the triangle 
ABD to thetrian^e FBC. Now the parallelogram BL k double 
of the triangle A dD, because they are upon the same base BD, 
and between the same parallels bD, AL ; and the square GB is 
double of the triangle FBC, because these also are upon the same 
base FB, and between the same parallels FB, GC. But the 
doubles of equab are equal to one another : therefore Uie parallel- 
ogram BL is equal to the square GB. And, in the same manner, 
by joining AE, BK, it is demonstrated that the parallelogram CL 
is equal to the square HC. Therefore the whole square BDEC 
is equal to the two squares GB, HC ; and the square BDEC 
is described upon the straight line BC, and the squares GB, HC 
upon BA, AC. Wherefore the square upon the side BC is equal 
to the squares upon the sides BA, AC. 

The following method of demonstrating the same proposition 
also deserves notice for its simplicity : — 

Let BE be the squiure on thehypothenuse, 
and BG, CH the squares on the sides. Pro- 
duce DB to M, and throug:h A draw PLA 
parallel to DB, and meeting the prolon- 
gation of FG in K. 

Then, since the angles FBA, MBC are 
both right angles, if MBA be taken from 
each, there will remain the equal angles 
FBM, ABC : and, consequently, since the 
triangles FBM, ABC are both right angled, 
and have also the sides BF, B A equal their 
hypothenuses BM, BC are equal (Prop. XL ' 
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B. I.) ; hence BM is equal to BD, in other words the rhomboids 
BK, BP, of which the common altitude is BL, have equal bases ; 
these rhomboids, therefore, are equivalent.. But the rhomboid BK 
is equivalent to the square AF, for they have the same base B A, ' 
and the same altitude BF. It follows, therefore, that the rhom- 
boid BP is also equal to the square AF. In like manner, if IH 
be produced to meet the prolongation of PLA, it may be shown 
that the rectangle CP is equivalent to the square AI. Conse- 
quently the two rectangles BP, CP, that is, the square B£, is 
equivalent to both the squares AF, AI. 

Since the converse of the proposition is true, this property be- 
l(Higs exclusively to the right angled triangle. But the following 
kindred property pertains to every triangle, viz : — 

Tn any triangle ABC, if rhomboids BF, CE be constructed on 
the sides BA^ Cj^, and if ICF, DE meet when prolonged in i/, and 
CR parallel to HA be dravon^ then the rhomboids BF, CE will, to- 
gether, be equivalent to the rhomboid^ whose adjacent sides are, 
BCj CR» 

Draw BP parallel to CR, and join PR. 

Then both CRHA and 
BPH A are rhomboids ; con- 
sequently CR and BP are 
each equal to HA, and as 
they are also parallel, PBCR 
is a liiomboid. 

Now the rhomboids BK 
FA, BPHA are equal, as 
thevhave the same Imse BA, 
and are between the same 
parallels. For similar rea- 
sons the rhomboids CDEA, CRHA are equivalent: conse- 
quently the sum of the rhomboids BKFA, CDEA is equivalent 
to the space BPHRCA. Again, the triangles ABC, HPR are 
equiangular on account of the parallels, and as the bases BC, PR 
are equal,.these triangles must be equal ; hence, taking the portion 
AQS from each, there remains the quadrilateral BS equivalent 
to the space QPHRS A ; and, consequently, by including the tri- 
angles PBQ, RCS, the rhomboid PBCR is equivalent to the space 
BPHRCA, or to the two rhomboids BF, CE. 

If the line PR be situated above the vertex A of the triangle 
ABC, then instead of deducting a triangular space AQS, we shall 
have to add that included by the lines BP, PR, RC, and the sides 
CA, AB of the triangle. 

From the last corollary annexed to Proposition X. may be rea- 
dily deduced a convenient method of determinmg the area of a 
triangle, from having the numerical values of the three sides given. 
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Thus, in the triangle ABC, the expression ^:^=^ 

denotes the value of * 

^he greater portion ^ 

DC, into which the 
hase is divided bj the 
perpendicular AD ; 
and consequentlj this 
perpendicular become? 
at once determ inable from the proposition itself: it is equal to 
VAC — DC* ; having then the base and perpendicular of the tri- 
angle ABC, half their product gives the area. 

The first of the above expressions results from the two simple 
numerical properties, that the difference of the squares of two num- 
bers, divided by the sum of those numbers, gives their difference 
for die quotient ; and again, that half the sum d two numbers 
added to half their difference, gives the greater of the two numbers. 
Now by the corollary, AC— AB' is equivalent to DC*— DB* ; so 
that we have, in virtue of the first property just adverted to, 
AC*— ARt 

— —:^ — = DC— DB, and therefore fi^om the second property 
BC 

AC»— AB» 



2BC 



+ i BC=DC. 



Suppose, for example, that AB=10, AC=17, and BC=9, 
then l!!:^- ?.= i??=6=DB,andV(10»-6«)=V64= 

9X8 
8=AD ; therefore — = 36 the area of the triangle. 



On Proposition XIII . 

This property may be obtained in a different manner. Instead 
of deducing the property of the triangle which forms the first co- 
roliory from that of the rhomboid, the usual method is to infer 
the proper^ of the rhomboid from that of the triangle : thus 

In any triangle ABC, if a straight Une AE he drawn from the 
vertex to the middle of the base, we shall have 

AB«+AC=:2AE«+2BE« 

On BC let fall the perpendicular AD. 

The triangle AEC (Prop. XI.) gives 

AC«= AE«+EC— 2EC x ED. 

The triangle ABE (Prop. XII.) gives 

AB«= AE«+EB«+2EB X E O. 
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Hence, by adding the corresponding sides togeth^, and observ- 
ing that £B and £C are equal, we have 

AB«+AC»=2AE«+2EB«. 

Cor. Hence, in every parallelogram, the squares of the sides are^ 
together equal to the squares of the diagonals. 

For ^e diagonals AC, BD bisect 
each other ; consequently the triangle 
ABC gives / \P. 

AB»+BC«=2AP»+2BP. / ^^^^''^ 

The triangle ADC gives, in Uke ^^^— -^^^J3 

manner 

AD«+DC*=2AP+2DP». 
. Adding the conesponding members together, and observing 
that BP and DP are equal, we shall have 

AB«+AD^+DC»+BC«=r4AP+4DP». 

But 4AP» is the square of 2AP, or of AC; and 4DP* is the 
square of BD ; hence the squares of the sides are together equal 
to the squares of the diagonals. 

Upon comparing the two methods, that in the text appears to 
be somewhat simpler. 

This property of the rhomboid rasults also from a more general 
property of the quadrilateral first demonstrated by EuUr^ by help 
of the foregoing proposition concerning the triangle. 

In any quadrikUeral^ the squares of the sides are equivalent to the 
squares of the diagonals^ together tmthfour times the square of the 
line joining their middle points. 

Let ABCD be any quadrilateral, and M, N the middle pcnnts 
of the diagonals AC, BD ; the sum of the squares of the four 
sides of the quadrilateral will be equivalent to the squares of the 
diagonals, together with four times the square of the line MN. 

Draw BM, DM : then, from the triangles ABC, DAC, we 
have, by the proposition above, 

AB«+BO*=2AM«+2BM«; AD»+DC« 
=2AMP+2DM». 
Consequently, by addition, there results 

AB*+BC»+AD»+DC«=4A]MP+2BM' 
+2DM»=AC»+2BMP+2DM». 

But from the tj^iande MBD, there results 
BM«+DM^=2BN*4-2MN«; hence 2B»P 
+2DM*=BD«+4MN«. 

It therefore follows that 

AB«+BC»+AD«+DO»=AC«+BD»+4MN'. 

When the points M, N coincide, then the quadrilateral becomes 
a rhomboid, and since, in that case, M N is nothing, the result ex- 
hibits ^e proper^ before demonstrated* 

It may not be amiss here to make known another very general 
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and kindred property of the rhomboid, depending, like the preceding 
upon the foregoing property of the triangle : I am unable to say 
whether or not it has been before noticed, I have seen it only in the 
particular case of the rectangle. 

If from any point whatever^ lines be drawn to the four comers of 
a rhomboid, tioice the sum of their squares will be equivalent to the 
squares of the diagonals, together with eight times the square ofthz 
line drawn from the given point to the intersection of the diagonals. 

Let lines be drawn from the p(Mnt P to the comers of the rhom- 
boid ABCD, and to the intersection E of the diagonals. 

Then from the triangle PDB we have 

p 

PD*4-PB*=2DE"+2PB» ; 
and from the triangle PCA we have jy ^^ / \ ^c 

PC*+PA«=2AE»+2PE»; ^^ ^^ 

hence v^^"^^^ 




PD'-fPB*+PC«+PA*=2DE*+2AE» jd 

+4PE'; 
consequently 
2(PD«+PB«4-PC«+PA«)=DB*+ 

A(?-f8PE« A 

Cor. 1. If the rhomboid is a rectangle, then since DB=AC 
it follows that the squares of the lines drawn from P to the comers 
are equivalent to the square <^ a diagonal, together with four times 
the square of the line drawn from P to its middle point 

Cor. 2. Also, since in the rectangle, DE=A£, it follows, from 
the two first equations, that the squares of the lines drawn Crcaa 
P to two opposite comers, are equivalent to the squares of the 
lines drawn from the same point to the other two opposite comers. 

It may be remarked, that if the point P be supposed to be situa- 
ted at one of the comers of the rhomboid, we shall, as in the pre- 
ceding general property of the quadrilateral, arrive at the relation 
already established between the squares of the sides and the 
squares of the diagonals. 

From this proposition results also another curious property! — 
If from the middle of a rhomboid, ^ a centre, a circle be described 
with any radius^ the squares of lines drawn from any point in the 
circumference to the four comers of the rhomboid will always 
amount to the same sum. 

This may readily be converted into a Porism*, viz., 

* A porism^ <* a propoiition affinning the possibilitj of finding sqdi eon- 
ditions as will render a certain problem indeterminate, or cwable ^innumer- 
able solutions.** This definition of a Poiism is given by iWessor PlayfaiTi 
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Two points and ike centre of a circle, not in the same straight 
line as the points^ being given, two other points may be found, sttch^ 
that if from the given centre with any radius, a circle- oe described ; 
the squares of the lines drawn from the four points, to any point in 
the circumference, wHl amount to the same sum. 

I shall conclude this note by mentioning one more property, 
readily derivable from the theorem respecting the triangle. 

If two concentric circles be described, then from whatever point in 
the circurnference of the one, lines be drawn to the extremity of any 
diameter of the other, the sum of their squares will always oe the 



BOOK m. 
On Propositions XL XIL and XIIL 

In the scholium to the first of these propositions, the restriction 
in the enunciation was shown to be necessary. In Leslie's Geo- 
metry this restriction has been improperly omitted ; a similar 
omission has been made also in Corollaiy 1, of the first Propo- 
sition, in the sixth book of the same work, where it is inferred that 
'^ straight lines which cut diver^g lines proportionally are pa- 
rallel," although it is obvious that the^ straight lines may cross 
each other. Such inadvertencies in elements of geometry are of 
ccmsequence, however trifling they may appear to some, and cer- 
tainly stand in need of correction. 

In the twelfth and thirteenth propositions, and their corollaries, 
are comprehended some useful truths relative to the ccmtact and in- 
tersections of circles, up<xi which several of the problems in the 
fourth book depend. 

These two propositicHis and corollaries include the 11th, 12th, 
13th, and 14th propositions of Legendre's second book, and also 
the converse of those propositions. 



On Proposition XIV, XV. XVI. and XVII. 

The way in which. Euclid has enunciated and demcmstrated the 
first of these propositicms, has rendered it necessary that he should, 

in vol. 3. of the Transactions of the Royal Society of Edinburgh, in his pa- 
per " On the origin and investigation of Porisms ;" to which the student may 
refer for valuable and importiuit information upon a highly curious and inte- 
resting subject 

26 
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in the succeeding proposition demonstrate that *^ The angles in 
die same segment of a circle are equal to one another/' a propo- 
sitioQ which presented two cases requiring separate consideration. 
It was absolutely necessary that this truth should be established^ 
but it could not be inferred torn the preceding proposition, without 
ccxisidering re-etUrdnt angles, which Euclid has made no mention 
of throughout his Elements. The demonstration given in the text 
equally avoids the introduction of re-entrant angles, while it dis- 
penses with the proposition which Euclid found it necessary after- 
wards to demonstrate, as this immediately follows as an obvious 
inference from the proposition itself. 

The fifteenth proposition may appear, perhaps, rather less simple 
than the corresponding proposition in Euclid, as an additional line 
has been introduced into the diagram. But I deemed it preferable 
to establish this proposition before proposition XYII. instead of 
adopting Euclid^s course, and this preference has been given on 
the ground of simplicity ; for this seventeenth proposition, by aid 
of the foregoing property, becomes susceptible of a much easier 
demonstration than that which Euclid gives, as will appear from a 
comparison of EucUd's demonstration with that in these elements. 
With regard to the sixteenth pn^x^ition, it seems necessary mere- 
ly to remaric, that I have endeavoured to combine, in a single train 
df reasoning, all the various cases that the proposition presents, 
and I am in hopes that this reasoning will be found ccmdusive. 



BOOK IV. 



The propositions in this book are all problems, in which every 
practical operation that in the course of the preceding books was 
admitted to be possible, is actually performed. In Eudid's Ele- 
ments, the problems are interspersed among the theorems, in (NT- 
der that in every demonstration no operation may be supposed 
possible, that has not been previously effected,' with a view no ' 
doubt, as Mr. Playfieur observes, ** to guard against the introduc- 
tion of impossible hypotheses, or the ti&ng for granted that a thing 
may exist, which, in fact, implies a contradiction.'' There are 
some advantages, however, connected with a different arrange* 
ment ; for, by thus keeping the theorems and problems distinct, a 
continuity is preserved in the chain of reasoning, and the mind 
proceeds fix>m one truth to another without being interrupted by 
any thing of a mechanical nature : and, moreover, the problems 
themselves become, by this separation, susceptible of simpler and 
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easier constructions, because we are enabled to avail ourselves of 
a greater number of previously established principles. 

The restriction which Euclid has put upon hmiself, in this re- 
spect, appears to be unnecessary. The learned writer just quo- 
ted, remarks, that ^^ this rule is not essential to geometrical 
demonstration, where, for the purpose of discovering the proper- 
ties of figures, we are certainly at liberty to suppose any figure to 
be constructed, or any line drawn, the existence of which does not 
involve an impossibility." 

In the construction of problems, however, the case is widely 
different ; for we cannot admit any preliminary construction till it 
has been actually effected. £ very, geometr iced problem must re- 
main unsolved, whUe it involves in it the trisection of an angle* 
since this operation cannot be actually performed ; but if the sup- 
position of such trisection, in the course of any demonstration, 
were necessary to the establishment of a theorem, the conclusion 
would be as true and as satisfactory as if the above problem pre- 
sented no difliculty ; all this must be quite obvious, for the truths 
of geometry necessarily exist independently of any practical ope- 
rations, and may, therefore, be reached wi&out their aid. 

The twentieth problem in this book was taken from the Ladies' 
Diary, where it was proposed and solved by Mr. Dotchen : the 
construction here given is somewhat simpler than his. 



BOOK V. 

This book is occupied by the doctrine of proportion, a subject of 
the highest importance, not only in geometry, but in every part of 
the mathematics. The importance of the subject is not, however, 
greater than the difficulties that have hitherto attended it; difli- 
culties, the removal of which has resisted the attempts of geome- 
ters for a period of more than two thousand years — ^from the time 
of Euclid down to the present. Euclid establishes the doctrine of 
proportion in his fifth book, by reasonings of the most rigorous 
character, and in a manner so general suod comprehensive, that 
magnitudes of all kinds are included without any restrictions or 
arbitrary conditions whatever. These reasonings, however, are so 
exceedingly subUe, and it must be confessed, in some instances so 
obscure, arising from the metaphysical considerations which they 
involve, that many, having been unable fully to enter into the 
spirit of it, have mistrusted his conclusions, and have ventured 
rashly to question their legitimacy. These circumstances have 
naturally drawn the attention of succeeding geometers to the fonn- 
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ation of a treatise of proportion, of the sanie extent and univer- 
sality as that of Euclid, in which the intricacies of his method 
might be avoided. But all attempts to accomplish this object have 
either entirely foiled, or only very partially succeeded : so that at 
the present day, there exists no rigorous and universal treatise on 
geometrical proportion except the fifth book of Euclid^s Elements. 

Many and important have been the errors into which geometers 
have fallen in their deviations from Euclid, on the subject of pro- 
portion. This assertion will be supported by a reference to some 
of the most reputable productions of the present day, where Eu- 
clid's conclusions have been reached by a shorter path, but by un- 
warrantable steps in the reasoning, which have consequently ren- 
dered those conclusions, though true, illegitimate. 

Take, for instance, proposition XVI, of the fifth book of Bonny- 
castle's Geometry, viz. : — 

If four magnitudes be proportional, the sum of the first and 
second will be to the first or second, as the sum of the third and 
fourth is to the third or fourth. 

E E 

A -^ B A ! B 

F F 



Let AE be to EB as CF is to FD ; then will AB be to BE, 
or AE, as CD is to DF, or CF. 

For since AE is to EB as CF is to FD ; therefore, alternately, 
AE will be to CF as EB to FD. And, since the antecedent is to 
its consequent as all the antecedents are to all the consequents, 
AE will be to CF as AB is to CD. 

But ratios, which are the same to the same ratio, are the same 
to each other ; whence AB will be to CD as EB is to FD ; and, 
alternately, AB to EB as CD to DF. 

Again, since AE has been shown to be to CF a^ AB is to CD ; 
therefore, by alternation, AE will be to AB as CF is to CD. But 
quantities, which are directly proportional, are also proportional 
when taken inversely ; whence AB will be to AE as CD is to CF. 

Now this conclusion is not legitimate, for the above reasoning, 
if meant to be general, is altogether inadmissible ; as will appear 
obvious froip obsefving, that in every step except the last, the al- 
ternation of the proportionals is required, which alternation is not 
possible except when the magnitudes are all of the same kind ; 
this demonstration, therefore, applies only to a particular case of 
the proposed theorem. The next proposition in the same work, 
viz., proposition XVII. is, in like manner, conclusive only in the 
particular case when the magnitudes are all of the same kind. 
Mr. Bonnycastle, however, so far from being aware of this circum- 
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stance, attributes to these conclusions the same generality that be- 
longs to Euclid's ; nay, indeed, he asserts in his notes that they are 
even more genersdthan those of the Greek geometer ; for he says, 
*' It has been properly observed by Mr. Simpson that the manner 
in which the composition and division of ratios is treated of by 
Euclid is defective, as not being sufficiently general. It is also 
commonly found very abstruse and embarrassing to beginners on 
account of the complicated terms in which it is enunciated, and 
the number of cases to be separately demonstrated. For these 
reasons it was deemed necessary to give the propositions a more 
simple and general form, and to render the demonstrations of them 
as concise and perspicuous as possible." 

Having copied this note, it is incumbent on me to add, that 
Euclid's method (as restored by Dr. Simson) of treating the com- 
position and division of ratios, so far from being defective and not 
sufficiently general, is undoubtedly complete sind universal ; and 
in justice to Mr. Thomeis Simpson, as well as to Euclid, I 
must observe that the remark which Mr. Bonnycastle attributes to 
the former was in reality never made. It is remarkable that the 
two propositions just noticed should have been allowed to pass as 
genuine for so long a period (about 30 years), in a book of such 
popularity as Bonnycastle's Geometry; and that the foregoing 
unjust remarks upon the accurate reasonings of Euclid, with which 
the name of Mr. Simpson is so unwarrantably coupleil, should 
have hitherto escaped the censure which they deserve. 

As another example of this mconclusive reasoning, we may refer 
to Professor LesUe's manner of treating this subject in his Ele- 
ments of Geometry, where the propositions on proportion are de- 
monstrated to be true only when the magnitudes are both comAienr 
surabk and homogeneous ; that these demonstrations do not extend 
to incommensurable magnitudes, the learned professor seems well 
aware, but it does not appear that he is also aware of their being 
restricted to homogeneous magnitudes. That such is the case, 
however, may be readily shown : — Take, for example, proposition 
XV. of his fiftti book. 

If two analogies have the same, antecedents, another analogy 
may be formed having the consequents of the cme for its antece-. 
dents, and the consequents of the other f<v its consequents. 

Let A : B : : C : D, and A : E : : C : F; then B : E : : D : F. 

For alternating the first analogy, A : C : : B : D*, and alter- 
nating the second, A : C : : £ : F ; whence, by identity of ratios, 
B : D : : E : F. 

This reasoning is conclusive only in the particular case men- 

* According to Mr. Leslie's own definition of proportion, this proportion 
will be impossible, unless the terms of the proportion A : B : : C : D are 
homogeneous. 
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tkmed above, as it is liable to the same objections that have al- 
ready been shown to belong to Bonnycastle's reasoning, l^ 
modem French writers on proportion all treat the subject in the 
same objectionable manner ; their reasonings being applicable only 
to magnitudes, which are at once commensurable and homoge- 
neous, or to mere numbers which are necessarily thus restricted. 
L^ndre, however, must be excepted from this remark, for in his 
geometry, he has not treated on the doctrine of proportion at all ! 
but has referred {(x information on this subject to sources which 
cannot possibly supply it, viz. : '* to the common treatises on arith- 
metic and algebra," which, as every one knows, relate to cmly 
number. Dr, Brewster has observed, in the introduction to his 
translation (^ Legendre, that ^ the author has provided for die ap- 
plication of proportion to incommensurable quantities, and demon- 
strated every case of this kind as it occurred, by means of the 
reduelio ad absurdum." Tl^ assertion, however, I must venture 
to disput^: How, for instance, is the truth of the coroUaiy to propo- 
sition XXYIII. df his third book shown when the lines concerned 
are incommensurable? or the corollary to the next proposition in 
like circumstances 1 It will be found upon examination that in 
these, and in many other cases, the inferences hold good only 
when the magnitudes are commensurable. Legendre's geometry 
is, therefore, in this respect very defective ; and it is to & regret- 
teid that t)iis able geometer did not apply his powerful talents to a 
subject of so much difficulty and importance. 

In the treatise on proportion which I have given, I have endea- 
voured to treat the subject in the same rigorous and comprehensive 
maimer as Euclid, and that without employing the reducHo a4 
absurdum so often even as £uclid himself employs it in his fifth 
book. Propositions IX., X., and XVIII. of EucM are demon- 
strated by means of this principle* ; in these elements only two 
? repositions involve this principle, viz., propositions III. and IV. 
have too, I hope, succeeded in some measure in my attempts to 
strip the subject of much of its difficulty : as I have been enabled 
to reach Euclid's conclusions without the aid of his subsidiary pro- 
positions relative to ratios and their comparison, prq>Qsitions in 
which his greatest subtilties of reasoning are involved. I have 
wholly abandoned the use of this term ratio in these elements i 
the term in reality denotes the quotient arising from the division 
of one magnitude or quantity by another of the same kind ; it is 
accurately assignable when the magnitudes are commensurable, 
but unassignable when they are incommensurable. Euclid's defi- 
iiition of ratio is obscure and unnecessary, and his doctrine of ra- 
tios has given rise to long commentaries and discussicms, which 

* Dr. BaiTow's Euclid, or the French translation of itf. Peyrard. 
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have, peiiiaps, lathor increased than diminLdied the perplexity of 
the subject. ^ That there is no absolute necessity for ^e consider- 
ation of ratios in elements of geometry^I have, I hope, satis&c- 
torily shown in the present treatise. 

I am bound to acknowledge that this method of treating pro- 
portion was at first suggested to me by an examination of a brief 
tract on the same subject, contained in the Prindpes Mathematiques 
of M. da Cunha, a work of great ingenuity, and which was first 
introduced to the notice of the £ngli^ student by Professor Play- 
fair, in vol. XX. of the Edinburgh Review. This treatise on pro- 
portion, although but an epitome of die subject, was highly com- 
mended by Mr. Play&ir, especially the neat definition which M. 
da Cunha had given of propcwtional magnitudes. This definition, 
however, Mr. Pla3r&ir emended, and in this improved form I have 
adopted it 

The reasoning of M. da Cunha, although firee firom the embar- 
rassments atteniknt upon the comparison <^ ratios, is, nevertheless, 
in certain propositions exceedingly intricate ; propositions YI. and 
YII., for instance, whidi correspond to the I Vth and Y Ith in these 
elements, are incomparably more perplexing than these latter. On 
this account I found myeelf compelled to relinquish the intention I 
had originally formed of following this author's steps, and resolved 
to proceed in an entirely dififerent manner ; the result is the trea- 
tise in the text, which is not only more simple, but much more 
comprehensive than that of M. da Cunha, and which I have taken 
connderable pains to render desiring of the approbation of gecnne- 
ters. 



On Proposition XIX. 

This proposition is, I believe new ; and by means of it the de- 
monstration of proposition XXXI. of the sixth book is rendered 
much more simple and concise than any that has previously been 
given. 



BOOK YI. 
On Proposition VIL 



This proposition affords a simple method of bisecting an an- 
gle : Thus, if the angle BAC is to be bisected, it will be only 
necessary to produce one side, as BA, till AE be equal to 
AC, and then to draw AD parallel to the line joining EC : an 
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operation very ejqpeditioualy perfmfmed by 
means of a parallel ruler. 

The propoeition in tke text may be ex- 
tended to the cases where the exterior 
cmgle CAE is bisected ; for it may be proved 
that if the bisecting line cuts the extension 
of the base, the parts intercepted between 
it and the sides are also as those sides. This 
proposition pres^its two cases which Dr. 
Simson seems not to have observed, as he 
has demcmstrated one case only.* 

Let AD bisect the exterior angle CAE, and let it cut the base 
produced in the point D, thenBD^ DC : : BA : AC. 

For, draw CF parallel to DA ; 
then (Prop. V. Cor. B. VI.) BD : 
DC : : BA : AF ; also, because 
CF, DA are parsillel, the angles 
CFA, DAE are equal : so also are 
the angles FCA, DAC, but by hy- 
potheffls, the angles DAE, DAC 
are equal ; hence the angles CFA, 
FCA ar^ equal, and, therefore, AC 
=AF ; hence, putting AC for AF 
in the above proportion, 

BD: 

If, now, AD cut the base 
produced on the other side 
of AC, which is the second 
case of the theorem ; then, 
instead of drawing a pa- 
rallel to it from fie pcrnit 
C, it must be drawn from B, as in the annexed diagram ; after 
which the demonstration will be similar to that of the foregoing 
case. The converse is true, and may be easily proved. 

If the triangle ABC be isosceles, the line bisecting the exterior 
angle CAE will obviously be parallel to the base. 




BA : AC. 




On Proposition XII. 

This proposition is the same as the seventh of Euclid's sixth 
book, but is here demonstrated in a manner fax more simple and 
concise. Mr Thomas Simpson in his Elements of Geometry 
has rejected this proposition of Euclid, and has in its place sub- 

* Simson's Euclid, Proposition A, Book ▼!. 
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stituted another which is absolutely false ! It is a singular cir- 
cumstance that this important error should have hitherto escaped 
detection, appearing as it does in a work of such high repute as 
Simpson's Geometry, which has been in the hands oSf every ma- 
thematician in Europe for the greater part of a century. One can 
scarcely imagine indeed how it could have passed the scrutiny of 
Dr. Robert Simson, who, it is well known, indulged no very 
friendly feeling towards his cotemporary, whom he viewed as an 
opponent because he had ventured to find fault with one or two of 
Euclid's demonstrations. The same errdneous proposition appears 
also in Mr. Leshe's Geometry, Prop. XIV. B. VI., last edition : in 
the pr^eding edition it is proposition XV. ; and although the rea- 
soning is different from Mr. Simpson's, it is equally inadmissible. 
It win be necessary to show this. 

THEOREM XVI. Book IV. Simpson's Geometry. 

If two triangles (ABC, abc) have one angle (B) in the one equal 
to one angle (jb) in the other, and the sides (BC, 6c, AC, ac) about 
either of the other angles proportional ; then will Uie triangles.be 
equiangular, provided these last angles (C, r) be either both less, 
or both greater than right angles. 

In BC, let BD be taken = 5c, and let DE be drawn parallel to 
AC, meeting AB in E. 

Then will the triangles BAC 
and BED be equiangular ; there- 
fore CA : ED : : BC : BD : : 
BC :he\: AC : oc, and, conse- 
quently ED=<ic ; whence the tr> 
angles abc and EBD {having B b l: 

hczszBD^ ac=^EDy and b=B) will he equal in all respects^ provided 
the angles acb and ACB {^BDE) are either both less, or 
both greater than right angles. Therefore, since the latter of 
these equal triangles {abc, EbD) is equiangular to ABC, the pro- 
position is manifest. « 

PROPOSITION XIV. THEOREM. Leslie's Geometry, Book VI. 

Triangles are similar which have each an equal angle, and the 
sides contaiiiing another angle of the same character proportional. 

Let the triangles CAB and FDE have the angle ABC equal to 
DEF, and the sides that contain the angles at C and F propor- 
tional, or BC : AC : : EF : FD ; while those angles are both of 
them either acute or obtuse, the triangles ABC and DEF are 
similar. 

27 
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For, from the points £ 
and F, draw EG and F6, 
making the angles FEQ 
and EF6 equal to ABC 
and BOA. 

Th6 triangle ABC is evi- 
dently similar to GEF, and 
BC : CA : : EF : FG ; 
but, by hypothesis, BC : CA : : EF : FD ; and, therefore, EF : 
FG : : EF : FD, and FG-is equal to FD. Whence the triangles 
EGFand EDF, having the angle FEG equal to FED, the side 
FG equal to FD, and the side EF common, and being both of the 
same character with CABy are equal ^ consequently the angle 
GFE, or ACB is equal to DFE ; and, therefore, the trian^es 
ABC and DEF are similar. 

In these reasonings the steps pnnted in italics are erroneous ; 
proposition XXVI. of the first book, on which they are made to 
depend, does not warrant the conclusions to which they lead. 
These Geometers might have observed that if this proposition 
were true, it would have followed from {uroposition Y II. of ttus book, 
that the line which bisects auy angle of an acute-an^ed triangle, 
or the obtuse angle of an obtuse angled-triangle, divides the 
triangle into two similar triangles, which, however, is only true of 
the isosceles triangle. It seems scarcely necessary, formally, to 
prove the falsity of the proposition in question; I shall, however, 
f(Nr the sake of the young student, give the following simple illus- 
tration : — 

Let the triangle ABC be right-angled 
at B ; draw BE perpen(ticular to AC : 
take the points F, D equidistant from E, 
and join 6, F : B, D ; then the triangles 
FCB, DCB have an angle C in each 
equal, and the sides containing the acute 
angles FBC, DBC proportional, and yet 
they are not similar ; for the one triangle 
has an obtuse angle and the other has 
not. 




The various scholia "mterspersed through the sixth book render 
any further observations here unnecessary. It is hoped that among 
those scholia will be found some new and important remarks, cal- 
culated to give the student a more accurate and comprehensive 
view of the application of proportion, than elements of geometry 
usually furnish. 

* The reference made here is to proposition XXVI. Book 1. 
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To this book a valuable proposition or two may be added. 

PROPOSITION I. 

If from the vertices of the three angles of a triangle ^ perpendi- 
culars be drawn to the opposite sides^ they wiU intersect in the same 
pointy and the rectangle of the parts shaU be the same in each. 

In the triangle ABC, let the perpendiculars BD, CE intersect 
each other in F ; draw AF, and produce it, if necessary, tiH it 
meets BC in G : AG will be perpendicular to EC. 

For draw DE: then since the op- 
posite angles AEF, ADF, of the qua- 
drilateral AEFD, are equal to two right 
angles, a circle AEFD may be circum- 
scribed about it. Also, since the angle 
EEC is right, BC will be the diameter of 
the circle which circumscribes the triangle 
EEC ; for a similar reason it will also be 
the diameter of the circle which circum- 
scribes the triangle DCB ; hence the cir- 
cle BEDG circumscribes both triangles. Now the angles BCE, 
BDE, subtended by the same arc BE, are equal ; but the angles 
FDE, FAE, subtended by the arc FE, are also equal ; hence the 
angle BCE is equal to the angle BAG ; and since the triangles 
ECE, BAG have also the common angle B, it foUows that the 
third angles BEC, BGA are also equal ; hence AG is perpen- 
dicular to BC. 

Again, by Prop. XXIV. E. VI., BFFD=CF FE ; and since 
the triangles CFG, AFE are similar, CF : FG::AFrFE; 
therefore CFFE = AF-FG ; consequently, 

EF-FD=CF FE= AF FG. 

Cor, By Prop. XXVI. Cor. 2. B. VI., ABAE=AC-AD, and 
therefore AB : AC : : AD : AE 5 hence (Prop. XI. B. VI.) the 
triangles AEC, ADE are similar. 

There is another case of this theorem, viz., that in which the 
point F is without the trismgle. As the reasoning will in this case 
be very sunilar to the preceding, I shall leave it for the student to 
supply, merely hinting that, in the last step, the reference will be 
to Prop. XXVI. Cor. 2., and not to Prop. XXIV. as above. 

PROPOSITION II. 

The rectangles of the opposite sides of a quadrilateral inscribed 
in a circle^ are together equivalent to the rectangle of the diagonala. 
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Let ABCD be an inscribed quadrilateral ; draw the diagonals. 
AC, BD, then AB OD+AD BC= AC BD. 

For draw BE, so that the angle AB£ 
may be equal to the angle CBD, then the 
angle ABD is equal to the angle C6E, 
and the angles EDA, BCE being in the 
same segment, are also equal ; therefore 
the triangles ABD, BCE are similar; 
hence AD : BD : ; EC : BC, and conse- 
quently, AD-BC=BD*EC. 

Again, since the angles ABE, DBC 
are equal, as also the angles BAE, BDC, 
being in the same segment, the tri- 
angles AEB, DCB are similar, so that AB : AE ; : BD : CD ; 
therefore AB CD= AEBD. Consequently, ABCD+ADBC=: 
AEBD+ECBD=AC BD * 

SchoL From this property may very readily be derived several 
important trignometrical formulse. 

BOOK VII. 

In this book, as well as in the preceding, will be found some re- 
marks that appear well worthy of the student's attention. These 
consist chiefly of an examination of the circumstances in which 
certain properties become less general, or fail altogether : and 
they will, I think, be often found to unfold curious and interesting 
particulars, all more or less tending to enlarge the student's views 
of the subject. 

In the scholium to proposition IX., an attempt is made to de- 
duce, by a simple train of reasoning, the well known axiom of 
Archimedes, viz. that the circumference of a circle is a shorter line 

♦ Since AC'BD=AC-BF-f ACFD, it is evident that when BD intereecte 
AC at right angles, the rectangles contained by the opposite sides of the in- 
scribed quadrilateral, are together double the inscribea Quadrilateral. 

This elegant property of an inscribed <iuadrilateral was discovered by 
Ptolemy, and is of frequent use in the application of Algebra to Geometry, 
it ought to have been placed b^r our author in the text, as it well deserves 

place there, and also tne following, viz., the sum of the rectangles BA'AD 

d BCCD, is to the sum of the rectongles ABBC and ADDC, as the di- 

:onal AC to the diagonal BD. 

For, AB : BF : : DC : FC, or AB : DC : : BF : FC,andBC : AD : : CF : 

" Hence ABBC : DC AD : : BF : DF, or ABBC+DCAD : DC- AD 
iD:DF,(I) 

Agdirt, AB : DC : : BF ; CF, and AD : BC : : AF : BF ; hence AB.AD 
: DC BC : : AF : CF, or ABAD+DC-BC : DCBC : : AC : CF (U.) 

But AD : DF : : BC ; CF, or DCAD ; DF : : DCBC : CF ; comparing 
then, this with analogies (I.) and (II.), we shall have, 

ABBC-f DC- AD : AB-AD+DC-BC : : BD : AC— Ed. 
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than the perimeter of any circumscribed polygon, and a longer 
line than the perimeter of any inscribed polygon. The arguments 
from which I have deduced this conclusion, cannot, I must con- 
fess, claim the character of rigorous demonstration; the propo- 
sition indeed, is such, as not to admit of a rigid proof, but I thmk 
the method which I have adopted affords as much evidence of its 
truth as can be given. M, Legendrcy in proposition IX. of his 
fourth book, has attempted to demonstrate this proposition, but his 
reasoning appears to be inconclusive. It is as follows : 

Any curve, or any polygonal line which envelopes the convex line 
AMBfrom one end to the other, is longer than AMB, the envelop- 
ed line. 

We have already said, tiiat by the term convex line, we under- 
stand a line, polygonal, or curve, or partly curve and partly polygonal, 
such that a straight line cannot cut it in more than two points. If 
in the line' AMB there were any sinuosi- 
ties or re-entrant portions, it would cease 
to be convex, because a straight line 
might evidently cut it in more than two 
points. The arcs of a circle are essen- 
tially convex ; but the present prq>ositi(Hi 
extends to any line which fulfils the re- 
quired conditions. 

This being premised, if the line AMB is not shorter than any 
of those which envelop it, there will be found among the latter a 
line, shorter than all the rest, which is shorter than AMB, or at 
most, equal to it. Let ACDEB be this enveloping line : any 
where between these two lines draw the straight line PQ, not 
meetmg, or at least only touching the line AMB. The straight 
line PQ is shorter than PCDEQ ; hence, if instead of the part 
PCDEGl, we substitute the straight line PQ, the enveloping line 
APQB will be shorter than APDQB. But by hypothesis, this 
latter was shorter than any other; hence, that hypothesis 
was false ; hence all the enveloping lines are longer than AMB. 

Now all that this reasonmg proves is, that it is impossible to 
find, among the enveloping lines, a line shorter than all the rest ; 
for whatever line be supposed the shortest, one shorter still may 
always be found. If indeed such a line could be found, then, if 
the hypothesis that this line is shorter than, or equal to, AMB, 
could be shown to be impossible, the truth of the theorem would be 
indisputably established. Legendre has doubtless deceived him- 
self in the foregoing reasoning ; he has unconsciously set out with 
two hypotheses, and having shown one to be impossible, infers, un- 
warrantably, the impossibility of the other. 

A more satisfactory method of obtaining this conclusion is giv- 
en by JVf. Develey^ in the notes to his, EUmens de G^om^/Wc, the 
substance of which I shall here give. 
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Take ei^r of the lines ^t can 
envelop the convex' line AGHB, the 
line ACEDB for example ; there wiH 
necessarily be some space between 
these two lines, otherwise they would 
be identical, and would, in reality, 
form but one. Through a point in 
this space draw a straight line, ni^idi may meet the enveloping 
line in two points m, n, but not cut the «iveloped line. Then we 
shall have mn < mEDn, and c(»isequently ACmnB <: ACmEnB. 
This proves that whatever enveloping line is taken, a shorter can 
always, be found. 

By repeatuig this construction, and proceeding firoih one envelq)- 
ing hne4o a second and shorter line, from this to a third still shorter, 
aikl 80 on, we shall observe that the spaces inclosed by the en- 
veloping lines heoome evidently smaller and smaller, and conse* 
^uently always approach to the space contained by the enveloped 
Ime ; that is, to ihe space AGHjSA, which is doubtless smaller 
than either of the fonner. All these effects continue as long as 
there is any space between the enveloping line and the other. It ap- 
pears, therefore, that since these enveloping lines decrease in length, 
as the a^ce which separates them from the enveloped line duni- 
nishes, if there could be a last enveloping line it would in reality 
coincide with that enveloped ; this therefore is shorter than all the 
rest. 

By the Editor. 

On ^e subject of the quadrature of the ctrc/e, excepting that 
taken from Legendre, the greater part is new, at least to me. By 
a few obvious. transformaticMis, the method given by our author, 
(first given by Mr. James Gregory in 1688) is rendered much 
more simple, and easy of calculation, especially for the areas of the 
inscribed polygons, the calculation being independent ot the cir- 
cumscribed polygons. It may be, thait the method of solving cubic 
equations for the trisection crf'jin arc, is not sufficiently clear; but 
although I wished to evince my gratitude to the author for his disco- 
very by showing the great usefulness of his method, in solving 
cubic equations of the most difficult kind (as those resulting 
from the trisection of an arc, evidently are), yet, I was afraid a[ 
taking up too much room in a work on geometry, for what more 
properly belongs to a treatise on Algebra. I must, therefore, refer 
those who wish to see this method in detail, to the Aufh<n:'s able 
treatise on Algebra, Chapter YI., an Annerican edition of which 
has lately been published. 
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BOOK Till. 

This book, like the fourth, is entirely practical : the construo- 
tioQ of the fifth problem is taken from Mr. Leslie's Greometiy. 
The last fifteen problems relate to the division of sur&ces, an im- 
portant part of practical geometry, although seldom noticed in the 
elements. The geometncal constructions of these problems I 
have framed so as to suggest the most convenient analytical solu- 
tions, in order that they may the more readily be applied in mat^ 
ters of real practice, such as the division of fields, &c. It does 
not appear necessary to exhibit here the analytical expression de- 
ducible firom each construction, as they may be very easily infer- 
red by the student. 




On Propositions XXXIIL and XXXIV. 

The area of the space included between two concentric circles^ 
or of a circular ring, as it is sometimes called, is readily deter- 
mined from knowing the diameters of the concentric circles. 

Thus, if AB, CD be the respective 
diameters of two concentric circles, of 
which O is the common centre, then 
calling the surfsM^e of the inner circle s 
and that of the outer S, while ^ is put 
for the number 3* 1416, we have, by 
the scholium to proposition XIII. of 
Book Til., the following expression for 
the surface of the ring, viz., 

§--«=* (OB'— OD^.) 
Now 

OB'— OD'=(OB+OD)(OB— OD)=AD DB ; 
also AD*DB is equal to the square of the perpendicular DE, 
which is a tangent to the inner circle at D, Consequently 

that iS| the surface of the ring is equivalent to that of a circle, 
whose radius is equal to the temgent DE. 

The two problems in the text were first solved by the late ve- 
nerable and ingenious Dr. Hutton, who appears to have set high 
value upon these solutions : the first solution was pirated shortiy 
after its publication by a Mr. Clark, whose conduct in this afiTair 
Dr. Hutton very indignantly reprobates, in the third volume of his 
valuable Mathematical Tracts : where an account of the origin of 
these problems is given at length, particularly of the last, which is 
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by far the most curious and difficult of the two. I cannot resist 
the desire which I feel to gratify the student, by giving Dr. Hut- 
ton's account of this problem in his own interesting manner, with 
which extract I shall terminate these notes. After discussing the 
former problem, he proceeds thus : 

*' With respect to the other curious and kindred problem, that of 
dividing a given circle into any number of parts that may be mutu- 
ally equal both in area and perimeter, some account of its rise has 
been already givln. It was first anonymously proposed in the year 
1T74 as a curious paradoxical problem, but imaccompanied T)y the 
least hint or intimation of any mode of solution whatever. It was 
indeed, announced by the proposer expressly as a seeming para- 
dox, but accompanied by the declaration, that it nevertheless was 
capable of a strict geometrical solution. The problem remained 
however some time unanswered, being given up by all persons as 
a matter quite hopeless ; and by most deemed, in fact, as little to 
be expected as the quadrature of the circle itself to which it was 
thought to be nearly allied, and indeed dependent on it : for no 
person could imagine any other possible way of a circle being di- 
vided, even in idea, into any number of such parts that might be 
equal, both in area and perimeter, than by radii drawn from the 
centre to the point of equal divisions in the circumference : this 
was, in effect, reducing the problem to this other, of dividing the 
circumference in any proposed number of equal parts, which was 
deemed on all hands a thing impossible to be efected. After 
some time no person thought any more of the matter, but as a 
thing never to be accomplished ; and so I believe it might have 
remained to this day, but for the occurrence of some such accident 
as that which actually led myself into the train of thought which 
soon ended in the complete solution. The construction I first 
inserted in the Critical Review ; next it was introduced into my 
first, or quarto volume of Tracts, published in the year 1786, ac- 
companied with a short account of its rise, and a considerable im- 
provement of it, by rendering the property general for the division 
into all ratios or parts, equal or unequal, cmd extending the same 
to all ellipses, as well as circles. After which, I have usually been 
in the habit of introducing it into my Dictionary, and the more 
common elementary books on mensuration," &c. 



END OF THE NOTES ON THE FIRST BIOHT BOOKS. 



Digitized by CjOOQ IC 



Digitized by CjOOQ IC 






Digitized by CjOOQIC 



Digitized by LjOOQ IC 



Digitized by CjOOQ IC 



Digitized by CjOOQ IC 



^""^-^TP 



^ 



Digitizedby CjOOQ IC 



